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1 . Int roduct ion 

In recent years various groups have focussed their interest on problems related 
to spurious pulses which are an obvious and permanent nuisance in a l l measurements 
o f absolute d is integrat ion rates. The current methods ava i lab le for detect ing 
and measuring afterpulses have been wel l reviewed quite recent ly in severa! 
papers ( j l ; to ; 3 j ), where also ear l ie r references can be found . 

Apart from a few rare cases where pulse-height analysis is possible, a i l these 
techniques use in one way or another the time relat ionship which exists between 
the corresponding "genu ine" and "spurious" pulses. W i th in this general approach, 
two main variants can be d is t inguished. Either the t ime d is t r ibut ion of the intervals 
is measured, or one analyzes the re lat ive variance in the number of registered 
counts which can be deduced from repeated measurements. Let us first hove a br ief 
look at some of the merits and drawbacks of these " i n t e r v a l " and "coun t ing" 
techniques. 

In the first p lace , they a l l suffer more or less from the fact that the inf luence of 
dead times is an essential ly unsolved problem for parent-daughter decays or 
similar two-step processes. However, provided that ^~C , the product of count 
rate and dead t ime , is suf f ic ient ly smal l , simple approximate methods for the 
corresponding correct ions w i l l be adequate. 

The interval method, among other v i r tues, has the advantage o f great f l e x i b i l i t y , 
as the time or ig in can be determined ei ther by a genuine or by an arbi t rary pulse, 
and d i f fe rent ia ! or integral distr ibut ions can be measured. This technique represents 
a d i rec t approach to the problem and is capable of y i e ld ing fa i r ly deta i led 
informat ion on the time behaviour o f the various mechanisms which may be 
responsible for the product ion of spurious pulses. Besides, from an experimental 
point of v i ew , the measurements are rather straightforward and rap id . 

The count ing techn ique, on the other hand, requires a higher degree of sophis­
t i ca t ion in exper imentat ion as wel l as in the analysis of the results. This is a\ 
least the case in its present form where a var iance- to -mean rat io has to be 
e x p l o i t e d . Apart from the dead-t ime correct ions, which a r e a more serious 
problem here, some specif ic assumption about the time behaviour of the a f t ^ r -
pulses is needed ( e . g . exponent ia l ) to permit unambiguous conclusions, A l ihcugh 
f ine achievements have been made recent ly in this f i e ld ( ^4 i , [ 5 I ) , muc'i work 
s i i l l remains to bo done. For other versions of count ing methods wi th aateirm sec ! ] 
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Sinc^ o character is t ic , but often badly known time dis t r ibut ion butween a parent 
(or genuine) pulse and its daughter pulse (or afterpulse) is the on ly recognizable 
feature of "pai rs" in a t ra in of pulses - the physical causes for the relat ionship 
being largely unknown and therefore out of control - , i t seerrra-natural that 
stat ist ical methods have to be appl ied In any attempt to separate such pairs from 
single pulses. A d is t inc t ion can therefore on ly be expected for large samples, 
but not for ind iv idua l events. This is what is ac tua l l y done in a l l the techniques 
mentioned before, but other possibi l i t ies for ex t rac t ing the wanted informat ion 
micht ex is t . 

2 . Separation by means of a modulo 2 counter 

In order to achieve such a d iscr iminat ion we are going to suggest a somewhat 
d i f ferent approach which is based on a par t i cu la r ly simple var iant of the corre la t ion 
techn ique. If we restr ict ourselves to the case where a primary pulse cannot be 
fo l lowed by more than one secondary pulse (thus neglect ing mul t ip le afterpulses), 
then any measured count in the superimposed process is e i ther a " s i ng le " or 
belongs to a " p a i r " . 

Our problem is therefore equiva lent to f ind ing a pract ica l way to distinguish 
between these two classes, e . g . by count ing the pairs or the singles alone -
i f this can be ach ieved . We think that the special form of the corre la t ion method 
as used previously ([[6J] , [ ]7 ] ) might offer an interesting and simple solut ion 
to this prob lem. 

