CPT 143
ORO 3992 - 90

June 7, 1972

On the Stability of the Classical Electron

C. C. Chiang

Center for Particle Theory
University of Texas

Austin, Texas

dbstract: In this paper we show that in the classical theory
of the electron, with the introduction of a shadow electramagnetic

field, the electron is stable in the point particle limit.
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Introductiaon

It is well known that the classical theory of electrons suffers from some
fundamental difficulties such as the divergences of the self-energy and the
self-force. The divergence of the self-force implies the instability of the
electron. The usual way to avoid the difficulty of these divergences is based
on the idea of rencrmalization. It has long been considered as proper to
assume that the infinite self-energy of isolated electrons is physically
meaningless, and can be subtracted away by the renormalization method. (1)

The concept of renormalization has been extensively used in quantum field
theory to eliminate divergent quantities camputed from the theory. The results
obtained are in remarkable agreement with experiments. Nevertheless there are
reasons not to be satisfied with the conventional treatments of the renormali-
zation procedure. For example, not all field-theoretical interactions are
renoxmalizable., Furthermore, the camputed mass differences due to electramag-
netic interaction is infinite, while experimentally it is finite. Therefore,

a genuine finite theory seems to be favorable, although the renormalization pro-
cedure might still be necessary.

The failure of having a finite theory is usually attributed tc the fact
that within the usual framework of quantized fields it does not seem possible to
describe a system with a local interaction. In fact many of the difficulties caused
by the use of local interaction are shared both by the classical and the quantum
field theories. One of the explanations for the occurrence of the divergences is
that classical considerations indicate that for any kind of matter coupled to the
metric field in the Einstein way, there are limitations on the energy densities
and masses which can be concentrated or built up in a given region. Consequently,

that space-time loses its physically meaningful character beyond such limiting



densities, and singularities then appear in the solutions. (2) 'I’his explanation
seams appealing. However, it is not yet quite clear whether the existence of
the singularities is essential in the problem of elementary particles. It
might be that gravitation does not play an important role as far as the
divergence problem is concerned.

Recently it has been emphasized that the introduction of states with
negative norm provides a way out of the divergence difficulties in quantum

field theories. (3)

In order to assure the probability interpretation, the
concept of shadow states has also been introduced. (4) In the electrodynamic
theory, there is always analogy between the classical and quantum theorxies.
However, it is not yet clear what is the counterpart of the shadow field in
the classical field theory. In this note we show that in the theory of classi-
cal electrodynamics the introduction of a shadow field makes self-energy of

the electron finite and the electron stable.

Lagrangian and Energy-Stress Tensor Density

Following the idea of shadow field in quantum field theory, we introduce
a massive vector field Au as the shadow field accampanying with the ordinary
electromagnetic field A“ We may write down the Lagrangian for the system of

the fields A, and Au interacting "vith a current as follows:
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M is the mass parameter of the shadow field.



The field equations for Au and i‘u arce obtained by variational methods.as
usual
A =2—ljm ju (3)
(O- M )Au = 4m ju | (4)
here the Lorentz condition auA“ = 0 is assumed. The condition au}:“ =0 alréady
follows fram the field equaticns.
The energy-stress tensor densities for A“ and Xu are respectively
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The total energy-stress tensor density Tuv is the sum of Tuv and 'i‘uv

P V=0V 4 (7)

Electromagnetic Energy-Momentum and Stability of the Electron

The electromagnetic energy-momentum of the electron is defined as
—1mV
Pu - jTu da, (8)

where o is a space-like plane. If P, defined in (8) is indeed a proper defini-
tion for the electromagnetic energy-momentum contributing to the electron's energy
and momentum, it is supposed to transform as a 4-vector under Lorentz transfor-
mation. It is well known that this is not true when we replace Euv by Tu\’ in (8)(5)'
In order that P, defined in (8) is a covariant 4-vector and the electron is

stable, the following conditions have to be satisfied,
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The subscript (c¢) means that the quantities are camputed in the rest frame
of the electron.

Frcm the field equations (3) and (4) we have
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all other camponents of the fields vanish. The non-vanishing components of
¥ and E‘W are
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From (5), (10), and (12), we have
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Similarly, from (6), (11) and (13), we have
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The integration of (14) and (15) over 3-dimensional space yield
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With (7), (16) and (1" ", it is easy to see that the conditions (9) are indeed

satisfied. Note also that the self-energy of the electron in the rest frame
of the electron is finite,
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E(o) is interpreted as the electramagnetic mass of the electron. The cbserved

mass is the sum of the electramagnetic mass and the mechanical mass.



Concluding Remarks

We have shown that with the introduction of a shadow field the electron
is stable in the point particle limit. This is due to the fact that the
shadow field provides an attractive force to keep the electron together. The
idea of introducing an additional "“non-electramagnetic" force to compensate
for the Maxwall stress, r.coducing stability of the charged particle and
making the total self-energy vanish in the rest frame, was first suggested
by Poincare a long time ago. (5) Except for the non-electramagnetic character of
the force, as it was postulated, the origin of tliis Poincare's tensor was not clear.
In contrast to the non-electramagnetic character of the Poincare's tensor,
the interaction betvween the shadow field and the charged particl« is, in
tenins of the strength of the coupling constant, electromagnetical in character.
Physicadily, the presence of the shadow field is to introduce a small non-local
effect in a manifestly local fashion, therefore the electramagnetic character
of the interaction is understandable.

Another difficulty encountered in the classical theory of electrons is
the existence of the so called "runaway" solution. A way to avoid it is to
impose proper boundary conditions on the solution of the equation of motion.
The runaway solutions have also been found in a number of simple, exactly

soluble quantum field theories. In a separate paper (6)

;i.t has been shuwn
by the author that in the quantum electrodynamics with shadow fields, the
runaway modes do not occur in the dipole approximation. Whether the runaway
solution can also be avoided in the classical theory with the introduction of

shadow field is not yet clear.
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