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Abstract 
Some of the characteristics of neutron and gamma emission in fission are 

reviewed. Recent measurements of the average number of neutrons as a function of 
fragment masses m and total kinetic energy E. show distinctive differences with 
previous ones. The reasons for these discrepancies are analyzed and it is shown that, 
at present, the use of large neutron detectors yields safer results than that of 
small neutron detectors. Hie energy necessary for the emission of one additional 
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neutron is discussed and shown to be of the order of 8 MeV, in the case of the Cf 

spontaneous fission. This includes the effect of the observed correlation between 

neutron multiplicity and total Y ray energy. This correlation cannot be explained on 

the basis of neutron binding energy variations alone and is interpreted as an effect 

of the spins of the fragments. 

The gross features of the y ray emission by fission fragments (time, energy, 

angular distributions) are summarized!. These features appear to be in agreement with 

a statistical de-excitation of the fragments provided angular momentum effects are 

suitably taken into account. 

The variances of the excitation energies of the fission fragments as a function 

of m and E. are obtained from the observation of neutron number distributions. Here 

again it is shown that, at present, the use of large neutron, detector is the safer 

technique. The knowledge of these variances allow an improved estimation of the 

difference between the total energy release in fission and the minimum potential 

energy of the scissioj configuration. This difference is found to be at most of the 

order of 7 MeV in the ' Cf of spontaneous fission. 

One of the basic assumptions of the "fission band" model of W. Noremberg^ ' is 

strongly supported by the observation of 1.7 MeV difference in the total kinetic 

energy of fissions giving rise to odd Z-odd Z and even Z-even Z pairs of fragments. 

This model also accounts for many of the aspects of the neutron and y emission in 

fission. 
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Introduction 

Rather than being a general survey of all experimental evidence on the 

neutron and gamma emission in the fission process, this paper will focus on some 

of the recent detailed measurements relative to this subject. In the first 

section we shall examine the average neutron numbers as measured as a function 

of both mass and kinetic energy of the fission fragments. Although recent 

measurements do not show new qualitative features they quantitatively differ 

from previous ones, especially with respect to the value of the energy carried 

away per neutron. The disagreement may be traced to different experimental 

approaches; one set of experiments makes use of low efficiency plastic 

scintillators and the other of high efficiency loaded liquid scintillators. We 

shall discuss the relative advantages and drawbacks of these two techniques. 

In the second section we shall examine some of the detailed measurements of 

gamma-ray energy, gamma-ray multiplicity and gamma-ray angular anisotropy which 

have been carried out as a function of the energy, mass or charges of the 

fragments. Combining the neutron, gamma and fragments kinetic energy measurements 

the measured energy release in fission can be compared with predictions of mass 

tables. We shall present evidence of even-odd effects when the neutron, gamma 

emission and the fragments kinetic energies are measured as a function of the 

charges of the fragments. We conclude this section with a discussion of the 

angular momenta of the fragments. In the third section we shall discuss the 

detailed measurements of the variances of the neutron number distribution in 

view of the large discrepancies observed between the results obtained in experi­

ments using low efficiency and high efficiency neutron detectors, respectively. 

We show how the variances of neutron number can be transformed into variances of 

the excitation energies of the fragments. In the last section we shall discuss the 
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significance of the evon-odd effects and the possible use of the variance 

measurements for testing different theories of fission. 

I. Variations of the average neutron number as a function of mass and kinetic 
energy of the fission fragments 

At the time of the Salzburg conference most of our knowledge of the 

average neutron number variations as a function of mass and kinetic energy of 
(l 2 3) the fragments were obtained using low efficiency neutron detectors ' * , with 

<h) the noticeable exception of the measurement made by Whetstone on the 

Californium spontaneous fission. In an effort to resolve the existing 

discrepancies between some of those experiments in the case of the neutron induced 

fission of U 2 3 6 . Maslin et al. and Boldeman et al. used a large gadolinium 

loaded scintillator as a high efficiency neutron detector. On the other hand, 
(7) we have obtained the neutron number distributions in the spontaneous fission 

252 of Cf and, thereby, their first moments; our results are to be compared to 

those of S. L. Whetstone and H. R. Bowman et, al. Figure 1 shows the vari­

ations of the average neutron number \T(m) as a function of the mass of the 

fragments as obtained in these experiments. Although the general trends of the 

representative curves v(m) are similar in all measurements, quantitative 

discrepancies as high as 30!( can be noticed on the figure. The situation is 

hardly better when one considers the variations of the average neutron number V^E.) 

as a function of total kinetic energies of the fragments as can be seen on Fig. 2 

where the results obtained by H. R. Bowman et, al. , S. G. Whetstone , and 

ourselves are compared. This sitvrvfcion gives rise to a wide range of values of 

the energy carried away per neutron from the 6.6 MeV/n advocated by H. R. 

Bowman et, a l / 1 ' to the 18.5 MeV/n claimed by E. E. Maslin/ 5' The origin of 

these discrepancies seems to rest mostly in the different methods used to take 
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into account the following factors: 

— The assumed geometrical efficiency of the detector which depends, some­

times critically, on the assumptions made regarding the neutron energies and angular 

distributions 

— The efficiency of detection of neutrons penetrating the detector 

— The energy and mass resolution and possible asymmetry of the fission 

fragments detection system 

— For the large liquid scintillator, the dead-time corrections and the 

possible multiple firing of the phototubes 

— The recoil correction which has to be used for the determination of the 

masses and kinetic energy of the fragments. This correction has recently been 

studied in detail by A. Gavron and found to be most sensitive for small 

efficiency detectors. 
(9) As shown by Terrell the low efficiency neutron detector experiments are much 

more sensitive to the first two factors. For example, the iae of the super­

position of two Maxwellian shapes for the center of mass neutron energy spectrum 

increases the number of neutrons measured in the direction of the emitting 

fragment by 1035 as compared to the value obtained with only one Maxwellian 

distribution. If the detector subtends an angle of 90° the increase is reduced 

to 0.k%. When a large liquid scintillator is used in a Itir geometry to measure 

total number of neutrons the efficiency problem is obviously minimized, being 

reduced to the question of neutron detection efficiency. Monte-Carlo simulations 

have shown that, as expected, this last quantity is itself almost insensitive to 

center of mass energy spectra provided the radius of the detector is greater than 

approximately 30 cms. It, therefore, appears that, provided the last two factors 

of possible systematic errors could be satisfactorily dealt with, the total 
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number of neutrons measurements carried out with large U detectors should be 

used to check the more error-prone determinations of average number of neutrons 
(2) emitted per fragment. It has been pointed out by Fraser that neutron 

evaporation could lead to a non-colinearity of the fragments paths. This lack 

of colinearity could cause an unwanted selectivity in the detection of the 

fragments in double time of flight or double energy experiments. This effect 

can be overridden by using an asymmetrical disposition of the fragments detector 

with respect to the fission source. This condition is especially easy to fulfill 

by measurements of the total number of neutrons where the fission fragments direction 

needs not be defined, thereby allowing for a compact source-fragment detector 

geometry. Such a geometry has the additional advantage of increased signal to 

background ratio. As far as mass and energy resolutions are conceited the 

performances obtained with the most widely used double-energy technique provide 

mass and energy resolution of around k a.m.u. and 2 MeV, respectively (FWHM). 

These figures are small enough compared to the physical widths of the structures 

appearing in the fission process +o allow a satisfactory correction for resolu-
(l 3) tion effects. This is in contrast with the situation in the pioneering work ' 

in this field where experimental energy width3 as high as 20 MeV were estimated. 
(8) A. Gavron has recently shown that the very fact that a neutron is 

detected in a preferential direction requires that the masses and kinetic energies 

of the fragments be corrected for recoil effects. This recoil correction appears 

to be especially important when the kinetic energy dependence of neutron numbers 

is studied. The magnitude of this correction is shown in Fig. 3 and appears to 

be able to account for most of the differences observed between the high and low 

efficiency measurements. In hir neutron counting this correction does not exist 

and in the high efficiency 2ir measurements it is drastically reduced. 
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I t i s o u t s i d e t h e scope of t h i s paper t o go i n t o d e t a i l s about dead- t ime 

c o r r e c t i o n s and o p t i m i z a t i o n of t h e l a r g e l i q u i d s c i n t i l l a t o r s o p e r a t i o n . We found 

i t most s a t i s f a c t o r y i n our work t o use t h e fol lowing c o n d i t i o n s : ( l ) a 200 nsec 

f ixed dead - t ime , (2) low v o l t a g e s on t h e p h o t o t u b e s , and (3) summation of t h e p u l s e s 

of t he phototubes a f t e r e q u a l i z a t i o n of t h e i r g a i n . As p o i n t e d out by s e v e r a l a.uthors ' 

i t i s p o s s i b l e t o confirm t h a t t h e dead-t ime and background c o r r e c t i o n s have been made 
_ p 

properly and that the detector worked correct ly . Let v and o (v) be the mean value 

and the variance of the neutron number dis t r ibut ion of the source. Let q and a (q) 

' the same quanti t ies re la t ive to the dis t r ibut ion obtained af ter correction of the 

experimental one for background and dead-time but before the efficiency correct ion. 

•Let e be the efficiency of the detector. Then 

q = ev 

and (1.1) 

2 2 2 — 
a (q) = e a (v) + e ( l - e) v 

Substituting for e 

•zfisl _ i = 2-M _ i ( I 2 ) 
q q V • V 

The first member of equation (2) must then be independent of the efficiency 

of the neutron detector. Figure h shows to what extent this condition can be realized 

in an actual system. It is fulfilled for efficiencies lower than Q0%. For higher 

efficiencies the influence of afterpulses in the phototubes and of multiple-firing 

of the discriminators starts to be felt. It is noteworthy that the observed 

invariance of expression (2) is an indication that delayed gamma-rays 
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from the fission fragments do not impair the measurements. In a more detailed check 
of the operational and correction procedures in the total number of neutrons 
measurements we found that the results obtained for the values of both the means 
vT(m,E ) and the variances of a (v_: m E. ) of the neutron number distribution 
measured as a function of the mass and total kinetic energy of the fragments agreed 
within statistical accuracy for two experiments where the detectors efficiency were 
80% and 55£, respectively. Finally, an independent check of the validity of the 
measurements of total number of neutrons with UTT high efficiency liquid scintillators 

(12) is provided by the agreement between those measurements and those recently carried 
out with Tie counters placed in a paraffin moderator. This rather lengthy 
Justification of the use of large neutron detectors for measurements of total number 

(13) of neutrons was felt useful in view of recent doubts which have been raised in 
their behalf. In particular, it has been argued that these experiments gave 
unreasonably high values of the energy necessary to emit one additional neutron. The 
variation of the average total of neutrons emitted by both fragments as a function of 
their total kinetic energy is very nearly linear. The inverse of the slope of this 

d V T - 1 , (6) 
variation < -r=— > has been found to be 16.7 MeV/neutron by J. K. Boldeman et al. 
in the thermal neutron induced fission of U and, by us, to be 13.0 MeV/neutron in 

252 the case of the spontaneous fission of Cf. However, these quantities should not be 
interpreted as the energy necessary for a given pair of fragments to emit one more 
neutron. This is mostly because different mass distributions are obtained for 
different total kinetic energies. The argument can be put on a more quantitative 

(a) basis with the help of relations similar to those already used by Terrell. First, 
d V T 2 

the blope < T = — > can be expressed as a function of the variance a (E.) of the total °\ * 
kinetic energy and of the co-variance of V_ and E. 
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dV C(V,B^) 
< — - > = — r r — — (1.3) 

^ a 2

( E k ) 

Then, up to first order in the variations of E. and v_ as a function of 

fragments masses the over a l l co-variance C(v_,K ) can he expressed as a function 

of the mass averaged value of the conditional co-variances C(v„,,]iL: m) of V_ and E 

for a fixed mass by 

dV„ "k c ( vV = < asr^ i ? > a 2 { m ) + c ( W m) {J-k) 
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Due to the small variat ion of v_ as a function of m the f i r s t term of 

the second member of equation (U) can be neglected so that 

C(v T ,E k ) = C(w T ,^:m) (1.5) 

A relation similar to equation (3) holds between quantities measured 

at a fixed mass ratio of the two fragments so that 

C ( W m ) = ̂  >m ° ( E k : m ) (I'6) 

k 

Assuming a negligible correlation between the values of (-js- ) and 
CL&- m 

a (E:m) for different mass values, one can then write that 

252 In the case of Cf using resolution corrected values of a(E. :m) = 9.2 MeV 

and o(E, ) = 11.33 MeV one obtains an approximate value of 

ds> - 1 
< • — > = 8.6 MeV/neutron . ah. m k 

This figure can be considered to be a determination of the energy 

necessary to emit one additional neutron and can be compared with estimates 

based on neutron binding euergies, kinetic energies and, as will be seen later, 

on gamma-neutron competition. We shall make this comparison in the 

next section using the more detailed values of <-=— > computed for each mass 
fin. m 

of the heavy fragment. Figure 5 shows the result of this comparison. 
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As compared with total number of neutrons measurements the study of neutron 

emission by each individual fragment presents the added difficulty of detector 

efficiency variations with the angular and energy distributions of the neutrons. 