We recal l that in this var iant a two-va lued funct ion x(t) is associated w i th the 
count ing process which jumps at each ar r iva l o f a pulse from -1 to +1 or v ice versa, 
depending on the previous state. This is also done (wi th the same process) after 
a delay o . A simple e lect ron ic arrangement then al lows us, by measuring an 
average count ra te , to determine the autocorre lat ion funct ion 

R(£) = E (x(t) • x(t+£)j . (1) 

I f W(k) is the probab i l i t y for measuring exac t l y k count, w i t h i n a t ime in terva l o 
(wi th random o r i g i n ) , the corre lat ion func t ion may olso be wr i t ten in the form 

P"0 
R ( S ) = *> W(k) • ( - 1 ) k = Prob (k even) ~ Prob (k odd) . (2) 

N o w , the to ta l number of pulses can always be decomposed into "pa i rs " and 
"s ing les" , thus 

k = 2 n + n , (3) 
p s 

where n is the number of pairs and n of single pulses w i th in the t ime o . 
p s r 
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Whether k is even or odd t'epends therefore on ly on the number o f single pulses, 
hence 

oo n 
R(S) = 2 w < " ) " ( - I ) * • M> 

n = 0 s 

s 
This re la t ion holds quite general ly and is independent of any assumption about 
the probab i l i t y d is t r ibu t ion . 

An exper imental measurement of the corre la t ion funct ion R(o ) is thus not at a i l 
af fected by the presence of pairs. As a matter of fac t , this is an obvious consequence 
of the construct ion of the correlator which ( in the present form) measures the 
di f ference in the probabi l i t ies for count ing an even or an odd number of events in à . 
It is therefore basical ly a modulo 2 counter . 

As in (4) no in terva l d is t r ibut ion is needed, but on ly the probabi l i ty for a g iven 
number o f (unpaired) events, this re la t ion may also be appl ied to non-homogeneous 
processes. Wi th the help of the we l l - known result ( [ ô l , j 7 j ) that for a Poisson 
process (wi th count rate o ) the corre la t ion fut c t ion is g iven by 

R ( S ) - . - 2 » , £ l , (5) 

i t now fo l lows (see Appendix A) that for a Poisson dist r ibut ion of the primary events 
we always have 

- 2 U , 
R(S) = e s . (6) 

Here JJ, is the mean number of unco r rec ted single pulses in the in terva l o . 

In order to i l lustrate more e x p l i c i t l y the e f fec t on the cor re la t io r f unc t i on , le t us 
consider two specif ic assumptions for the time relat ionship between main pulse 
and afterpulse in some more d e t a i l . 

^ * £ x p ° " e r > t i o l t ime d is t r ibut ion 

This case has already been treated ear l ier in tonnec t ion w i th the parent-daughter 
problem. I f 

p = true count rate of the primary events, 

V - average time in terva l between primary and secondary event , 

e . j ~ detect ion probabi l i t ies for a primary (secondary)event, 

9 = probab i l i t y for afterpulsing (per genuine pulse) end 

b = experimental count rate for background, 

then it can be shown [ 8 j that the mean number of tncor re la ted single pulses 
in a time interval I is g iven by 
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where now 

i\L\ + V2fc.£ 

£ 1 s e l ' 

6 2 « e . e 2 

1 2 

but 

1 - - - (1 - e h / i ' ) \ > l 61 + b l o l . (7) 

In what fo l lows, £.« thus always means the "e f fec t i ve e f f i c i ency " for afterpulses i 

wi th 9 i nc luded . 

By using the abbreviat ions introduced previously in a similar context [ "9J , namely 

oC s o ( £ j + £ 2 - £ ] £ ) + b and 

1 °2 

(8) 
P s j> • £ . c ? , 

the expectat ion for singles may be wr i t ten as 

^ s = (o( - P ) i " S | + 2 p t ( 1 - e " È S ' / x ) . 

