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ABSTRACT 

The d e t e r m i n a t i o n of t h e s a f e c o n c e n t r a t i o n of F i s s i l e 

M a t e r i a l c o n t a i n e d i n v e s s e l s v h i c h a r e n o t g e o m e t r i c a l l y 

s a f e , i s a t i m e - c o n s u m i n g p r o b l e m w h i c h a r i s e s f r e q u e n t l y 

i n N u c l e a r R e p r o c e s s i n g P l a n t s . 

Th i s programme v a s t h e r e f o r e e l a b o r a t e d i n o r d e r t o s p e e d 

up t h e c o m p u t a t i o n s i n v o l v e d . I t o u t p u t s t h e volume and 

t h e g e o m e t r i c a l b u c k l i n g of t h e s o l u t i o n c o n t a i n e d i n any 

s t a n d a r d - s h a p e d v e s s e l , f o r a s many a s 30 d i f f e r e n t v a l u e s 

of t h e 1 e v e l * 

I t i s v r i t t e n i n P o r t r a n - I V and i s b e i n g r u n on a PDP8—I, 

e q u i p p e d v i t h an 8K c o r e memory. 
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INTRODUCTION 

This programme originated from the extensive computa

tions vhich the authors of this paper performed in the 

course of their systematic determination of the safe 

concentrations of fissilo materials contained in vessels 

which are not geometrically safe. 

The so-called "safe ii? ^le material concentration limit" 

for a vessel is the concentration that will not exceed 

an appropriate fraction (safety factor) of the minimum 

critical mass in the layer that could be formed if the 

vessel were full and a uniform fissile material precipi-

taiion were to occur. 

THE COMPUTATIONAL PROCEDURE 

The method, for determining the concentration limit, 

runs as follows : 

Thv- volume and the geometrical buckling are calculated 

r-s a function of the levs 1 of the solution contained 

in the vessel. 

7or each value of the level, the criticality condition 

is expressed by equating the material buckling to the 

geometrical buckling (B = B ). The corresponding criti-
m g 

cal concentration of fissile material is then derived 

from the available data in the literature (e.g. Criti

cality Handbook by Carter, Kiel and Ridgvay - Ref. 1,2,), 

The critical mass corresponding to each solution level is 

obtained by multiplying the critical concentration by the 

volume of the solution. 
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2.4, The critical raass is plotted versus the solution level 

and the minimum critical mass is then given by the 

minimum of the curve thus obtained. 

2.5. The safe critical concentration for the full vessel is 

calculated by dividing the minimum critical maas by the 

total -volume and by applying an appropriate safety 

factor to the result. 

The first step of the above procedure is by far the 

most tedious and time-consuming. Moreover, the deter

mination of the safe concentration of solutions contained 

in vessels which are not geometrically safe is a problem 

vhich arises every now and again in a reprocessing plant. 

It was therefore felt that a programme specially designed 

to calculate the volume and the geometrical buckling 

automatically, would be very useful. 

3. EXPLANATORY COMMENTS (cf. Appendix 1) 

3»1. The successive values of the level are defined automati

cally and build an arithmetic series whose interval can 

be chosen arbitrarily (input data I»U) according to the 

size of the vessel. 

3*2. The programme has been written so as to output the volume 

and the geometrical buckling for a maximum of 30 different 

values of the level. 
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• The vessels nre grouped according to their general con

figuration, into three main categories vhich are iden

tified by the input data ID. 

ID = 1 : vertically mounted cylindrical vessels 

(Fig. 1, 2) 

= 2 : parallelepipedic tanks 

C?ië. 3) 

= 3 : horizontally mounted cylindrical vessels 

(Fig. 4) 

In each particular case, the correct extrapolation dis

tance (%) can be introduced into the programme by the 

input data EXT. 

• To our knowledgef the smallest eigenvalue (geometrical 

buckling) of the wave equation : 

JUv.gród y[Z) + Bj <f[i)=0 
has been expressed analytically in the following cases 

only : 

rectangular parallelepiped, finite vertical cylinder, 

sphere and infinite slab of finite thickne.'s. 

In order to take into account 3uch geometries as round-

or conical-bottomed vertical cylinders (Fig. 1 and 2), 

pyramidal-bottomed rectangular parallelepipeds (Fig. 3) 

and round-ended horizontal cylinders (i?ig. 4 ) , the fol

lowing computational procedure has been developed. This 

method consists of approximating spherical sections by 

volumetrically equivalent vertical cylinders, and pyramids 

(as well as sections of horizontal cylinders) by volume

trically equivalent rectangualr slabs. 
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In other words, for each value of the level, the programme 

calculates the corresponding volume in the vessel under 

consideration. By equating this value to that of a hypo

thetical volume- having the same height as the original 

geometry, "BUCK" then computes the equivalent radius or 

widths, as the case may be. 