We shall assume that the fission events are sorted out according to the mass m 

of the fragment flying towards the neutron detector and to the total kinetic 

energy E. of the two complementary fragments. The "average number of detected 

neutrons for a given fission configuration is then equal to 

qdn,^) = efm,^) V^m,!^) + r(M - m,!^) v"(M - m.E^) (1.8) 

where v(m,E. ) andv(M - m , ^ ) are the average number of neutrons emitted by the 

fragments moving towards and away from the neutron detector , respect ively. 

e(m,E, ) and r(M - m,E. ) are the probabi l i t ies of detection of these neutrons. 

A similar re la t ion holds when the fragment of mass M - m moves towards the 

detector, namely 

^(M - m,E k) = e(M - a,^) \T(M - m.i^) + r U , ^ ) Wm.E^) (1.9) 

Provided the set of forward and backward efficiencies ebn.E.) and 

r(m,E. ) the average numbers or neutrons emitted per individual fragment v(m,E. ) 

can be obtained. The sets of efficiencies can be computed by means of a Monte-
(lli) Carlo simulation. They depend on the fragment velocity and the center of mass 

neutron energy spectrum. We have already noticed that, in the case of large 

neutron detectors, the forward efficiencies were not sensitive to the assumption 

made for the center of mass neutron energy distribution. However, in this case, 

the ratio of the backward to the forward efficiencies can be as high as 20% and 

the quantities r(m,E. ) cannot, by any means, be neglected. We have found that 
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the efficiencies provided by the Monte-Carlo simulation were slightly but 

consistently overestimated by 2 to 3%. ThU3, a constant normalization factor was 

applied to them so that the over all average total number of neutrons per fission 

could be reproduced. 

The values of the average neutron numbers per fragments v(m,E. ) were found to 

vary by less than ?.% over their entire range when two different assumptions were made 

on the neutron spectra; in one case we assumed a constant temperature Maxwellian 

spectrum, and in the other we used the actual spectra as determined by H. E. 

Bowman et_ al. The sum v(m,EL ) + v(M - mA.) of the average neutron numbers emitted 

by two complementary fragments should be equal to the average total neutron numbers 

v_(m,E. ) as determined in the 1*TT geometry experiments. This agreement was obtained 

by Whetstone, Maslin et al. In our experiment the agreement i3 better than 2% 

for the all range of masses and kinetic energies. This seems to be a good check of 

the efficiency correction procedure. 

Up to now we have not considered the possible existence of an isotropic 

component in the neutron angular distribution. This component has been first 

suggested by Skarsvag et, al_., Fraser et_ aL., and Kapoor et_ aJU It is 

shown in Appendix I that in the case of a large detector subtending a 90° angle from 

the neutron source and assuming a constant detection efficiency for all neutrons 

entering the detector, the neglect of the isotropic component is equivalent to its 

sharing in equal parts between the two fragments. On the contrary, with a small 

neutron detector, the sharing will depend on the fragments and neutron velocities. 

This could give rise to differences between the results of the two types of measure­

ment of up to 5%. 

The variations of the average number of neutrons emitted by complementary 

fragments of selected masses as a function of their total kinetic energy E. are 
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shown on Fig. 6. It can be seen that, while the variations of the total number 

of neutrons with E. are very nearly linear, this is not so for the number of 

neutrons emitted by one of the fragments. Thereby, for a given mass split, the 

fraction of excitation energy taken up by one of the fragments cannot be held as 

constant. 

II. Gamma-ray emission and energy balance in fission 

The emission of gamma rays by fission fragments is not as well known as 

their neutron emission. This is the consequence of several experimental 

difficulties: 

— The need to discriminate between fission Y rays and Y rays produced 

following neutron capture or inelastic scattering 

— The time-distribution of fission Y rays which covers a wide range froR 

less than 10~ s to several microseconds. This circumstance makes difficult 

the comparison between experiments using different arrangements 

— The moderate amount of anisotropy in the angular distribution of the 

fission Y rays, which makes it much more difficult to measure the relative share 

of each fragment in the Y emission than it is in the case of neutrons. 

The first difficulty is usually overcome by the conjunction of a time discrimination 

between the gamma rays originating from the fission fragments and those produced 

in neutron capture or inelastic reactions and a careful collimation of the y ray 

beam. For total gamma ray energy measurements, large liquid scintillators of the type 

described in Sec. I can also be used with the advantage of a very high efficiency; 

in this case a satisfactory correction for neutron parasitic effects can be maae, 
(n) 

provided a simultaneous measurement of neutron multiplicity. 
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To deal with the two last difficulties a knowledge of both distribution 

in time and angular distribution of the fission Y rays is needed. In the 

following we first summarize this knowledge.' 

II.1. Angular distribution of fission Y rays 

There are two causes of anisotropy in the fission y rays angular 

distribution. The first one is a Doppler effect similar to what is observed in 

the neutron case, An isotropic distribution of Y rays in the fragment referential 

will give rise to a distribution in the laboratory system of the form: 

W n(0) * W (1 + (2 + r) x cos6) (II.1) 
D O C 

where v is the velocity of the fragment, c the velocity of light, 8 the angle 

with respect to the fragment direction and r a small correction term accounting 

for the change in energy of the Y rays. This Doppler anisotropy obviously 

disappears when the two fragments are not distinguished by the experimental set 

up or when they are stopped before the Y emission takes place. On the other 

hand, it can be used to determine the share taken by each of the two complementary 

j l y i 
(20) 

fragments * in the total Y ray emission and to obtain information on the time 

dependence of that emission. 

The other cause of anisotropy of the fission y rays is a consequence of 

a preferential orientation of the fragments' spins with respect to their direction 
(21) of flight. J. B. Wilhelmy et, al. have measured the angular distribution of 

several 2 •+• 0 transitions in the ground state bands of several even-even fission 

isotopes. They found a preferential emission of the E2 radiations along the 

direction of the fragment with anisotropies ranging between 8.3> and 33. W . Because 
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of possible attenuation effects in the platinum catcher they used, these values 

are to be considered as lower limits for the actual anisotropies. These anisotropies 

can only be explained if the initial spins of the fragments are preferentially 

oriented perpendicular to the fragments' paths, in agreement with the results 

of the early analysis of the gross angular distribution of fission y rays by 
(22) M. M. Hoffman. In more recent experiments the anisotropy of the whole fission 

Y ray spectrum has been studied as a function of fragments kinetic energies, 

mass ratios, masses and as a function of Y ray energy. These experiments all 
235 dealt with the slow neutron induced fission of U. Figure 7 shows the results 

(23) obtained by 0. I. Ivanov et_ al. in their study of fission y anisotropy as a 

function of total kinetic energy and mass ratio of the fragments. The figure 

shows a definite increase of anisotropy with the total kinetic energy of the 

fragments for all mass ratios studied. On the other hand, the anisotropy seems 

insensitive to the mass ratio of the two fragments. This last result has been 

confirmed by P. Armbruster e£ al. Using the collimator technique pioneered by 
(2U) S. V. Johansson these authors have been able to study the anisotropy of the 

Y rays emitted between 10 ps and 100 ps after fission as a function of the 

fragment's mass. Their results are shown on Fig. 8 ; they show some structure 

but no definite trend except for a tendency to higher anisotropies in the heavy 

fragment mass range which averages around 20? as compared to lk% for the light 

fragment. When measured as a function of Y ray energy between 0.1 and 1.2 MeV 

(21) 
the anisotropy do not show strong departure from an average value of 13J6. 

This is only slightly less than the values obtained by J. B. Wilhelmy et, al. 

for pure E2 transitions. It therefore appears that measured anisotropies of 

fission Y rays indicate that those Y rays are mostly of the E2 type with a 
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possible admixture of between 10){ and 20% of dipolar radiation. This conclusion 

holds for Y energies between 0.1 and 1.2 MeV as quoted above. As a concluding 

remark concerning the question of anisotropy of Y ray emission by the fission 

fragments it is worthwhile noting that the neglect of this effect in some of the 

measurements of y ray energy emitted in fission could lead to errors of about 

5Jf; this holds not only for absolute values hut also for relative ones, especially 

when the fragment's kinetic energy is retained as a parameter in the measurement. 

II.2. Time dependence of Y ray emission bv the fission fragments 

The gross time dependence of Y emission by the fission fragments of 
235 (25) 

U has been most thoroughly investigated by H. Albinsson. Using the 
collimator technique this author studied the rate of production of fission Y rays 

between 10 and 200 picoseconds. He found that the corresponding decay curve 

could he well represented by the sum of three exponentials corresponding to 

half-lives of 7.5 ps, 18 ps, and 60 ps with intensities, relative to the total 

gamma radiation emitted within 1 ns after fission, of 35%, 25%, and 10£, 

respectively. P. Armbruster et_ al., by a comparison of observed Y ray anisotropy 

when both fragments were allowed to fly and when one of them was stopped in the 
fission source backing concluded that, in the latter case, the average velocity 

i 

of the stopped fragment had to be reduced to 21% of its original value to account 

for the observed residual Doppler anisotropy. They show that, assuming a single 

time constant T for the decay curve of the Y emission the reduction factor f 

is equal to 

t f = T + t c 
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where t is the characteristic sloving down time in the source hacking. In their 

experiment P. Armbruster et al. estimated this slowing down time to be approximately 

1.7 picosecond. One then finds that if the fastest time components were those 

reported by Albinsson the reduction factor would amount to approximately h%. To 

explain the observed reduction factor one is then led to assume the existence of 

a fast component with minimal relative intensity of 23Jf corresponding to an 

infinitely short half-life. This component is most probably responsible for the 

attenuation of the y ray anlsotropy for measurements carried out between 0 to 

1 ns after fission with respect to those relative to the 10 ps-100 ps range. 
(of.) 

It is thus probably of the dipole type. H. Albinsson ' has measured the gross 

features of the Y ray energy spectra corresponding to the three decay constants 

reported earlier. The bulk of the Y rays corresponding to the 7«5 ps half-life 

has an energy centered around 1 HeV. At this energy both the single particle 

lifetime estimates for El and Ml transitions and the collective estimates for 

E2 transitions are much shorter than 7.5 ps. On the other hand, this value lies 

very close to the single particle estimate for E2 transitions. The same can be 

said about the energy spectra associated to the 18 ps time component. The 60 ps 

component displays a strong peak around 200 keV which very probably corresponds 

to E2 rotational transitions similar to those reported in the work of E. Cheifetz 
(27) et al. in the Californium fission case. 

From the preceeding and the average multiplicity of about four gamma rays 

per fragment a qualitative picture can be drawn of the average cascade of Y rays 

emitted by the fragments. A first transition, mostly of the electric dipole 

type with an average energy greater than 1 MeV is followed by two E2 transitions 

of a non collective type; the cascade then terminates with an average of about 

one transition in the ground state rotational band when it exists. 
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In some cases, after what can be considered as the prompt y emission, 

delayed y rays can be emitted. W. John1 ' estimated that approximately 20^ of the 

total Y ray number or 1% of the total y ray energy was emitted between approxiaiately 
252 100 ns and 2000 ns after fission of Cf. 

The picture for Y ray emission by fission fragments presented above is 

certainly oversimplified; it should be modified, in particular, according to the 

measured photon-multiplicities or total Y ray energies which are, now reviewed. 

II.3. Multiplicities and energies of the fission Y ravs 

A very careful measurement of total Y energy and photon average energy 

in the fission of Cf, Pu, and U was reported at the Vienna conference 
(29) by V. V. Verbuiski et al. Their results are shown in Table I, together with 

the average neutron numbers. The values relative to the long range particle 

accompanied fission also present in Table I are taken from the work of 

G. Mehta et al. except for the average energy per fission which has been 

assumed equal in binary and ternary fission. 