Since a d i rect measurement o f the tota l count rate yields 

(9) 

(10) 

an equiva lent form of (9) is also 

= y. JSI - 2 P(!S| - -C + X • e - , S , / l r ) . {**< tot 
(9«) 

From (9) or (9') we obta in readi ly the l im i t i ng cases 

jP i o f iS ! =(oc + p) IS I for JSI « r 

^ S = \ ( ^ -P ) |S| " 1st »"c • 
We may note that both these l imi ts are ac tua l l y independent o f the speci f ic 
t ime distr ibut ion chosen here (see Appendix B). 

The corre lat ion funct ion is now easi ly obta ined insert ing (9) or (9 1 ) into (6) as 

( 
I 

R(S) = exp / - 2 U - p ) | S | - 4 p r ( l - e ~ ^ l A ) j 

• e * P ^ - 2 9 t o t | d | + 4 p ( | 5 | . T + T - e " | 5 | / c , ) i . 
( M ) 

A convenient graphical representation o f the corre la t ion funct ion is for instance 

obtained by p lo t t ing the quant i ty - r- • In R ( ^ ) as a funct ion of the delay 0 , 
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which is according to (6) just \J^ (compare F i g . l a ) . The experimental curve 
l ies between the two straight l i r (es representing the i n i t i a l and the f ina l slopes 
<X> + P , respect ive ly , and passes at |o | = X through the point 

( c x + P ) T - 2 p T / e ^ ( c * + 0 .264 p ) T . 

A result equiva lent to ( I I ) , apart from pr in t ing errors, has ac tua l ly been obtained 
previously i 10" j . The much more elaborate method, however, has the drawback 
that i t is not ev ident that R is en t i re ly determined by the unpaired pulses a lone , 
as is c lear ly shown by (4) or (6 ) . Since in both this approach and the present one 
the poissonian nature of the (surviving) parent pulses is used in an essential way 
for the proof (by assuming an exponent ia l interval density for any time o r i g i n ) , 
neither can be used to take dead-t ime effects into account in a rigorous w a y . 

4 . Constant time interval 

In this model , an afterpulse is supposed to occur ( i f a t a l l ) at a f ixed t ime lag ^ 
after the genuine pulse. If the same notat ion is used as before, the experimental 
pair rate for a very large measuring in terva l is g iven by 

App ly ing (10), this leaves for the rate of the singles 

p s o . 2 P 
J s Mot yp 

= ? ( a i + € 2 - 2 £ 1 £ 2 ) + b « o c - p . (12b) 

We now have to determine the d is t r ibut ion of the pairs in the interval o . 
This problem is very similar to the one considered in [ 8 J for the exponent ia l 
time d is t r ibu t ion , but is ac tua l l y simpler as the density corresponding to a constant 
distance T is just the del ta funct ion o (t - T ) „ For the survival p robab i l i t y o f 
a pair (wi th primary pulse at t) this y ie lds 

0 if o < t <r I S I - 1 
, W = I D •• |S| - v < , < ISi. 

The corresponding average probab i l i t y is therefore 

q 
f 4 r ( I S | - I ) for c 4 . \S\ = jT". \ q(t) dt » JïST 
\ 0 " ^ £ 

= M a x { , . l , OJ . (13) 



This c!v~; for M-. number of pairs wî th în an interval >̂ the expectat ion 

^ = f q |SI = ç 8 e ] e 2 q !M = P q |S! . 