For example, in the case of a spherical section, 

where R = radius of the sphere 

h = height of the level 

r = equivalent radius of the hypothetical 

eq ^ " l 

cylinder• 

Hence r 
eq 

n2 
and B 

g 

icL 

In the case of a. pyramid, we would have : 

V = a b h/3 = a' b' h 

with a' b' 

Hence, b • = \\i t 

and 
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If vo ncv consider a round-ended horizontal cylinder, 

w i t h 

L . 3 = c.-. L . h 

L = X + h 

£ 

= 2 R' a r c t ~S3E5\//M) 
*t-t 

where X = length cf the cylinder generatrix 

R = radius of the cylinder 
c 

R = radius of the spherical ends 

h = height of the level 

hence a = 

and 
g 

S 

h 

V f* 
l+Z\)*{u+^) + \<L + l\ 

It can be shown that in each case the area of the surface 

of the volumetrically equivalent solid is smaller than that 

of the original figure. As a result of this approximation, 

the relative neutron leakage probability is therefore de

creased and the computed values of the geometrical buckling 

and of the critical masses and concentrations, are conser

vative. 
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It night be mentioned at this point that ve originally 

envisaged to include into the programme the second step 

of the general coinputatioual procedure (§ 2.2), in order 

to obtain also the critical concentrations of the fissile 

material* 

The analytical expression of a curve.giving the critical 

pTutcniur. concentration as c function of the material 

Buckling (?ig. 5), has therefore been derived by the usual 

curve—fitting raethods. 

However, this curve is only valid for Fu-E 0 mixtures 

containing 0 $ of Pu-240 and in order to achieve any 

reasonable degree of generality, a great number of similar 

curves would have to be expressed analytically. 

In view of the enormous amount of work which this task 

would represent and considering the ease with which a 

one—to-one relationship can be determined by graphical 

means, we have decided to exclude this refinement froœ 

the present programme. 

CONCLUSIONS 

extensive trial runs have been made, covering all the 

geometrical configurations considered. It can therefore 

be said that the programme whose listing is appended to 

the present report, operates satisfactorily. 

The computer we have used is a Digital Equipment Corp., 

series PDP 8 I with an 8K core memory. 



NUMERICAL 3XAMPL2 

Appendix 2 gives the print-out of a typical case, 

i.e. a vertical cylinder with a conical bottom con

taining a pj-utonium solution likely to precipitate. 

The first line recapitulates the input data which 

read from left to right : 

the identification number (1), the number cf different 

levels at which the volume and the geometrical buckling 

are to be calculated (30), the value of the level incre

ment (2 cm), the radius of the cylinder (75 en), the 

radius of the sphere (C), the height cf the cone (50 cm), 

the lenght of the cylinder generatrix (0), the length 

of the sides of the parallelepiped (0), the height of 

the pyramid (0) and the extrapolation distance (4,5 cm). 

It will be noticed that whenever a parameter does not apply 

to the case under consideration, it is set equal to zero. 

The corresponding values of the plutonium concentration 

are looked up on (Fig. 6) and the successive values of 

the plutonium weight are then calculated and plotted as 

a function of the level (Tig. 7 ) . The minimum of this 

curve gives a critical mass .:>£ 0.73 kg, which after 

multiplication by a safety factor of 0.75, gives us a safe 

critical mass of 0.54 kg. 
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cndtx 1 

D I M E N S I O N H ( 3 0 ) > V > ( 3 0 ) , R H n K ( 3-1) 
1 FORMAT ( T 1 , I 3 , 6 F 6 . 0 ) 
•? FORMAT ( / , 7 H L F V / F L , R X , 3 H V O L , « X , 9 H R U C K | . I N J H , / ï 
3 FORMAT C 3 E 1 2 . 6 ) 

RFAn ( 1 , 1 ) I O , N , H M , R C , R S , H C , X , A , R , H P , F * Ï 
I D C I D - ? ) 4 , 5 , 6 

4 IF CRS) 7 , R , 7 
7 H M = R S - S Q ^ T ( R S * R S - R C * R C ) 

M = 0 
DO 9 1=1 , N 
M = M+1 
F = I 
H C I ) = H U + f F - l . ) * H U 
I F ( H f I ) - H.Y ) 1 PI, 1 Pi, I l 

î PI VC I ) = 1 . ? ) 4 7 ? * H ( I ) * H ( T ) * C 3 . * R S - H ( I ) ) 
GOTO 1? 