Table I 

Type 
of 

Fission 
o f E..(total) energy m u a t i p l i c i t y ^ E (total) 

Average 
energy 

per photon 

6.51 0.97 
6.82 0.94 

5.99 0.88 
6.8U 0.88 

U + n 6.51 0.97 6.69 2.42 235^ 
2 3 9 P u + n 6.82 0.94 7-25 2.83 

2 5 2 C f Sp. L.H.A. 5.99 0.88 6.7 3.052 
2 5 2 C f Binary Sp. 6.84 0.88 7.75 3.756 

(29) 
The measurements of Verbinsky et, a l . " refer to a period extending up to 
approximately 10 ns after fission and a Y energy range from 0.l4 to 10 MeV. 
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(19) Pleasanton e_t al. " report measurements of total y ray energies and multiplicities 
235 in time ranges of 5 ns, 70 ns, and 275 ns aft-r the slow induced fission of U. 
235 Their values are shown in Table II and are in very good agreement with the U 

figures of Verbinsky. From Table II it can be seen that the delayed Y contribution 

in the case of the induced fission of U would account for approximately 2l*)t 

of the total number of y rays and lk% of the total Y ray energy. The last figure 

is more than twice the corresponding one reported by John et al. for the 

spontaneous of californium 252. In summary, we find that the total Y ray energy 

emitted in fission lies around 7.5 MeV with an absolute uncertainty of about 

0.5 MeV for most of the known cases. This value of 7-5 MeV can be compared with 
(31) that obtained in statistical computations such as the recent one by E. Nardi et al. 

252 of approximately 6 MeV in the Cf spontaneous fission case. Although the 

difference between the expected value and the observed one is much less than 

some years ago it is still significant. Table I shows that positive correlation 

exists between the Y ray multiplicities and the total number of neutrons per 

fission. 
(2k) Such a correlation had been observed by S. G. Johansson when he first 

determined the Y multiplicity as a function of the masts of the emitting fission 

fragments of Cf. John added a delayed component to Johansson's results and 

obtained the curve shown on Fig. 9. Similar data have been obtained in the slow 
(32) neutron induced fission case by H. Albinsson et_ al. using the same collinator 

(19) technique as S. G. Johansson and by F. Pleasanton et, al.. using the Doppler 

anisotropy technique. The results obtained by both groups are shown on Fig. 10. 

Although the two experiments agree qualitatively and both show a pronounced saw­

tooth structure the rates of variation of the Y multiplicities as a function of 
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Table I I . Average Y m u l t i p l i c i t i e s and t o t a l Y e n e r g i e s as a func t ion of t ime a f t e r 
t h e slow neut ron induced f i s s i o n of 

Y energy Time i n t e r v a l V V 
ns (Y/fission) (MeV/fiss ion) 

0 .09 - 10 MeV ~ 5 6.51 6.1*3±0.3 

0 .03 - 10.J* ~ TO 8 .1 T.0±0.T 

0 .03 - 10.lt 2T5 8.6 7.U+0.7 

http://10.lt


-21- LBL-1950 

fragment mass are different. This difference cannot he attributed in its 

entirety to the different time range after fission studied in the two experiments, 

since, if it were so, the values obtained by F. Pleasanton should always he in 

excess to those obtained by H. Albinsson. The correlation between y ray and 

neutron emission is best visualized by plotting the points corresponding 

to the various couples (E (m),v(m)) on the (E ,v) plane. This is done on Fig. 11 
not 

for both californium and U cases. In preparing Fig. 11 we have used 

Albinsson's data for U and the relative yields given by John divided by a 
normalization factor of 1.55 so that comparison could be made with the total 

252 Y ray energy measurements on Cf which will now be examined. 

The variations of total y energy or yields as a function of the total 
(33) kinetic energy of the fragments have been measured by H. Albinsson et al., 

(19) (3U) 
F. Pleasonton e£ al., and G. V. Valskii et, al. in the slow neutron induced 

235 fission of U. A good agreement is observed between the results obtained by 

the three groups. We show on Fig. 12 the results obtained by H. Albinsson. Using 
(35) a large liquid scintillator as a UTT y ray detector we obtained the variations 

of total y ray energy as a function of total fragment kinetic energy for the 
252 spontaneous fission of Cf. These variations are also shown on Fig. 12. The 

correlation between the total y ray energy (or multiplicity) and the total number 

of neutrons measured as a function of total fragment kinetic energy can be 

examined as done before for the fragment's mass related values. This is done in 

Fig. 13. This figure and Fig. 12 strongly suggest that a linear relation exists 

between the y ray energy and the number of neutrons emitted in fission. The 

straight lines appearing in Fig. 12 and 13 correspond to the assumption that 

E (m,^) - [0.75 v(m,Ek) + 2 ] M e V (il.l) 
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252 in the Cf case and 

N (m.Kj.) = [1.1 vdn,^) + 1.75] (II.2) 

236 in the U case. 

The extent to which such relations are accurate can be estimated from more 

detailed measurements where the y ray energies or multiplicities are studied as 

a function of both the masses and the kinetic energies of the fragments. Using 
(35) the large liquid scintillator we have measured the total y energy emitted in 

fission as a function of total kinetic energy and mass ratio. The results are 

shown on Fig. Xh where the variations of total Y energy as a function of the 

fragment's total kinetic energy are displayed for a choice of mass ratios. It 

can be seen from the figure that the variations are very nearly linear. In 

Fig. 15 we show the variations of the average total Y energy and of the slopes 
dE 

<i7p'- > of the above mentioned linear variations as a function of mass ratio 
(or mass of the light fragment). It can be seen that the variations of those 

quantities are less than 10JE except at symmetry. Since the variations in the 
dv 

slopes < -r=- > as a function of fragment mass as shown in Fig. 5 are themselves 

less than 10J{, it follows that equation (il.l) could be accurate within 20{ for 

the whole mass and kinetic energy range. However, this conclusion might be an 
(19) oversimplification. The results obtained by F. Pleasanton et, al. seem to indicate 

that this is the case. Figure 16 taken from the work of these authors shows the 

variations of the y energy emitted by one fragment as a function of total kinetic 

energy for a choice of masses of the fragment. It can be seen on the figure that 

for some heavy fragments the emitted y energy tends to increase with kinetic 

energy and is, thereby, anticorrelated with the number of neutrons emitted by 
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this fragment. This tendency sometimes leads to values of y ray energy emitted 

by one fragment well under a half neutron binding energy for fission events where the 

fragment emits about two neutrons. Such a behavior is very difficult to understand. 

II.it. Energy balance in fission 

The observed variations of total y ray energy as a function of total fragment's 

kinetic energies have a bearing on the computation of energy balance in fission. For 

example, from equation (il.l) one sees that the energy necessary to emit one sup­

plementary neutron will be approximately 0.75 MeV higher than the sum of the neutron 

binding and center of mass kinetic energies. A comparison between the computed and 

observed energies carried away per neutron is made on Fig. 5. The agreement is fair 

and the energy carried away per neutron ranges around 8.5 MeV. It is seen, however, 

that the experimental value lies consistently higher than the computed one especially 

for light fragment masses higher than 105. This will be explained in the following 

section in terms of a not accounted for tailing of the kinetic energy resolution 

function. The detailed measurements of average neutron numbers v(m,E. ), of total Y 

ray energies E (m,E. ) and of center-of-mass neutron kinetic energies n"(m,E. ) as a 

function of mass and kinetic energies of the fragments allow equally detailed com­

putations of the total energy Q(m,E.) released in fission: 

QOn.Eĵ ) = E^ + U^m.Ej^lBOn.E^) + rfCm^)] + v^M - m ^ t l f M - m.E^) + n(M - m.E^)] 

+ ^(m.E^) 

where v.(m,E,) is the average number of neutrons emitted by fragment of mass m, 

ri'Cm.E. ) is the average center-of-mass kinetic energy of these neutrons, B(m,IL) 

is the mean binding energy of these neutrons as obtained from a suitable averaging 

of mass-table values, E (m,R ) is the total y ray energy emitted by the two 

http://II.it
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complementary fragments, m is the mass of one of the fragments, M-m the mass of 

the complementary one. 

The values of Q(m,E. ) should be independent of the total kinetic energy 

EL . The extent to which this condition is fulfilled provides a very useful check 

of the coherency of the experimental data. This check can be made in the case of 
252 the spontaneous fission of Cf with the help of Fig. lk. On this figure both 

the y r a y energies obtained from direct measurement and those obtained with the 

assumption of energy balance are displayed for several masses. The condition 

that total energy release be independent on E. is equivalent to the requirement 

that the variations of the above quantities be parallel. This appears to be the case, fo 

most masses, within statistical accuracy. However, although tho two quantities plotted 

on Fig. Ik display parallel variations their absolute values differ. The 

magnitude of the disagreement is shown on Table III where the differences between 

the experimentally determined energy release and the values obtained from the 

Garvey et al. mass tables are displayed. The experimental values are 1 to 2 MeV 
(37) higher than the computed ones. Recent evidence seem to indicate that fragments 

total kinetic energies could indeed be overestimated by such an amount. 

II.5. Even-odd effects on fission energetics 

The energy release in fission can be expressed from the masses of the 

fissile species and of the fragments. For example, in the case of the spontaneous 

fission of 2 5 2 C f 

Q(N,Z) - M(l5l»,98) - M(N,Z) - MdS't-N.gS-Z) 

exprcnsss the total energy release for a fission giving rise to a fragment with 

Z protons and N neutrons. When the fissile nucleus has an even charge the 
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Table I I I . CompariBon of experimental and canputed energy releases in the f iss ion of 

_ _ _ 2 5 2 C f . 

A Q ( A ^Garvey ^Exp. ' Sjarvej 

90 203.33 1.22 
91 204.39 1.61 
92 205.81 1.62 
93 205.83 1.65 
94 206.45 2.20 
95 207.78 1.13 
96 209.03 0.06 
97 208.92 1.11 
98 209.71 0.37 
99 209.84 0.56 
100 210.45 0.30 
101 211.04 0.99 
102 212.58 -0.47 
103 212.55 0.97 
104 213.11 1.35 
105 214.32 0.93 
106 215.73 0.91 
107 216.01 2.5 
108 217.47 1.32 
109 218.21 1.74 
110 219.36 1.57 
111 220.64 2.01 
112 222.82 0.63 
113 223.66 2.07 
114 225.05 1.92 
115 226.65 1.62 
116 228.31 2.33 
117 229.40 3.6 
118 230.97 2.25 
119 231.63 2.19 
120 231.93 1-95 
121 232.47 2.05 
122 233.75 0.0 
123 233.14 1.30 
124 232.95 2.63 
125 233.02 7.37 
126 232.97 -4.2 
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fragments have both either an odd or an even charge. Because of the pairing energy 

of the protons it then follows that a fission giving ri3e to two even-charge 

fragments will be, on the average, 2.5 MeV more energetic than a fission 

giving rise to two odd-charge fragments. Studies of the variations of average 

total kinetic energies, neutron and gamma emission as a function of the fragments 

charges can therefore provide information on the partition of this even-odd 

energy difference; such information cannot be obtained from mass measurements. 

We have measured the average total Y ray energy, total neutron number emitted in 
252 the fission of Cf as well as the fragments total kinetic energy as a function 

of the charges of the fragments. Since no detailed report of this work has been 

made earlier we now shortly describe the experimental technique involved as well 

as some aspects of the data analysis. 

In the neutron multiplicity and total Y ray energy measurements, a 

californium fission source was placed near a silicon/lithium drifted x-ray 

detector at the center of a diametrical hole managed into a big gadolinium-loaded 

liquid scintillator. For each detected fission event the pulse height of the 

coincident pulse produced in the scintillator was analyzed as well as the pulse height 

delivered by the x-ray detector; the number of neutrons detected by the 

scintillator was counted between 1 us and 36 ys after fission. The three 

quantities were then stored on an event-by-event basis on a magnetic tape. The 

fission events were detected either by the requirement of a coincidence between 

an auxiliary fragment detector and the x-ray detector or by the requirement of a 

coincidence between the x-ray detector and the liquid scintillator. In the later 

case it was also required that at least one neutron be counted in the 35 Us gate. 

We have been able to show that the two techniques for detecting fission events 
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were equivalent. In the later case both fragments could be stopped in the 

source and the Doppler broadening of the x-rays emitted by the fragments was 

thereby minimized. In that case the resolution of the x-ray detector was 350 eV 

at 35 keV. 

The fission fragments x-ray spectrum obtained in this experiment is 

shown on Pig. 17. 