The average number o f uncorrelated pulses in o is therefore 

which after some elementary rearrangements can be brought into the form 

(M) 

= f (<* + p ) l § ! .f o r |5| < v 

K \ ( o f - P ) | S , + 2 p x » l<5] >, r (15) 

which is equiva lent to 

P " l<d for I S U T " _ A Wot. (15«) 

t tôt 

Since, we know that 'pairs as we l l as single pulses form an inhomogeneous Poisson 
process for any interval d is t r ibut ion £8 J , we now obta in the corre lat ion funct ion 
by simply insert ing (15) into (6) as 

r for I S U T c ; e x p ! - 2 ? t o t , S i I 
exp r~2j> IS!-» 2p (|S| - t j ] " ; W * ' T C . ; ; 

<a 6) 

F i g . l b shows that p lo t t ing - s-»ln R(d ) versus d is again a convenient method 

for determin ing 77 as wel l as p = 6 • 5> e . e_ , which corresponds to the sudden 

change of slope occurr ing at |S j = X • I f the other parameters can be assumed to. be 
known, this therefore leads to a d i rec t determinat ion o f the probabi l i ty 0 for the 
generat ion of afterpulses. 

~ l n R ( £ ) A 

^ I S I 

F ig . 1 . Schematic behaviour of the cor re la t ion funct ion R ( S ) in the presence 
of afterpulses, i f these have a) an exponen t i a l , b) a constant in terva l 
d ist r ibut ion w i th respect to the primary even t , each time w i th mean % . 

.^or derai ls see f e x t . 



5 . Fin-?!' r- rnnrks 

I t may be interesting to note that in this method thw quant i ty we are ac tua l l y 
look ing for, namely the pair rate P, is essential ly obta ined as the di f ference 
between two measured mean values (see F ig . 2 ) , whereas in previous techniques 
the corresponding quant i ty had to be calculated from a di f ference of var iances. 
Therefore o beUer precision might perhaps be expected for the new approach. 

F ina l l y , we may mention that the usefulness o f this method should be largely 
independent of the presence o f dead t imes. I f the pairs are not too f requent , as 
w i l l be the case for afterpulses, the "surv iv ing" events form to a good approximat ion 
a dead- t ime-d is tor ted Poisson process. Since the autocorre la t ion funct ion is we l l 
known for this case j 1 l l , the corresponding inf luence can be taken into accoun t . 

I t thus seems from what has been said above that such a correlator w i th on ly 
two possible states might offer i tself as a nearly ideal instrument for dist inguishing 
between paired and single events in a series o f pulses. Nevertheless, some caut ion 
might we l l be in order here as no attempt has yet been made to check the 
feas ib i l i t y o f this idea exper imenta l l y . 

A ge ne r a I i z a f c i o n o f this method for determining quan t i ta t i ve ly the occurrence 
of mul t ip le pulses w i l l be presented in another repor t . 

APPENDICES 

A . D i rec t der iva t ion of (6) for a Poisson process 

It has been shown previously ( [12 j , e q . 12), that for the case of a parent -
daughter process w i th parent pulses fo l low ing the Poisson l aw , the p robab i l i t y for 
observing exac t ly k events is g iven by 

- (W+u,) K i J M* k ~ 2 i 

w W . . > » 5 - ? • (d|rr ' ( A , ) 

where u^ and LC are the expectat ions for the number o f singles and pairs, 

respect ive ly , and K is the largest integer below ( k + l ) / 2 . 

Let us br ie f l y considar two simple special cases of ( A l ) . 

a) LL f 0 / i . e . complete absence of a l l (true) pa i rs . As j in ( A l ) stands for 

the number of pairs, the sum reduces to the term j=0 , thus 

W(k) - e s • - k - f , 
• 

which is an ordinary Poisson distr ibut ion for k. 
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b) i.i. = 0, i . e . there are on ly pairs. In this case, the on ly term remaining in the sum 

(A I ) iS for j - k / 2 , which requires thct k be e v e n . Hence 

-Ms, H-
• -r-Y for k = 2 i 

W(k) = i : 

" k o d d . 

We therefore arr ive at a Poisson d is t r ibut ion for the pairs, as expected 

Let us now evaluate the probab i l i t y for k even on the basis o f ( A l ) . 

