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The following discussion is motivated by recent work on higher spin equa-

tions, in particular by that of Velo and Zwanzigerl). The subject of their investiga-

tion are relativistic wave equations which@n be brought into the general form

(/3"'9‘.,4-\!“-\- 260 )Yy =0 (1)
The /3“’5 QL-O‘1.2|3) are nxn-matrices and B(x) a matrix-valued function of
re R* . The operator LB= /sf'"’,)r\...m % Ry is constructed so that for

"B=0Q the family of solutions Y of (1) carries a Hilbert space structure with an

irreducible répresentation of the inhomogeneous Lorentz group ~or rather its universal
covering group i SL(2,C)- chBaracterized by a positive mass m and a spin s « It
has been knownz) since the earliest studies of relativistic wave equations, that this
property together with a stability conditiona) makes the Cauchy problem with data on
x° =0 for LB particularly nast& from a mathematical point of view. One aspect of

the trouble with LB comes from the possible singularity of the matrix /f
det B = 0. (2)

This gives rise to slogans as ''the pline x° = 0 1is characteristic" or "LB is sin-
gular',

The difficulty with the Cauchy problem originating in (2) has been cir-
cumvented by Velc and Zwanziger for several wave equations with the help of the follow=-
ing trick : Instead of the original equation (1), they consider a new set of equations

of the form

K‘ljp'(xﬁﬁ-\- W+ C.\x\) ng\ =0 (3)
with properties
¥« are matrix valued functions of xe . {4a)
det ‘5°\x\-.fo , V’ xe Ra . (4b)
Each solution of (1) is a solution of (3) . (&c)

Each solution (3) , if a solution of (1) for x° = 0, is a
solution of (1) . (4d)

This method avoids the difficulty with the original equations mentioned earlier (2)

because of (4b) , However theye remain some unsatisfacteory aspects even on this

formal level :
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The curstruction of the ‘6'*(5 seem quite arbitrary. (5a)

The consistency relation (4d) is in general hard to prove“. (5b)

Yet another difficulty with this method arises if we leave the for-
mal level and look at the Cauchy problem for the partial differential opera-

tors L, and M, = ¥y 4+ w4+ Cexy  in 2 function space. We

B

are going to show that M, does not belong in general to eigher one of

Cc
the classes of partial differential operators -they will be specified latter-
for which strong result.s are known about existence and uniqueness of the
Cauchy problem. To be more specific we consider the Fierz-Pauli equa‘tion
for s = 3/2 with minimal electromagnetic interaction. For convenience

5)

we use the formalism of Rarita and Schwinger™’, The wave equation is

given by 6) H

(Lon®), = (Fem)op = U D" W9, =Yu B e « mie ) wp=o (4)
Velo and Zwanziger proposed two possible M's for this particular case$
(M‘q’)h = (y’f“’\.)wr“} (D + L) Xe ¥ Fo

(M¥) = (Brwl¥e -4 D + L ) - F Y-
4B Y W (P Awm g W= T g e (B ) Yo 3o

¥))

The partial differential operators of the first class have strictly

7)

hyperbolic determinants'’ « In our case the determinants can both be

calenlated ¢

T [
derry = [iprowt ¥+ 2B EV] e ()
Am't N
det Mz = {KP‘L_M'L\‘-; LLP: KPE‘\’S (Pl_lu})‘\" (9)
Swb

Both determinants contain several times the factor (_92 - m2) and are there-

fore not strictly hyperbelic, The operators of the second class are of
‘
‘ttx\':).,.. + S wy where the V' (xys are matrix valued
8)

functions hermitian with respect to a positive definite scalar product—’.

the general form k)
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(3)

The positive definitness is essential for derivation and application of an
energy inequality which is at the heart of cexistence and uniqueness proof
for the Cauchy problem within this class. Of the two operators Ml and