The kinetic energy determination made use of data obtained by E. Cheifetz 
(27) et_ al. in the course of their study of y rays emitted by fission fragments. In 

252 one of their experimental set-ups the Cf source was deposited on a solid state 

detector, which detected one of the fragments. The other fragment was detected 

in another solid-state counter. Both fragment detectors were operated in 

coincidence with an x-ray detector positioned behind the source. The pulse 

heights delivered simultaneously by the three detectors were stored on event-by-

event basis on a magnetic tape. When the data were processed only events where 

the x-ray had been emitted by the stopped fragments were considered. From the 

two pulse heights provided by the fragment detectors the total kinetic energy of 

the fission event was obtained using the calibration scheme first proposed by 

H. W. Schmitt. In this experiment the resolution of the x-ray detector was 

approximately equal to 1 keV. 

The data from the two experiments were processed in a similar way. The 

number of counts corresponding to each x-ray amplitude bin was determined as 

well as the corresponding average values of the interesting quantities (y ray 

energy, neutron multiplicity and total kinetic energy). Thus, if X. is a 

particular x-ray bin we obtained 

(x 1), l v(x i), v(x ±), I k(x 1) 
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In the following we shall denote by A(X.) the measured average value of 
the quantity A corresponding to the x-ray amplitude X.. Let y(Z,A) the number of 
fissions producing a fragment of charge Z and a value A of the quantity under 
study. Let Y(X.,A) the number of fission producing an x-ray pulse in channel 
X and the same value A of the quantity under study. For each fission producing 
a fragment of charge Z we assume that we count a pulse in the x-ray channel X. 
with the probability R(Z,X.) which corresponds to the elemental response of the 
detector. Then the charge yields y(Z,A) can be obtained from the observed yields 
Y(X. ,A) by minimizing the sum of squares 

X 2 = £ W, (Y(X,,A) - £ R(Z,X.) y(Z,A)) 2 

i-1 * 1 Z 1 

The solution of the least-squares equation then expresses the charge 

yields as linear functions of the channel yields 

y(Z,A) =• £ B(Z,X ) Y(X ,A) (II .3) 
i 

The matrix elements B(Z,X.) depend exclusively on the weights W and the 
response matrix elements R(Z,X.); they do not depend on A. 

A relation similar to equation (II.3) obviously holds for any linear 
function of the yields 

L(y(Z,A)) - £ B(Z,X.) L(Y(X,,A)) 
i x x 

In particular if 
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N(XJ = £ r(X.,A) Y(Z) = £ y(Z,A) 
1 A X A 

B(X ) A(X ) = £ A Y (X i ,A) Y(Z)A(Z) = J A y(Z,A) 
A A 

we can write that 

Y(Z) = £ B(Z,X.) N(X.) ( I I .k) 
1 

Y(Z) A(Z) = £ B(Z,X ) H(X ) A(X ) ( I I .5 ) 
i i i x 

The equations (II.h) and (II.5) are identical to those which would result from 

a least-square analysis of the quantities tf(X ) and N(X.) A(X ), respectively. 

Thus, the charge yields y(z) and average values A(Z) can be obtained from only 

two least-squares treatments operating on the channel yields N(X,) and on the 

products N(X.) A(X.) of the channel yields by the channel average values. This 

analysis was applied to the experimental data in order to obtain the charge 

dependent yields Y(Z), average total Y ray energies E" (Z), neutron multiplicities 

v(Z) and average total kinetic energies E. (Z). 

Since the k x-ray emitted by fission fragments are mostly produced by 

electron conversion processes, their yields are expected to depend strongly upon 

the nuclear characteristics of the fragments, and this has been confirmed in 

niaierous experiments. The question then arises of the extent to which the values 

of average y energies, neutron multiplicities and total kinetic energies obtained 

in experiments such as described above are not seriously biased. Since, if such 

a bias exists, it is not probable that it acts identically on different fragments, 

it is possible to check its existence by comparing the values of 1" (Z), v_(Z), 
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and E,(Z) obtained for a pair of complementary charges Z and 98-Z. This comparison 

can be made on Pig. 18, 19, 20. Figure 18 shows the variations of the measured 

total y energy as a function of the charges of the fragments. It can be seen 

that the complementary condition is fulfilled within statistical accuracy for 

almost all charges. Also apparent on the figure is a clear even-odd effect on 

E (Z). As can be seen on Fig. 19 the complementary condition is not always 

fulfilled for the variations of total number of neutrons v_(Z). We have 

superimposed on Fig. 19 the variations of the total number of neutrons as a 

function of mass v„(m) as obtained in experiments such as those refered to in 

Sec. I. The mass and charge scales of the figure reflect the charge to mass 

ratios of the fission fragments. It can be seen that, whenever the ccmplementary 

condition is fulfilled the values of v_(z) lie close to the corresponding values 

of vLCm). The complementary condition is not fulfilled for the charge pairs 

l»5-53, kk-5h, l»6-52 and several pairs with a light fragment's charge smaller 

than 39. It appears that in those pairs one of the values of v_(Z) lies close 

to the corresponding value of v_(m) while the other has a smaller value. We have 

assumed that the value closer from v>T(m) was not biased by the x-ray emission 

process. Figure 21 shows the values of v~(Z) obtained when keeping the highest 

of the two observed values of v(Z) and vT(98-Z). No even-odd effect is apparent 

on the figure. 

The values of E. (Z) show an even-odd effect for both heavy and light fragments. 

Values for complenentary charges differ by 0.5 to 1 MeV. This is mostly a 

consequence of the existence of a high background under the x-ray peaks, due to 

interactions of high energy gamma-rays with the detector. Figure 22 shows the 

values of E. (Z) obtained when keeping the highest of the two observed values of 
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E (Z) and K (98-Z). Also shown for comparison are the values of E. (m) obtained 

in a double fragment kinetic energy measurement. It is clear that the even-odd 

effect observed on the values of E. (Z) reflects itself ia the modulations 

appearing on the E. (m) curve. 

In summary, while the calculated difference in energy release between 

fission events with two even-charge fragments and those with two odd-charge 

fragments is 

A (J = Q (Z) - Q (Z) = 2.7 MeV e o 

It is found experimentally that: 

the difference Av_ in the total number of neutrons is less than 0.0k corresponding 

to a difference in excitation energy AE smaller than 0.3 MeV, the difference in 

total gamma-ray amounts to AE = 0.66±0.05 MeV and the difference in fragments 

total kinetic energy amounts to AE. = 1.58 MeV±0.1 MeV. The sum 

AE + AE + AE. is then equal to 2.Sh±Q.h^ MeV. Within statistical accuracy it 

is in agreement with the computed value of 2.7 MeV. 

II.6. De-excitation mechanism of the fission fragments 

We should like, in the following, to summarize the experimental results 

on the fragments de-excitation which have been presented above and discuss whether 

these results can be explained in a coherent theoretical frame. We shall mostly 

concentrate on the features of the gamma-ray emission by the fission fragments. 

However, we must bear in mind that the neutron energy spectra appear to be 

satisfactorily accounted for by a standard evaporation theory, provided the 

level densities used in the calculation properly include shell effects. Such 
(31) calculations have been performed, among others, by E. Hardi et_ al. and Fig. 23'-
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shows a comparison between the experimental and computed values of the average 

center of mass kinetic energies of the neutrons. Those computations made use of 
(39) the technique developed by L. Moretto, where both Strutinsky shell corrections 

and pairing are taken into account for the determination of level densities. 

In an attempt to explain the striking correlation between Y &nd neutron 
(2k) emissions by the fission fragments Johansson made the hypothesis that the y rays 

corresponded mainly to vibrational transitions through which the fragments could 

lose the deformation they had at scission. The high proportion of E2 radiation 

in the fission Y spectrum seemed to confirm this point of view. However, very 

strong objections stand against this hypothesis. It seems to be well established 

exper'mentally that at least 10% of the total Y ray energy is emitted more than one 

picosecond after fission while the neutrons are emitted in a time shorter than 
-Ik 10 seconds. We have shown earlier that the fastest Y ray transitions were 

probably El in character since they tend to decrease the angular anisotropy. It 

thus appears that the collective Y ray transitions, If they exist, occur after 

neutron emission. The Y ray emission should reflect the state of the system at 

this time and not at the time of scission. The hypothesis assumes that most of 

the initial excitation energy of the fragments is tied into deformation. After 

neutron emission most of this deformation energy has been dissipated and the 

remaining fraction, if it exists, has no reason to be proportional to the initial 

value. Bather it should be a complicated function of vibrational levels damping, 

neutron and Y widths at energies in the neighborhood of the neutron binding energy. 

Furthermore, the success of the evaporation theory of neutron spectra points to 

an effective damping of the deformation energy of the fragments in times less than 
—18 10~ sec. The last objection to Johansson's vypothesis is that the lifetimes 

of the possible vibratioc.il transitions should bt »- leastv-an order of magnitude 

http://vibratioc.il
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shorter than the observed ones, which, as stated earlier, are close to E2 single 

particle estimates. 

The alternative to Johansson's hypothesis is to assume that the de-excitation 

of fission fragments is governed by the statistical theory. Using the shell plus 
(31) pairing model Nardi et. al. were not able to reproduce the variations of the 

Y ray energy as a function of fragment's mass. Their model did not fully include 

the influence of the spin on the level density. Such models predict some 

correlation between the neutron and the y ray emission by the fragments. This 

correlation reflects mostly the increase in the binding energy of the last emitted 

neutron when the number of neutrons emitted by the fragment increases• From the 

mass tables it is seen that, in the fission fragments region, an increase of one 

unit in the number of emitted neutrons produces an increase of approximately 

0.3 MeV in the binding energy of the last neutron, which should be reflected by 

an increase of 0.15 MeV of the y ray energy. This effect is certainly present 
252 in the experimental data, but it leaves, in the case of Cf, an increase of 

Y ray energy of approximately 0.6 MeV for each additional emitted neutron 

unexplained. 

When the average number of emitted neutron is less than one the variations 

of the Y ray energy emitted by the fragment should reflect the effects of two 

opposite trends. For the cases where the increase in excitation energy of a 

given fragment does not allow the opening of an additional neutron channel the 

Y ray energy should increase with excitation energy. On the contrary when the 

excitation energy sweeps through the region of opening of an additional neutron 

channel the Y ray energy should drop abruptly. Therefore, for low values of \T 
235 such as those which can occur in the slow neutron induced fission of U 
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additional correlation or anticorrelation of the total y ray energy with neutron 
number could be observed. Correlation is to be expected if the variance of the 
excitation energy distribution is large. 

Statistical computations which treat the influence of pairing in a 
phenomenological way by introducing the effective excitation energy have had some 
success in reproducing the trend of the variation of the y ray energy emitted as 
a function of the fragment's mass. Such a calculation has also been performed 

(31) by E. Nardi et_aL. However, the physical Justification of such phenomenological 
models is not clear and it is possible that the introduction of an effective 
excitation energy simulates the effect of the spins of the fission fragments which 
will be discussed later. Furthermore, these models cannot account for the observed 
increase in y ray energy with excitation energy for fragments of given masses. 

That spin considerations should enter into statistical computation of 
y ray emission by the fission fragments stems from the following considerations: 

l) Most evaluations of the spins of the fragments before neutron emission 
indicate that these spins are approximately 6h to 8h higher than the ground state 
spins. Neutron emission is not expected to decrease that spin by more than one 
ui.it of angular momentum. When the fragments are left with an energy only slightly 
higher than a neutron binding energy they have still from 5 to fn units of angular 
momentum to dissipate. Further neutron emission which would leave the residual 
nucleus in the vicinity of its ground state is thus expected to be strongly 
inhibited except for odd-odd nuclei. To obtain level with spin differing from 
the ground state one by more than 5 units of angular momentum requires the coupling 
of at least two unpaired nucleons, and thus the breaking of a pair in both even-
even and odd-A nuclei. The observed even-odd difference in total Y raj'- energy 

http://ui.it
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emitted in fission is easily explained in that context. From the experimental 

value of 0.66 MeV for this difference, we can derive the increase of y ray 

energy emitted in fission induced by angular momentum effects. If we assume that 

there is no increase for odd-odd fragments, and that the increases are equal in 

the other cases we find that angular momentua effects should add 2 MeV to the 

Y ray energy release in fission. The total y ray emitted in fission would then 

lie between 7.5 and 8 MeV, in reasonable agreement with experiment. 

2) Tiic dominantly E2 character of the fission Y ray as well as their 

relatively high multiplicity cannot be understood when compared with the features 

of neutron capture gamma-ray spectra without the assumption that y emission by 

the fission fragment is strongly influenced by the absence of available states 

for El transitions. 

After neutron emission has taken place the residual fragment is left with 

an average energy of approximately U MeV, and an average spin of approximately 

6h. In these conditions electric dipole emission should not be inhibited and 

we can assume it takes place with an average energy of approximately 1.5 to"2 MeV. 