Prob(k even) = ]> W(k=2n) . 
n=0 

-(H>+K)oo n a 1 ^ n " 2 i 

e * P ^ j ^ I_E . $ 

n"0 i=0 « l ( 2 n - 2 j ) l ' I 

where, app ly ing its de f in i t i on g iven in ( A l ) , K has been replaced by n since 
k=2n . 

Formal ly , the sum over j may be extended to i n f i n i t y ac l / ( n - j ) . 
By reversing the order o f the summations we get 

0 for j > n . 

-({-L + (x ) o o i x 1 oo ( x 
Prob(k even) = e s p ^ p ^ S 

2(n-i) 

jEYFS 
i="0 « • n=0 [2(n-l3 ! 

But since [ J 2 J , w i th s = n- j , 

(A2) 

we may also wri te 

Prob (k even) = e 
e 0 i ' ' 2 

P ^ -7-Ç • ~ (e " + e 
-K 

i 
i-

-2U, 
= j ( l + e S) (A3) 

As k can on ly be even or odd , there is obviously 

1 
- 2 U 

Prob(k odd) = 1 - Prob(k even) = £ (1 - e s ) . 

Équation (2) then y ie lds for the corre lat ion funct ion 

R(S) = J 
-2fx -2UL ' 

( 1 + e S ) - ( l - e S) 

as we had expec ted . 

-2 p. 
= e 

(A4) 

(6) 
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B. L im i t ing values for ^ and R(d ) 
s — 

For a suf f ic ient ly short time interval o , we have only to consider the cas»2s that 
1 or 3 pulses a r r i ve , as the probab i l i t y for several events can be neglected for 

c - I 
I d I << Ç' . Thereby we obviously assume n "smooth" behaviour and in par t icu lar 

• ' to t 
the absence o f a delta funct ion necr the or ig in of the in terva l dens i ty . This 
therefore excludes the case where L, —>Q (compare far example. [ ? j ) » We then 
have 

Prob(k odd) = Prob(l) ^ P I S | , 
t o t (BÏ) 

Prob(k even) = Prob(O) c^, \ - Q \S\ . 
tot 

This gives w i th (2) for the corre la t ion funct ion 

R ( £ ) = Prob(k even) - Prob(k odd) 

^ 1 - 2 o \S\ for \S\ « o " 1 . (B2) 
3 tot J tot 

r-

The corre la t ion funct ion thus always starts for o = 0 at R=l and then decreases 
l inear ly w i th the slope 

- 2 0 • sign (c5 ) . (B3) 
J tot 

This general feature has previously been used in a more compl icated example £ l l J . 

It w i l l be obvious that for o — > 0 

K = 0 l o i = (oc + p ) i S l and ^ = 0 , (B4) 
w I \J I P 

as pairs require a f i n i te in terva l length to "surv ive" (F ig . 2 ) . 

The in i t i a l l inear behaviour (B2) o f the corre la t ion funct ion R ( à ) is thus qui te 
a general feature which is not restr icted to a specif ic process or in terval d i s t r i bu t i on . 

In order to determine LL for the case of a very long de lay , we restr ict ourselves 

to a Poisson process for the o r ig ina l pulse sequence. For \o I ^> T , however, 
the re la t ive cont r ibut ion to IJL, from such (or ig inal)pa'rs where one o f the partners 

c 
happens to fa l l outside the beginning or the end of the measuring in terva l à 
becomes negl ig ib le (edge e f fec t ) . We therefore have for l o i >"> T 

independent ly o f the exact interva» d is t r ibut ion for pairs (c f . F i g . 2 ) , and the 
corre la t ion funct ion goes over into the simple exponent ia l 

R ( S ) = exp ( - 2 U - p ) 1(5 | j . (B6) 



10 

^ s 
/ I S I 

tot 

o - 2 8 
J tot K 

IS I 

F ig . 2 . Schematic p lot o f the e f fec t ive count rate U / I d I for single pulses 
as a funct ion of the measuring in terva l S 
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