M, the second comes near to belonging this class because it is hermitian

2

(for . téal external field) with respect to the scalar product

(P, 9y = Fo g0 Yo
&4

in the 16-dimensional vector space thg C . However this scalar product

(10)

is not positive definiteg). This indicates that the Cauchy problem for
M1 and MZ might not always have a solution «respectively a unique solu-
tion- in a space of functions with a finite number of derivatives, as is
typically the case for strictly hyperbolic operators and symmetric
s;stemslo) However there is a unique solution to the problem in a more

complicated space of quasi-analytic functionsll),

Now we show how the knowledge of a fundamental solution E for

=

(M, = (Bemdgrs g PRy Der bwye)  an

&

-
allows the construction of a fundamental solution E' for L(D) by a

Y
'

purely algebraic procedure. Such a solution is most important for a

quantized theory with external fields A (x) 12) as well as for the dis-
cussion of the classical Cauchy problemlg). A fundamental solution of
Mz could be used the same wayls)’lg). Mj is related to
M (8) = Tkl\\“ar-i- é(A\ as follows :

My = TR G« SAY

where the star denotes hermitian conjuga:ion with respect to (10). The
method to be deployed is a variant of the one used previouslylA)’ls) in

the analysis of the Proca equation.

A part of the construction is based on a result valid for arbi« |=

trary relativistic wave equatiéns of type (1) . We denote byclkb) the
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corresponding Klein~Gordon divisorlﬁ)

h@V= weahhy Lt Ry D - (12)

)

~ 3 e v L5 w
+(~1) - 1 W /ﬂ‘ L )/5 3 /JA.»)I 3"* (13)
Lgd =(U*u"‘\1 R =0,

Looking for a generalization of (13) for the case of minimal coupling one
gets the following partial result @

LimA '

The order of L, d(a‘* ;A,.) does not exceed n-1 1f n% 2, respective~

ly 2 if n=2%

Proof : L :\ M, 'D . w6 A?’ can be written in the form
7 = (14)
w
7wk, Dy +§_p{f‘b Z o, ‘DP)DP-FQ»WDH, .
Pl =wat wWin nw :
where we used the notation ) ,

P and the & 's denote tensor valued functions
of xe R*. The totally symmetric part of (5(‘9,“"l -in the p; 's- 1is

zero due to (13) . Since the commutator: Ebi‘-".‘br‘h-] is only of
zeroth order in 3 the first term in (14) contains caly contributions

of order n-1 . This is enough to demonstrate the lemma in:che case n = 2,
if n3 2 , we know again from (13) that the symmetric part of h(t va-

nishes, Hence the second term contains again only terms of order n-2

in® .9

From the lemma one draws readily the following conclusion., If

n = 2s ~this occurs in many cases“)- the order of Li&:‘d(D) is inde-

i
R

pendent of the external field provided s £ 3/2 . g

Turning back to the Fierz-Paulil equation for s = 3/2 we recall

the explicit form of the Klein Gordon divisor,

aR) = LAY (m~-F) = (m- 7 & 1)
d'rO)'Lv = gty + \bu‘ﬂ - Usa'\v '-‘3““)*"“ ’B“")“ (15)

RO NS B N T € e L A 1.,
"m

A stralghtforward computation yields the following relations between
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5)

L(D) defined by (6) , the Klein Gordon divisor and the Velo Zwanziger

operator MIIB) 3
L) &' (®) = M)
(16)
dle(n) L) = N, .
Due to (16) E!' = d‘r(D) E is a fundamental solution of L{(D) if
E 1is one for M-;- 19).
LN (M) = ¥s = § . (17)

The simple relations between L(D) , d(D) and M1 s as they
are expressed by (16), are remarkable for two reasons :
i) They yield a canonical way of constructing Ml o
ii) The construction of a fundamental solution for L(D) can be

achieved without even touching upon the problem of inconsistencies

mentioned at the beginning (5) .
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The Fradkin parameter A corresponding to (6) equals minus one.
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