This emission should not reduce the spin of the fragment significantly and 

thereby leaves it with an excitation energy of approximately 2 to 2.5 MeV and an 

average spin exceeding 5h, that is, in the region of the "yrast" line. However, 

the "yrast" line should not be considered as the ground state rotational band 

but rather as the intrinsic levels "yrast" region at which energy the density of 

levels of given spin and parity can be treated statistically; In this "yrast" 

region E2 transitions dominates, because of spin and parity; limitations,' until 

the ground state band is reached. In this picture the E2 transitions reduce 

the spin of the fragment by the maximvm possible amount, that is two units of 
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angular momentum. The average energy of the E2 transitions of approximately 

1 MeV thus represents the average energy which is necessary to reduce the spin 

of the fragment by 2 units along the path followed by the system in the (E,l) 

representation. It is interesting to see what this simple picture would predict 

if the initial spin of the de-exciting nucleus is increased. The nucleus would enter 

the yrast region at a higher energy and would then decay along this region until 

it reaches the ground state. On the average when the spin is reduced to its 

former value the de-excitation scheme would be the same as in the lower initial 

spin case. 

In particular, it is possible to predict how the feeding of the rotational 

states of the ground state band will vary as a function of initial spin. Let 

Y(l,IM) be the feeding intensities of the ground state band when the initial spin 

is I M. With the initial spin increase to J„ the intensities Y(l,J ) will 

accordingly be 

Y(I,JM) = aY(l,IM) + b 

the constant term b ref lec ts the possible direct feeding of the ground s t a t e 

band when the nucleus goes through s ta tes with angular momenta between J M and I . 

Comparison of the feeding in tens i t i e s are usually made by normalizing them 

to the intensi ty of the 2 + 0 t r ans i t ion . Then 

and 

Y(I ,J M ) a Y ( I , I M ) + b Y d , ^ ) + b / a 

Y(2,JM) = aY(2,l") + b = Y ( 2 , : y + b / a 

Y ( I ' V Y ( I ' V b/a 
YT2^7 " YT2^T••- Y(2,IMi + b/a 
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the quantity b/a is small since it represents the ratio of the feeding probability of 

the highest members of the rotational band to that of the 2 state. It is, then, seen 

that the difference between the two reduced feeding intensities is approximately a 
(21) constant. Figure 2k which was taken from J. B. Wilhelmy et al. shows that for 

both fission and (a,xn) reactions the experimental data seem to agree with that picture. 

It should be noted that when b/a increases the above formulation leads to a feeding 

through the highest states as the ground state band which corresponds to the situation 

in (HI,xn) reactions. 

The consequence of this oversimplified model of the y de-excitation of fission 

fragments is that the increase of y ray energy with excitation energy which have been 

reported would be the consequence of an increase of the average spin of the fragments 

with their excitation energy. Using the experimentally determined increase of 0.6 MeV 

in y energy for each additional neutron, a value of 8 MeV for the energy necessary to 

emit one more neutron and a difference of 2 spin units for 1 MeV additional y energy 

one finds that the average spin of the fission fragments should increase by one unit 
for an increase of excitation energy of approximately 7 MeV. Such a result does not 

(21) contradict that of J. B. Wilhelmy et. al. who found that the increase in spin of the 

fragments was less than 2 for a decrease of the total kinetic energy of approximately 

15 MeV. ~; 

P. Armbruster et, al. have pointed out that such a behavior of the spins of 

the fragments could be explained in the frame of the collective model of fission r 

(1*0 kl) suggested by V Noremberg. ' This model also predicts the observed preferential 

orientation of the fragments' spins in the plane perpendicular to the fission direction.! 

On the contrary, the statistical theory of fission as outlined by P. Fong^ ' cannot 

account for the features of the y ray emission mentioned earlier. It could be 
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advocated, in this case, that the fragments acquire most of their spin by Coulomb 

excitation after scission; this would, however, lead to unreasonably low values of 

spins at scission. 
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III. Variances of the excitation energies of the fission fragnents 
(3) With the exception of the pioneering work of S. G. Whetstone it is only 

recently that detailed measurements of the variances of the number of neutrons 

emitted in fission have been carried out. In the following we shall assume that the 

neutro'-is are all emitted by the fragments, after fission has taken place. One 

should, however, bear in mind the possible existence of an isotropic component 

in the fission neutrons which could seriously impair the results and interpretation 

of variances measurements. With that assumption we write the probability that 

v neutrons are emitted by one of the fragments and v by the ô her. as a bi-variate 

distribution P(v1,v„). We have shown elsewhere how it is possible, in principle, 

to derive this distribution from the probability Qfg-.gp) that g and g„ neutrons 

are detected simultaneously by two suitably arranged detectors. Such a program 

is not feasible, however, because of the statistical errors in the definition 

of the observed distribution Q(g,,g„) and because of our uncertain knowledge of 

the efficiencies of the neutron detectors. We must therefore content ourselves 

with the extraction of some significant features of the distribution P(\»1 ,\> ) 

from the experimental data. Such features are, for example, the five lowest 

moments of this distribution defined as follows: 

dv 2 

v i ~ffvi P ( W d v i 

\'ff V2 P ( V V 2 } d Vl 
a 2 ( V l ) J J (V>1 " ^ 1 ) 2 P(Vl* ^ dX>1 

°2<v ff 

d V 2 

(v 2 - v 2 ) 2 P(v 1 , VgJ'dVj. dv g 
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C(vlf v 2) =JJ (vx - v 1)(v 2 - v 2) P(\>lt v 2) dvx dv 2 

We have dealt with the determination of the two first moments in Sec. I. 

We have seen that, as soon as the masses of the fragments are measured, a single 

measurement with one neutron detector provided the values of the two average 

numbers of neutrons. Similarly only two independent measurements are necessary 

to determine the three second-moments. As in Sec. I two different techniques 

have been used in that purpose. The low efficiency technique makes use of two 
(hh) small neutron detectors in conjunction with two fragments detectors. When the 

two neutron detectors are on the same side of the fission source the ratio of the 

rate of quadruple coincidences to the square of the rate of triple coincidences 

is equal to: 

< e Vĵ  e ^ - l) > 

< (e V l ) > 2 

where it is assumed that both neutron detectors have the same efficiency e. It 

is further assumed that this efficiency does not depend on the neutron multiplicity 

at least when the fragments mass and kinetic energies are specified. One then 

obtains: 

< v (v - 1) > < v 2 > a 2(vj , 

< v x > vj_ v x V l v x 

A similar relation holds when the complementary fragment flies in the 

direction of the neutron detector, allowing to obtain 0"(v_). 
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When the two neutrons are situated on opposite sides of the source one 

then obtains, in the same manner as above 

< £1 V l £ 2 V 2 > < V l V 2 " C ( V 1 V 
< e± v x > < e 2 v 2 > " ^ ^ " ^ -

This technique assumes a complete separation of the neutrons emitted by the two 

fragments due to the fragments velocity. It is subject to the same causes of 

uncertainty that have been mentioned for the average number of neutron measurements. 

The consequences of these uncertainties are, however, amplified here. We show 

that this is so for the co-variance measurement. Let M be the measured ratio of 

coincidence rates. Then 

C (V V = \ \ (M " X) 

The relative error is thus approximately given by 

C<VV25 T~ ~ ~ ( ] 

The first two terms of the second member of Eq. (III.1) do not lead to 

unacceptable errors on the co-variance, thay include ex'fects such as errors in 

the efficiency determination or mass and kinetic energy resolution. The last 

term includes principally two effects: the first effect is related to the 

fragment recoil correction, which was found by A. Gavron to be very impo '•ant 

in average neutron number measurements. Starting from Gavron's considerations 

we show in Appendix II that the dominant term in the error on the co-variance is • 
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where E. is the total kinetic energy, VL and M p the masses of the fragments, V 
2 the laboratory velocity of the neutron, V that of the fragment, a the variance 

and K. the mean value of the kinetic energy distribution. 

Inserting realistic values for the different parameters one obtains: 

V A C(vx, V 2) # 0.03(1^ - E^) 

it is seen that for K - E k = 10 MeV A c(v 1 > v ) .. § 0.3 a value which will be 

seen to be of the same order of magnitude as the"co-variance itself. 

The second important cause of error in the co-variance measurements stems 

from the dependence of the efficJ ?ncies on the neutron multiplicities. It is 

also shown in the appendices that if one assumes a linear dependence of the 

efficiency onV. 

e i - ^i + a ( v i - V 

£2 " \ + b ( V 2 " V 

the co-variance i s given by the modified equation 

\ % \ F l F 2 / 
M - 1 

where we have assumed 
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k = a E1 = b e 2 

Since 

M # 1 

we obtain 

a v 
A C(vv v 2) # • — • c;vlt V 2) 

For higher multiplicities the average neutron energy decreases so that 

the efficiency decreases and a is negative. The magnitude of a depends on the 

experimental set up and is difficult to evaluate, however, a ratio of — of 
e 

around 0.1 could be found and would lead to a h0% error on the co-variance. 
(kh) Since published results on the variances of the neutron 

multiplicity distributions which made use of low efficiency detectors do not 

account for the above two causes of error they appear strongly in doubt. However, 

if an accurate treatment of the experimental data became available the-small 

neutron detector technique would be the easiest and most elegant way of measuring 

the moments of the neutron number distributions. 

The measurements making use of large neutron detectors, although rather 

cumbersome, are essentially free from the errors mentioned in the case of small 

neutron detectors. They require a knowledge of both backward and forward neutron 

detection efficiencies. Two independent measurements are necessary to obtain 

the three second moments of the neutron number distributions, but, in contrast 

with the low efficiency case, the two measurements must be considered together; 

this is a consequence of the finite values of the backward efficiencies. 
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The f i r s t measurement uses a b-n geometry and provides the variance of 

the t o t a l number of neutrons for the different k inet ic energy and mass ra t ios of 

the fragments. I f e(m,E. ) i s the computed efficiency of the neutron detector 
2 2 

o (\> : m E.) the unknown variance and CT (g_: m E.) the measured one | 
then: 

a 2{v T: 1 ^ ) = a 2(g t: m .E^ c~2 * e _ 1(l - e"1) g T 

where g_ is the average number of detected neutrons and m the mass of one of the two 

complementary fragments. 

The second measurement uses a geometry such that the neutron detector subtends 

less than a 2ir solid angle as viewed from the fission source. It has been shown 

that the variances of the observed distributions could be expressed in terms of 

the five first moments of the bi-variatc distribution P(v1, v ) 

CT2(g: m E ^ « e^m,^) C2(v: m E^) + r^m,^) cr2(v: *c>\) 

+ 2e(m,Ek) rOn,^) C ^ v 2: m,^) 

+ ebn.E^Kl - efm.Ejj)) v t a , ^ ) + rGnjE^Kl - rCm.E^)) \T(m c,E^ 

0 2 {g: m c ,E k ) = •i 2 (m c ,E k ) a 2 ( v : m ^ ) + r 2 ^ , ^ ) fl2(v: m E^) ( I I I . 2 ) 

+ 2e(m c ,E k ) r (m c ,E k ) cCv.^ v y m E ^ 

+ E(B ( , ,E k)(l - e d n ^ E ^ ) v G ^ , ^ ) + s img.E^U - edr^.E^.)) vtm.E^) 

Here the quantities labeled by the mass m corresponds to the case when the 

fragment of masB m is f.tying towards the neutron detector and those labeled by 
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m_ to the case when the complementary fragment f l i es towards the detector. 

The notations used in Eqs. ( i l l . 2 ) are such that 

a 2 ^ : m E k ) = a 2 ( v : = E^) 

a 2 ( v 2 : in E^) = a 2 ( v : * c , \ ) 

v ^ m , ^ ) = vOn.E^) 

Vgfm.Ej.) = v(m c ,E k ) 

The variance of the total number of neutrons is related to the three 

second moments of the distribution P(v.,, v„) by 

a 2(v T: m E^) = J 2 ^ + v 2: m Eĵ ) = O2^: m Efe) + a 2(v 2: m E^) + 2 C ^ , v g 

= a2(v: m E^) + a2(v: m^E^) + 2 C(v , v^: m E^) (ill.3) 

The Eqs. (ill.2) and (ITI.3) can then be solved simultaneously to provide 

a (v.), C (v„), and C(v., v„) since the average values v., and v^ are known. 