11 VC I ) = 1 . f l 4 7 ? * H M * H M * C 3 . * R S - H M ) + 3 . 1 4 1 6 * ( H ( T ) - H M ) * R r > P n 
1 2 R E Q = S Q R T C V C I ) / ( 3 . 1 4 1 6 * H C ï ) ) ) 

C = ( ? . 4 0 5 / C R F O + E X T ) ) * * ? 
D = C 3 . 1 4 1 6 / C H C T ) + ? . * E X T ) ) * * ? 
R U C K ( I ) = C + n 

9 CONTINUE 
fiCTO 13 

R TF CHC) ? 1 , ? P , ? 1 
21 M = 9 

on P I T = I , N 
M=M+1 
F=I 
H C I ) = H U + C F - 1 . ) * H U 
I F C H ( I ) - H C ) ? 4 , ? 4 , 9 5 

? 4 V C I ) = 1 . 0 4 7 ? * R C * R O * H ( I ) * H ( I ) *HC I ) / ( H O N D ) 
GOTO 9.6 

2 5 V C I ) = 3 . 1 4 1 6 * R C * R C * C H C Î ) - 0 * 6 6 6 6 * H C ) 
2 6 R E Q = S Q R T C V C T ) / C 3 . 1 4 1 6 * H C I ) ) ) 

C = C 2 . 4 0 5 / C E X T + R E Q ) ) * * 2 
D = C 3 . 1 4 1 6 / C ? . * E X T + H C Ï ) ) ) * * ? 
B U C K C I ) = C + D 

2 3 CONTINUE 
GOTO 13 

2 2 M=0 
DO 14 1 = 1 , N 
M=M+1 
F = I 
H C I ) = H U + C F - 1 . ) * H U 
V /C I ) = 3 . I 4 1 6 * H C I ) * R C * R C 

A» 



C = C P . 4 ^ S / ( R C + E X T ) ) * * ? 
D = < 3 . 1 41 6 / ( H ( I )+V . *h!XT ) )**? 
BUCKCI)=C+D 

1 4 CONTINUE 
GOTO 13 

DO 15 1 = 1 ,N 
M = M+1 
F = I 
H ( I ) = H U + ( F - Ï . ) * H U 
IF ( H ( I ) - H P ) 1 6 , 1 6 , 1 7 

1 6 Q l = H ( I ) * A / H P 
f)2 = HCI ) * B / H P 
V/( I )=H( I ) * Q l * Q 2 / 3 . 
GOTO 18 

17 V ( I ) = H P * A * S / 1 . + ( H ( T ) - H P ) * A * R 
I R Wl=SQRT(A*V/( I ) / ( R * H ( n ) ) 

W2 = W1 * R / A 
U l = 3 . 1 4 1 6 / ( H ( I > + 2 . * E X T ) 
U 2 = 3 . 1 4 1 6 / ( W 1 + 2 . * F X T ) 
U 3 = 3 . 1 4 1 6 / ( W ? + 2 . * E X T ) 
BUCKCI )=U1*U1+U?*U2+U3*M3 

15 CONTINUE 
GOTO 13 

6 R=RS-SQRT(RS*RS-RC*RC> 
M = 0 
DO 19 1 = 1 « iM 
V|=M+1 
F = I 
H I ) = H U + ( F - 1 . ) * H U 
D I F = R C - H ( I ) 
I F ( D I F ) 1 3 * 1 3 , 2 0 

2 0 T = S Q R T ( R C * R C - D I F * D I F ) 
S 1 = R C * R C * A T A N ( T / D I F ) 
S 2 = T * D I F 
S3=S1-S2 
Y = X + H ( I ) * R / R C 
V C I ) = S 3 * Y 
W = V C I ) / ( Y * H < I > ) 
Z l = C 3 . 1 4 1 6 / ( Y - t 2 . * E X T ) ) * * 2 
Z 2 = ( 3 . 1 4 1 6 / ( W + 2 . * E X T ) ) * * 2 
Z 3 = C 3 . 1 4 1 6 / ( H C I ) + 2 . * E X T ) ) * * 2 
B U C K < I ) = Z 1 + Z 2 + Z 3 