As a more detailed account of both the experimental technique involved 
(1(5) and the results is given in another communication to this conference ve shall 

now deal only with two specific questions, namely the comparison between total 

kinetic energy and tota: number of neutrons variances and the extraction of 

excitation energy variances from the neutron multiplicity measurements. 
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1) Variances of the total number of neutron distributions 
The variances of the total number of neutrons have been measured as a 

function of both the mass of one of the fragment and the total kinetic energy. 
The values obtained are written a (v„: m E. ). For a given mass split we define 
the average value of these quantities as 

o 2(v T: m E j = M a 2(v T: m E ^ = I aZ(^: m E ^ pfE^) d E^ 
• * \ 

Using the relations found in Appendix III the variance of the total number of 
neutrons treasured for a given mass split and for all possible kinetic energies is 
given by 

2 
o c(v T: " > ) = < j f - >

m ^ \ - m) + a c(v T: m E ] £) (lll.lt) ,2/.. . _> _ „ ^ T 
\ 

2 2 
the quantities ex (v.: m) and a (v™: m E. ) as obtained from the experiment are 
plotted on Fig. 2k for the case of the spontaneous fission of Cf. It is possible 

o 
to use Eg. (ill.1)) to compute the values of ths kinetic energy variance a (E, : m ) . 

d V T If the values of < . „ > obtained in the experiment and shown on Fig. 5 were a JS^ m 
used one would, then, obviously obtain values of o" (E. : a) equal to those that can 
be determined from the fission yield curves alone. This 1B because Eq. (lll.lt) 
stands as an identity in such a case, provided only that the regression of v_ on 

dv„ calc. 
E. is linear. If, on the other hand, oae uses the values of < . „ > which 
have been calculated from the neutron binding and kinetic energies and from the 
rate of change in Y ray energy as a function of E. one obtains another set of 
values for o (E. : m). Both sets are shown on Fig. 25. It can be seen that the 

http://lll.lt
http://lll.lt
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two sets diverge, especially for masses which range between the most probable 

mass and symmetry. This divergence reflects the one observed on Fig. 5 for the 
d V T two corresponding sets of values of< . - > . Figure 25 suggests that kinetic 

energy resolution effects rere not completely accounted for; inspection of the 

fragment yields show that a low energy tailing appears for the masses where the 
d V T • experimental and calculated values of < T ™ - > diverge. It is probable that 

such a tailing has an experimental origin. If this is true the values of 
o 2 -

a (K : m) computed from the values of O (v : m) as indicated above would be 

better estimates of the true total kinetic energy variances than the values 

obtained directly from the fragment yields curves. It is interesting to see 

that the rise of 0" (K: m) near Lymmetry does not occur for the calculated values 

which stay remarkably constant. On the other hand, it is well known that 

tailing of the fragment energy resolution functions will result in a shift of 

the experimental masses towards symmetry and in an increase of the variance of 

the total kinetic energy for the more symmetrical fragments joairs. Since the 

neutron and gamma-ray results should nbt be very sensitive to this tailing it is 

possible that, in the future, they will be used to correct the kinetic energy 

data. 

2) Variances of the excitation energies of the fission fragments 

He have seen that experiment could provide the values of the variances 
p O 

a (v,: m K ) , 0 (Vgt m E^) and the co-variances C(v v : m IL ) of the neutron 

distributions for selected values of one of the fragment's mass and of total 

kinetic energy. These quantities cannot be immediately transformed into fragment's 

excitation energy variances because of the neutron evaporation process. Even 
if a fragment is produced with given mass, charge and excitation energy, a 
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finite variance of the nimber of neutrons will be observed due to the statistical 

nature of this evaporation process. 

Since, as will be shown below, we are chiefly interested in the excitation 

energy variances for fixed masses and charges of the fragments and since the 

experimental quantities are measured as a function of masses or charges alone it 

is also necessary to determine in what respect the experimental data are 

representative. 

We first examine this question. Using the formulas of Appendix III we 

can write that 

2 

o2(v i : i V = < a T \%E^ °2(Z: m V + ^ a 2 ( V m z V 

a 2 <v 2 : * E ^ = < ^ ^ a 2(Z: .» E^ * % a 2 ^ : m Z ^ 

< fk> 
1^ * dZ ^ . ^ 

dv, d v ? 

2 d V l We shall assume that the isotopic widths a (Z: m E. ) and the slopes < •—=• > _ K QA HL,J£. 

do not depend sensitively on the total kinetic energies so that Eqs. (ill.5) 

would also hold when the total kinetic energy variable is disregarded. 

Neutron emission is very sensitive to shell effects so that it has more 

physical grounds to express the rates of variation of average number of neutrons 

as a function of the charge and neutron number of a nucleus than as a function of 
&\>.. du 

its number of mass. Let us then consider the slopes < T=— >_ and < -r^r- >„ which 
az N dN Z 

express the rate of variation as a function of charge (or neutron number) of the 
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average number of neutrons emitted by a fragment having a fixed number of neutrons 
(or of protons). Then since m = N + Z 

dv_ dv.. dv n 

< ir**"6 dzH^-irv .,,!T*IM.r 
and for example 

a 2 ( v »>•(< w * * " * ' ^ ' ^ a 2 ( Z s m)*fy ° 2 ( v r m Z )

t /.̂  

On the other hand, the slope of the representative curves vV(m) which have been 
presented in Sec. I can be written as 

^ 1 % ^ 1 dZ ' ^ 1 dH 
< dm % " * dZ N .- + < dN *Z -

flm rim 

assuning that the charge density is the same in the fragments &,_ - the fissile 
252 nucleus, we obtain for Cf fission 

dv.. dv dv 1 

< d m 1 ^ 0 - 3 9 < d z H * 0 - 6 1 < isrh _•.., 
dv " :>•-• 

t y p i c a l values of < ^—- > range around 0 . 1 . I t appears reasonable t o assume t h a t 
d v l *Vi 

for most of the caBes < -r=— >„ and < d - > . have the same s ign s ince t h e c losed 

s h e l l s at 50 protons and 82 neutrons occur in the same mass reg ion . Then the 
• • ' ; • : dv 

f i r s t term of the second member of Eq. ( I I I . ? ) i s maximum for < r=r- > * 0 and dN Z 

< f >N * °'25 
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Taking a value of o ( i : Z) # 0.25 we obtain for 

/ dv av \ 2 

a maximum value of 0.015* Xhis value i s approximately 1% of the observed values 
2 2 

of o (v.: m) and less than 10!t of the values of a (v : m E. ) . We conclude that 

for most masses the existence of a charge distribution for the fragments should not 

impair the conclusions which could be drawn from the Btudy of the variances of 

neutron manber measured only as a function of total kinetic energy and masses. 

We now turn to the extraction of the excitation energy variances. Insofar 

as the formulas of Appendix' III can be applied, we can write that 

a 2 ( V l : m y =< | i ^ a 2 ( E l : » ^ ) *% a 2 ^ : m E^ E^ 

av, 2 

o 
2 ( v a : m Efe) - < ^ > m j E f e o^R,: m ̂ > + 7fl o * ( V m ̂  B,) 

C(v 

2 

dv dv 
i V " V ^ dl^m,^ < ^ > - . B | t

 C ( E l V m ' V 

+ ?fl C(v.. v : B K . E. E.) (III .8) 
E 1 E 2 K 1 d 

The second terms of the second members of Eo>. ( i l l . 8 ) represent the 

contribution of the evaporation process to the neutron number variances and 

co-variances. In particular, the term C(v, v„: m E. E. E-) measures the 

correlation between the nunbers of neutrons emitted by two complementary fragments 

if fixed ztasses and excitation energies. Except for possible weak spin effects , 
; 
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the two evaporation processes should not be correlated and therefore 

C ^ V 2: m ̂  E x Eg) # 0 

dV dv 
The inverses of the slopes < -rg- > _ and < -r=— > _ are the energies 

1 m , T t 2- *Tt 
necessary for the fragment to emit one additional neutron. These can be 

computed, as indicated previously, from the mass tables, average neutron numbers 

and kinetic energies, and from the variations of the,y ray energy with neutron 

number. 

The two excitation energies E.,, E„ and the total kinetic energy E. are 

obviously related fcy energy conservation requirement: 

Q(m) - Eĵ  = Ê ^ + E 2 (III.9) 

The value of Q i s not s t r i c t l y defined by the knowledge of the masses of 

the fragments because of t he i r charge d is t r ibu t ion . Using again the re la t ions 

of Appendix I I I one can wri te 

dE 
a 2 ( E l S m , ^ ) =< - j Q i >

m w ° 2 (Q: *») +W a 2 ^ : m E^ Q) 

a^CEg: " V " d « W ( Q ! m) +TR cT(Eg: m E,r Q) ( i l l . 1 0 ) 

dE . dE 

Because of Eq. ( i l l . 9 ) we hav-j 

as. dE_ 
< - — > + < ^ - > - i 

dft dQ 
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dE, ^ 2 1 We assume that «•' -rr- > = < -TTT— > = TT in order to estimate the first terms of the 

second members of Eqs. (ill.10). This choice maximizes this corrective term for 

the third equation. Usin the mass tables and the data relative to the charge 

distribution of the fission fragments one can see that a (Q: m) fluctuates 

between 1 Mev and 12 Mev . Retaining this last number one sees that the 
2 corrective terms in the co-variance are at most equal to 3 MeV . Expressed in 

2 neutron number these quantities are approximately equal to 0.05 n which is of 

the order of lOJf of the observed values. In the following we have neglected this 

effect and have, therefore, assumed that, for a given value of m and EL the total 

excitation energy E + E. was determined. In that case one has evidently 

a 2(E i : m E^) = a 2(E 2: m Efc) = - C ^ E 2: m \ i 

and the system III.10 can be solved. Fig. 26 shows the variations of the variances 

0 (E..: m E. ) obtained as explained above with the total kinetic energy E. for a 

choice of masses of the light fragment. The experimental data had been smoothed 

before the background and efficiency corrections were made. The estimated errors 

on the curves presented in Fig. 26 are of the order of 20/f. The parabolic behavior 

of the variances appear to be well established. Fig. 27 shows the variations of 

the variances averaged over E. as a function'of m as well as the value of the 

maximum variance for each mass. Lastly, Fig. 28 which is taken from Ref. k8 shows 

the values of the variances and co-variances of the neutron number as a function 

of icass alone. These quantities are related to the previous ones by relations 

such as 

dv, dv_ _ 
C(vx v 2: m) - < ^ > < ^ > a'i(Ek) + % C(v1 v g: m E ^ 
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From Fig. 28 it can he seen that the co-variances C(v v„: m) are 

vanishing except for masses between 95 and 105. 
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IV. Some theoretical consequences of the experimental results 

We should like to conclude this review of neutron and gamma emission in 

fission by an evaluation of the information which the experimental results provide 

for a theory of nuclear fission. We shall first deal with the knowledge of the 

potential energy surface of the system undergoing fission which can be obtained from 

the study of the de-excitation of the fragments. 

l) Potential energy surface 

Studies of the properties of the fission fragments can only provide information 

on the potential energy near the scission stage of the fission process. It is 

convenient, at that stage, to split the potential energy of the system in three parts: 

The mutual Coulomb interaction energy C 

The deformation energies of the two nascent fragments D and D„ 

Since the potential energy surface can be considered as the adiabatic ground 

state of the system for fixed values of a set of shape parameters, the potential 

energy does not absorb the whole available energy. The remaining energy can also 

be split into three parts: 

The pre-scission kinetic energy e 

The Intrinsic excitation energies of the fragments X, and X 

If one neglects the post scission Coulomb effect the experimentally measured 

quantities can be expressed as a function of the "scission'' ones: 

The total fragment kinetic energy as 

i^ ' C + e (IV.1) 
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The fragments excitation energies as: 

E l • D l + X l 
(IV.2) 

\ = D2 + X 2 

The comparisons '' ' ' between potential energy computations and 
experiment have been based on the average values of kinetic and excitation energies 
of the fragment. It was, thus, necessary to make assumptions on the magnitude of the 
pre-scission kinetic energy and intrinsic excitations of the fragments. Those 
assumptions were, in fact, related to a picture of the dynamics of the fission process. 
The knowledge of the variances of the fragments excitation energies allow one to avoid 
the . cd of such ambiguous assumptions. We can see from Fig. 26 that the 
representative curves of these variances can be extrapolated to zero. For. each mass 
ratio there are two resulting points characterized by two values of the kinetic energies 
(l) (2) 2 

E. (m) and E/ (m). For those points the variance a (E.,: m E. ) vanishes. From 

equation (IV.2) we can write 

a 2 ^ ) = a 2(D 1) + S C ^ . X ^ + a 2 ^ ) 

Fince 
Ic^.Xj.)! <a(D 1) aC^) 

2 2 2 
the variance a (E,) can only vanish if both a (D.,) and a (X.) vanish, or if the 
deformation and intrinsic energies Q^ and E., were totally anticorrelated. The last 
possibility is obviously unphysical. 
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When the total intrinsic excitation energy of the system is non-vanishing, one 

expects that it will be shared in a random manner between the two fragments; this 

random sharing will produce a- non-vanishing value of the variance a (X.). Thereby 
2 the vanishing value of cr (X. ) implies that both intrinsic excitation energies X. and 

X vanish. 

Using the formulas of Appendix III one can write that 

dD. 
a 2 ( D l : ^ m) =< - ^ > m ^ a 2( £: ^ m) • % o 2 ^ : ^ m) (IV.3) 

(l) (2) Since we have shown that for the kinetic energies E^ (m) and E/ (m) 

o (D : E m) = 0 the two terms of the second member of equation (IV.3) should cancel. 

The slope 

dD dD 
< —=• > = - < — — > 

dc ^»^> ^ ^'^if 

has no reason to vanish so that we obtain the result that 

o 2(e: EJ[ 1 , 2 )m) = 0 

An argument similar to that used for the intrinsic excitation energies shows 

that this condition can only be fulfilled if e = 0. 

An intrinsic understanding of the preceeding arguments can be obtained from 

consideration of Fig. 30. 

^ . ' . 
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On the figure we have schematically drawn the minimum potential energy of 

the system along the scission line (curve A). This curve has been labeled according 

to the potential Coulomb interaction at each point. We also show the horizontal 

line corresponding to the total energy available to the system. The shaded area 

corresponds to the excess energy in the system which can be split more or less at 

random in pre-scission kinetic energy, additional potential energy or intrinsic 

excitation energy. For all points between 1 and P. the system can occupy a whole 

range of states and thereby the variances of the excitation energies of the fragments 

should not vanish. At points 1 and 2 all the available energy is necessary to provide 

the necessary potential energy, and the system has no additional freedom. At these 

points we can therefore write that 

Cx = *£\m) D*1* = E^m) „<*> = 4^(m) 

C 2 = E< 2 )(m) D<2> = E<2>(m) D<2> = E< 2 )(m) 
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The ahove treatment therefore provides, for each mass ratio of the fragments two 

points along the minimum potential energy scission line where the Coulomb interaction 

energy and the fragment's deformation energies are known. Fig. 31 displays the values 

for these quantities as obtained from the experiment on the spontaneous fission of 
252 

Cf. It would he interesting to study the 'behavior of the variances of the 

excitation energy as a function of the excitation of the nucleus undergoing fission. 

Such studies could perhaps provide additional points on the potential energy surface. 

Some additional information can also he obtained using a slightly modified two 

spheroid model. We assume that the potential energy P along the scission line has 

a minimum for a value C of the Coulomb potential. We further assume that the 

potential energy can he satisfactorily approximated by a parabola so that 

C = -= 
o 2 

the potential energy can therefore he written as 

p = C + D = F + a(C - C ) 2 

o o 

which gives for the deformation energy 

D = P + a(C - C ) 2 - C o o 

If Q i s the energy released in the fission we also can wri te that 

Q = P + a(C, - C )" = P + a(C„ - C ) 2 = P + eAC2 

o 1 o o 2 o o 

since the points (l) and (2) are such that the potential energy is equal to the 

energy release, as shown earlier. 
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We make the further assumption, as in the two spheroids model that there 
# 

exists a value C where both 

(#4 D(C ) = 0 and ( f ^ l . = 0 

These conditions are written: 

* 1 C - C = ~ o 2a 

h&Z AC 2 - l»a(Q - C ) + 1 = 0 o 

* . 
We make the further assumption that C > Q (this is equivalent to the assumption that 

the fragments are .always elongated at scission) and obtain that 

[(C - C ) 2 - AC 2] o' _""•'„ ,o „ /,„ „ N2 »„2-, P = d + 2-_ x [Q _ c - /(Q - C ) c - AC^] 
2 AC 2 ° 

The maximum energy of the system which is not tied up in potential energy is 

obtained for C = C and amounts to o 

Q - P(C ) = |<(Q - C ) - /(Q - C ) 2 - AC 2) 
O d. O O 

The variations of this quantity as a function of the mass of the light 

fragment are shown in Fig. 32. It is an upper limit for both the pre-scission kinetic 

energy and total intrinsic excitation energy. Also shown in the figure is the Becond 

derivative of the potential energy which is equal to 

(Q - C ) - /(Q - C ) 2 - AC 2) o o 
AC 2 
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I t can be seen on F i g . 3 1 , t h a t t h e values of t h e maximum energy which i s no t t i e d up 

i n p o t e n t i a l energy i s s u r p r i s i n g l y sma l l . I t r i s e s s l i g h t l y from t h e most asymmetric 

s p l i t s t o t h e most p robab le ones where i t r eaches a va lue of approximate ly 7 MeV. 

Although t h e e r r o r on t h a t number i s d i f f i c u l t t o e s t i m a t e , i t should no t exceed 50!f. 
(1,2) I t appears doubt fu l t h a t t h e s t a t i s t i c a l approach of P . Fong could be j u s t i f i e d w i t h 

e x c i t a t i o n e n e r g i e s of t h e fragments as low as h MeV. On t h e o t h e r hand , p r e - s c i s s i o n 

k i n e t i c ene rg i e s of ho MeV which have been ob ta ined i n some computat ions seem t o be 

r u l e d o u t . In t h a t r e s p e c t i t i s worth r e c a l l i n g t h a t t h e e a r l y a accompanied 

f i s s i o n exper iments which seemed t o confirm t h i s h igh f i g u r e have been improved 

and y i e l d much s m a l l e r v a l u e s . The s tudy of t h e even-odd e f f e c t r e p o r t e d i n 

Sec . I I p rov ides an a d d i t i o n a l exper imenta l approach t o f i s s i o n dynamics. 

2) Even-odd e f f e c t s and q u a s i p a r t i c l e e x c i t a t i o n s i n t h e f i s s i o n p roces s 

The p roduc t ion of two odd-charge fragments in t h e f i s s i o n of an even-charge 

nuc leus r e q u i r e s t h e b reak ing of a t l e a s t one p r o t o n - p a i r bond. For low e x c i t a t i o n 

f i s s i o n where t h e nucleus can be cons ide red as co ld a t t h e s add l e p o i n t as we l l as 

for spontaneous f i s s i o n t h e corresponding two q u a s i p a r t i c l e s e x c i t a t i o n must occur 

somewhere between sadd le and s c i s s i o n . I f t h e t ime d i f f e r e n c e between t h e i n s t a n t 

when t h i s e x c i t a t i o n t akes p l a c e and t h e i n s t a n t of s c i s s i o n i s longer t h a n t h e 
—22 c h a r a c t e r i s t i c t ime of a nucleon i n t h e nucleus (approximate ly 2 .10 s ) t h e two 

unpa i red p ro tons can be f r e e l y exchanged between t h e two nascent fragments be fo re 

s c i s s i o n t a k e s p l a c e . At s c i s s i o n t h e p o s i t i o n s of t h e two p r o t r n s can be cons ide red 

t o be u n c o r r e l a t e d . The p r o b a b i l i t i e s t o observe two odd-charge o r two even-charge 

fragments w i l l t h e r e f o r e be equa l . I f two even-charge fragments a r e observed one of 

them would have a t l e a s t one t w o - q u a s i p a r t i c l e e x c i t a t i o n . While t h e e x c i t a t i o n 

e n e r g i e s o f t h e even-Z fragments w i l l be h i g h e r by approximately " . 5 MeV than t hose 

of t h e odd-Z o n e s , t h e observed t o t a l k i n e t i c ene rg ie s should not d i f f e r fo r t h e 
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two c a s e s . The exper imenta l r e s u l t s show t h a t approximate ly t w o - t h i r d s of t h e 

p a i r i n g energy appears as f ragment ' s k i n e t i c ene rgy , i n c o n t r a d i c t i o n wi th t h e above 

p r e d i c t i o n . We conclude t h a t most of t h e even-Z fragments a r e produced i n t h e absence 

I of q u a s i p a r t i c l e e x c i t a t i o n . 

I t i s known t h a t t h e y i e l d s of odd-Z fragments do not d i f f e r markedly from 

t h o s e of even-Z ones . The rad iochemica l measurements appear t o show a s l i g h t 

enhancement by approximate ly 30/6 of t h e even-charge e l e m e n t s . In t h e fo l lowing we 

s h a l l assume t h a t t h i s enhancement i s 50%. I f we again make t h e h y p o t h e s i s t h a t t h e 

two q u a s i p a r t i c l e e x c i t a t i o n r e q u i r e d t o produce odd-Z fragments occurs a t a r e l a t i v e l y 

; l ong - t ime be fo re s c i s s i o n and t h a t t h e energy of approximate ly 2 . 5 MeV, n e c e s s a r y t o 

b reak t h e p r o t o n - p r o t o n bond comes e n t i r e l y from t h e k i n e t i c energy of t h e f ragments , 

an average d i f f e r e n c e of 1.25 MeV i n k i n e t i c energy should be observed between 

odd-Z and even-Z f ragments . This i s because h a l f of t h e even-Z fragments should be 

formed wi th a t l e a s t one t w o - q u a s i p a r t i c l e e x c i t a t i o n as exp la ined above. S ince t h e 

exper imenta l f i g u r e i s again h i g h e r than t h e p r e d i c t e d o n e , i t s e l f an 

upper l i m i t , t h e hypo thes i s t h a t t h e q u a s i p a r t i c l e s e x c i t a t i o n occur a long t ime 

be fo re s c i s s i o n must be abandoned. I t , t h e r e f o r e , appears t h a t q u a s i p a r t i c l e 

e x c i t a t i o n s occur only a t t h e very l a t e s t a g e of t h e f i s s i o n p r o c e s s wi th a 

p r o b a b i l i t y c l o s e t o 0 . 5 . 

These f ind ings a r e c o n t r a d i c t o r y t o t h e b a s i c assumptions o f t h e 
(1*2) •• 

s t a t i s t i c a l model of P . Fong. They agree w e l l w i th t h e c a l c u l a t i o n s of W. Noremberg 

who found t h a t t h e p r o b a b i l i t y of l e v e l - s l i p a g e a t t h e c r o s s i n g of two l e v e l s 

d i f f e r i n g by t h e i r number of p a r t i c l e - h o l e e x c i t a t i o n s was c l o s e t o u n i t y . This 

means t h a t t h e s t r u c t u r e of t h e l e v e l i s conserved and, t h u s , t h a t t h e p r o b a b i l i t y 

fo r q u a s i p a r t i c l e e x c i t a t i o n s from sadd le t o s c i s s i o n i s s m a l l . 
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An in teres t ing check on the ideas Just outlined would he to study the even-

odd effect on fragments' k inet ic energies as a function of the excitat ion energy of 

the f i s s i l e nucleus. As soon as quasipart icle excitat ions would he possible at the 

saddle point th i s even-odd effect should decrease markedly and eventually vanish. 

3) Variances of the exci tat ion energies 

We have noticed the remarkable experimental resul t tha t the co-variance of the 

exci tat ion energies for a fixed mass r a t i o C(E 1 ,E p : m) was very close to zero 

except around mass 100. We now show that t h i s can be expected on the basis of a 

very schematic'two spheroid modal with the assimption of equipart i t ion of the energy. 

Let a and £ be the deformation parameters of the two fragments. The 

deformation energies of these fragments are assumed to be 

D ^ d ^ 2 

D2 = d 2 B 2 

We further assume that around the minimim potential energy of the system the 

Coulomb energy is a linear function of a and 3 

C = V - K(a + 6) 

The potential energy is then equal to 

P = V - K(a + 0) + d1 a 2 + d g g 2 

and can be writ ten around the minimim 

P " P min = 2 d l ( a " V 2 + 2 d 2 ( B " V 2 



-63- LBL-1950 

I f we assume thermal equilibrium the probabil i ty to observe a Reformation 

couple a ,3 i s : 

P(a,S) = exp T ^ M = p(a) P(g) 

i t follows that the two deformations behave independently and that 

C(a,B) = 0 

and also that C(D.,,D ) = 0. 
(59) We had previously assumed that the variances of the deformation energies for 

a fixed value of the total kinetic energy 

Cf2(D1: m E^) 

could be neglected. The above result shows that this cannot be the case since we 

have 

4D, dD 
0 = C(D 1,D 2: m > - < ' d E 7 > < a l 7 > O ( \ ) + M C^.Dg.- m E f c) 

and 

M C(D a,D 2: m E k ) = - < ^ > < ^ > a 2 ( E k ) 

(59) contrary to our original assumption we find that the variances of the deformation 

energies are more important than those of the intrinsic excitation energies. Assuming 

that 

C(E 1,E 2: m) = C(D 1 >D 2: m) = 0 
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we obtain an average value of C(E ,E : m EL ) of approximately 

° 2 ^ S. 2 5-6- = -20 MelT = C(E a ,B 2 : m E^) = - ( T ^ : m.E^) 

in good agreement with the experimental values shown on Fig. 26. 