19 CONTINUE 
13 WRITE ( 1 , 2 ) 

WRITE (1,3) <H(I),V(I>,BUCKCI),I=1,M) 
CALL EXIT 
END 



end/x 2 

G 
1 30 2 75 fl 50 0 0 0 0 4 . 5 

LEVEL 
2 . 0 0 
4 . 0 0 
6 . 0 0 
8 . 0 0 

1 0 . 0 0 
1 2 . 0 0 
1 4 . 0 0 
1 6 . 0 0 
1 8 . 0 0 
2 0 . 0 0 
2 2 . 0 0 
2 4 . 0 0 
2 6 . 0 0 
2 8 . 0 0 
3 0 . 0 0 
3 2 . 0 0 
3 4 . 0 0 
3 6 . 0 0 
3 8 . 0 0 
4 0 . 0 0 
4 2 . 0 0 
4 4 . 0 0 
4 6 . 0 0 
4 8 . 0 0 
5 0 . 0 0 
5 2 . 0 0 
5 4 . 0 0 
5 6 . 0 0 
5 8 . 0 0 
6 0 . 0 0 

VOL 
0 . 1 8 8 4 9 6 E + 0 2 
0 . 1 5 0 7 9 7 E + 0 3 
0 . 5 0 8 9 3 9 E + 0 3 
0 . 1 2 0 6 3 7 F + 0 4 
0 . 2 3 5 6 2 0 E + 0 4 
0 . 4 0 7 1 5 1 E + 0 4 
0 . 6 4 6 5 4 1 E + 0 4 
0 . 9 6 5 0 9 9 E + 0 4 
0 . 1 3 7 4 1 4 E + 0 5 
0 . 1 8 8 4 9 6 E + 0 5 
0 . 2 5 0 8 8 8 E + 0 5 
0 . 3 2 5 7 2 1 E + 0 5 
0 . 4 1 4 1 2 6 E + 0 5 
0 . 5 1 7 2 3 3 E + 0 5 
0 . 6 3 6 1 7 4 E + 0 5 
0 . 7 7 2 0 7 9 E + 0 5 
0 . 9 2 6 0 8 0 E + 0 5 
0 . 109931E+06 
0 . 1 2 9 2 8 9 E + 0 6 
0 . 1 5 0 7 9 7 E + 0 6 
0 . 1 7 4 5 6 6 E + 0 6 
0 . 2 0 0 7 1 0 E + 0 6 
0 . 2 2 9 3 4 3 E + 0 6 
0 . 2 6 0 5 7 7 E + 0 6 
0 . 2 9 4 5 2 5 E + 0 6 
0 . 3 2 9 9 2 7 E + 0 6 
0 . 3 6 5 2 7 0 E + 0 6 
0 . 4 0 0 6 . 3 E + 0 6 
0 . 4 3 5 9 5 6 E + 0 6 
0 . 4 7 1 2 9 9 E + 0 6 

BUCKLING 
0 . 2 3 0 4 9 3 E + 0 0 
0 . 1 4 9 5 9 2 E + 0 0 
0 . 105387F-«-00 
0 . 7843 7 8 E - 0 1 
0 . 6 0 7 3 6 3 E - 0 1 
0 . 48 4601 E-01 
0 . 3 9 58 5 8 E - 0 1 
0 . 3 2 9 5 6 9 E - 0 1 
0 . 2 7 8 7 1 6 E - 0 1 
0 . 2 3 8 8 3 5 E - 0 1 
0 . 2 0 6 9 7 1 E - 0 1 
0 . 1 8 1 1 0 3 E - 0 1 
0 . 1 5 9 8 Î 3 E - 0 1 
0 . 1 4 2 0 7 7 E - 0 1 
0 . 1 2 7 1 4 5 E - 0 1 
0 . 1 1 4 4 5 4 E - 0 1 
0 . 1 0 3 5 7 6 E - 0 1 
0 . 9 4 1 8 0 9 E - 0 2 
0 . 8 6 0 1 0 5 E - 0 2 
0 . 7 8 8 6 0 7 E - 0 2 
0 . 7 2 5 6 7 9 E - 0 2 
0 . 6 7 0 0 0 3 E - 0 2 
0 . 6 2 0 5 0 4 E - 0 2 
0 . 5 7 6 3 0 1 E - 0 2 
0 . 5 3 6 6 6 4 E - 0 2 
0 . 5 0 1 8 7 5 E - 0 2 
0 . 4 7 1 9 0 4 E - 0 2 
0 . 4 4 5 7 1 5 E - 0 2 
0 . 4 2 2 5 9 S E - 0 2 
0 . 4 0 2 0 1 1 E - 0 ? 

* 
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