The above treatment implied that the fluctuations of the intrinsic excitation 

energies were small. This is to be expected if the system behaves statistically 

except when the fluctuations become critical. It is possible that this is the 

situation when the light fragment has a mass number around 100. 

While in the previous sub-section we have shown that almost no quasiparticle 

e itations occured in the descent from saddle to scission, we had not ruled out the 
(1,1) possibility of a strong coupling of collective states within what W. Noremberg 

defines as a fission band. W. Noremberg predicts that such a strong coupling should 

exist and that a statistical treatment of the system near scission should be adequate. 

We have shown above that such a treatment predicts, at least qualitatively, the values 

of the variances of the excitation energy. We have not uhownj however, that otner 

models would fail to predict these values. It appears, at this time, that the 

strongest argument in favor of the "fission band" model comes from another kind of 

experiments where the total kinetic energies obtained in induced and spontaneous 

fission of the same nucleus are compared. It appears that only a small fraction of 

the increase of excitation energy of the fissioning system appears in additional 

kinetic energy. This suggests a strong damping of the fission mode in the first 

part of the way from saddle to scission. 
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Conclusion 

In conclusion, we should like to summarize the information which appears to us 

relevant to the fission theory and has been explained in detail previously. We also 

wish to suggest some possible future developments as regards the experiments. 

The gamma-ray emission by the fission fragments can be explained within the 

frame of the theory of statistical decay of excited nuclei provided angular momentum 

effects are included. The anisotropy of the fission y rays appear to be in 

contradiction with P. Fong's* statistical theory of fission. It can be explained, 

as well as the correlation between total y ray energies and excitation energies in 

the frame of the "fission band" model of W. Horemberg. 

The experimentally determined variances of the excitation energies of the 

fragments yield values of the minimum potential energy of the system near scission 

which ai-e surprisingly high, allowing for less than 10 MeV in pre-scission kinetic 

energy or internal excitation. 

The study of the even-odd fluctuations of the total kinetic energy of the 

fragments points to a very small probability for two-quasiparticle excitations in the 

descent from saddle to scission. On the other hand, the comparison between tot-J. 

kinetic energy in induced and spontaneous fission is easily explained in terms of 

a strong damping of the fission mode into other excitation modes. Those two features 

ere reconciled in the "fission band" model which predicts the right order of 

magnitude for the variances of the excitation energies. 

As far as the experimental situation is concerned, we have seen that some 

discrepancies remain with respect to a satisfactory account of energy balance in 

fission. The main cause of uneer iinty lies in the kinetic energy measurements; our 

knowledge of the energy resolution and tailing obtained with fragments detectors 

needs to be improved. The availability of heavy ion beams or of separated beams of 

fission fragments should help to obtain this information. 
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The better accuracy obtained in measurements of average neutron numbers has 

not been accompanied by a similar progress in obtaining the average neutron kinetic 

energies; the time has perhaps corae to improve on the measurements of H. R. Bowman et al. 

In particular, the question of the isotropic component in the neutron emission remains 

mostly opened not only with respect to its behavior as a function of the masses and 

kinetic energies of the fragments but regarding its very existence. A better 

knowledge of the neutron kinetic and angular distributions could in turn allow an 

improvement of the neutron variance measurements; it could also help resolve the 

present discrepancies between variance measurements using large or small detectors, 

respectively. It is important that this discrepancy be resolved so that the less 

cumbersome small detector method could be used safely. 

The neutron variance measurements, if carried out at varying excitation energies 

of the fissile nucleus could provide more points on the potential energy surface and 

perhaps more sensitive tests of models for the fission dynamics. 

Regarding,the gamma-ray measurements it has usually been assumed that their 

angular distribution was not significantly perturbed by the hyperfine interaction. 

It appears that such an assumption might not be justified since deorientation effects 

were very important for highly ionized rare-earth nuclei. 

Finally, the study of even-odd effects on kinetic energies as a function 

of excitation energy of the compound nucleus should be a useful test of the conclusions 

we have reached here and eventually provide information on the number of 2-qjiasi-

particles excitations at the saddle point. 

F. Stephens, private communication. 
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Appendix I 

Effect of an isotropic component on the determination of the average number of 
neutrons emitted by the fission fragments 

We consider a fission event in which v.. neutrons are emitted by fragment 

1, V„ by fragment 2 end assume V scission neutrons. When fragment 1 flies towards 

the neutron detector the average nuriber of detected neutrons will be 

gx = e v x + r v 2 + a v a 

where e is the efficiency for neutrons emitted by fragments flying towards the 

detector, r the efficiency for neutrons emitted by the complementary fragment 

and a the efficiency for detecting scission neutrons. We assume that e and r 

are independent of the fragment's characteristics. Then, when fragrcent 2 flies 

towards the neutron detector we have 

g 2 = e v 2 + r V x + a V a 

and 

g l + g 2 = ( e + r ) ( v i + V + 2 a Va 

When we neglect the pre-scission component we assume that n. and n p neutrons are 

emitted by the two fragments so that 

g l = G n l + r n 2 

g 2 = e n 2 + r "l 

the efficiencies e and r are assuned to be proportional to e and r 
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e = a e r = a r 

as explained in the main article the proportionality constant is determined by 
writing that 

61 + 62 = ^ + r ^ n l + n2^ = °^e + r ^ n i + n2^ 

with 

so that 

a(e + r ) ^ + v g + Vfl) = (e + r)(v1 + v 2) + 2a v 

from which we obtain 

and 

wM1**)*"^1-*)".] 
- . -*[» .G*t)*' i ( 1 - i )*-J 
We now consider two limiting cases. In the first one a large neutron 

detector is seen from the source through an angle of 90°. Then, if one assumes 
that all efficiencies are proportional to the related solid angles, obviously 
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2a n , n — • — = 1 and a = 1 e + r 

so t h a t 

v 
n ( l , 2 ) = V ( l , 2 ) + 2 ^ 

We see t h a t i n t h i s c a s e , t h e assumption t h a t a l l neu t rons a r e emi t t ed 

by t h e fragments i s e q u i v a l e n t t o an equa l sha r ing of t h e p r e - s c i s s i o n component 

between t h e two f ragments . Fur thermore , t h e c o n d i t i o n n. + n = v i s always 

f u l f i l l e d . I n t h e second case we cons ide r a low e f f i c i e n c y d e t e c t o r . We, 

t h e r e b y , can n e g l e c t r and 

*(M 
Assuming a Maxwellian shape f o r t h e c e n t e r of mass f ragment ' s neu t rons 

spectrum we have 

M* p ( # M i..&A(x-WV=OHi-.£i 
tfhere E i s t h e energy p e r nucleon of t h e f i s s i o n fragment , T i s t h e neu t ron 

Spectrum temperature and 

, + V T * t 2 

' ( * ) • * 

t • 

I e 2 dt 

Typica l va lues of =•*• a re around 0 . 5 . Then 
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and 

a 

a # 1 - - p x 0.5 
T 

Prom equation (A.X.I) i t can he seen that the value of a which ensures 

that the condition n . + n_ = v,_ i s fu l f i l l ed wi l l depend on the f iss ion event 's 
V-i y'-">! 

characteristics with respect to both the value of •— and that of —. Alternatively, 
V T e 

if one uses the value of a obtained for the average characteristics of the fission 

fragments one obtains 

that 

4 + 4-V T +2v aa(j-ir) 

where n. + n p represents the average t o t a l number of neutrons as obtained with 

the assumption tha t there are no pre-scission neutrons, e and e ' are the eff ic iencies 

computed for the average and the specific fission events,, respect ively . In p a r t i c u l a r , 

one obtains for the slopes with respect to E. 
d(n* + n b dv v n a 2 de(E. )/a 

< ±- £_ > =< — i > + 2 •—— < —— > 
d ^ ^ . .- e 2 , . • -dH^- • 

E 
With typical values of the variations of rp in equation (A.I.2) one obtains a 

relative increase in the slopes of the variation of the average total number of 

neutrons as a function of E of a few percent. The error on v„, itself is of the 

order of 0.1 neutron. 
-/A 
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Appendix II 
A atudy of two causes of systematic errors in the measurement of neutron number 

variances 
1) Recoil effect 

(8) A. Gavron has pointed out that the hypothesis of isotropic emission of the 
neutrons, usually made to obtain pre-neutrcn masses and kinetic energies from the post-
neutron energies of the fission fragments, was no more valid when the neutrons were 
detected with small detectors. We. first recall the treatment given by A. Gavron in the 
case of average neutron number measurements. We then extend his treatment to the 
measurement of co-variances of the neutron distributions. 

Using the notations of A. Gavron, V„ is the velocity of the fragment before the 
detected neutron is emitted, VZ, its velocity after emission of the neutron, IT and 6 
are the velocities and angle of emission of the neutron in the fragment frame, V and 9 
the corresponding quantities in the laboratory system. 

The final energy of the fragment when a neutron is detected at the angle 9 will 
differ from that of the isotropic case, when no neutron is detected, by : 

ta\ IA \ 2 e l |Vcos9 , J 
elF ( 6 ) " elF U s ) ." " m^ \~V7~ ) 

where e__(9) is the final energy of the fragment when a neutron is detected at angle 
• Xr r \ 

9, e.„(is) the same energy in the isotropic case, e. and m^ the pre-neutron emission lr X .X 

kinetic energy and mass of the fragment. 
The pre-neutron energy of the fragment is then equal to 

k+^-s>(^-/)A 

file:///~V7~
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^ when the recoil effect is not taken into account the pre-neutron energy is written 

1 / v(m ,e) \ 

v (m,e) is the average number of neutrons emitted by the fragment of mass m_ and for a 

total kinetic energy e. -

The average neutron number is given by the ratio of two counting rates. The 

numerator is proportional to the number of triple coincidences between the fragments 

and neutron detectors, the denominator to the number of double coincidences between 

the fragments detectors. When the recoil correction is not included one obtains : 

_ H_(e,m ) 

when it is included one should write : 

_. N„(e ,m ) 
v = - ^ i — 
vl NT(e,m) 

A. Gavron has shown that the er ror made in assuming t ha t m = m 

was not great . I f we make a f i r s t order development in e we obtain 

V l " V l = S ^ m T < e - e ) — d e = N ^ m 7 < e ~ ••> - 5 -

1 d V l 1 - 1 WV 
- ^ - e> dT + i5^m7 V e " - *>*T 

We now assume tha t HT(eam) i s a gaussian function of the total kinetic energy 

so that 

" V * _ (e -7) 
$~. _2 
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where e i s the most probable value of e . 

The difference e - e ar ises only from the difference between e.. and e , . We 

then obtain 

Tji 7 , ^ , fa cose ,\JEL lllllL) ( i T T 1 , 

this expression also allows the study of the difference in slope between the corrected 
% 
2 
a— 

and uncorrected data. We neglect the second derivative 1 so that 
de 

21 21 ^ fa V l ( e - 7 ) * l e e(e - 7) f^\ /v cose . \ 
de " de ^SprS^ \de ~ ff2 " j> " a2 to / \ V, " / 

(A.II.2) 

^1 e V 
the dominant term in the parenthesis is 5—. Setting in A.II.2, cosB = 1, .=— = 2 

cr V F 

and writing the same equation for the complementary fragment one obtains an estimate 
of the difference in the slopes of the total ntmber of neutrons variations 

dv̂ ; dv_ 
-— ~ ~ • - 0.07 de de 

(*f-For example, if the true value \ -^~ J is 8.3 MeV, the uncorrected value would 
yield 5.26 MeV. 

In the small neutron detector measurements of the co-variances the quantity 

M(e) V e ) 

u£(e) N°(e) 

i s provided by the experiment, the co-variance being given by 
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C(v v ) 
— — = M - 1 

*1^2 

Here the quantity SAe) is proportional to the number of quadruple coincidences 
c c 

between two neutron detectors and two fragments detectors while N.(e) and H_(e) are 
proportional to the number of triple coincidences between one of the neutron detectors 
and the two fragment detectors. Using the definitions of v", and v g we also can 
write that 

, V e ) - - - - *kM - -
C(v v j = -s s v., v- - v v 2 = -K v v„ 

1 2 aj(e) N°(e) X 2 X 2 N2(e) X 2 

We define 
N.(e) 

P(e) = -| 4(e) 
The errors made in neglecting the recoil effect will then be 

V e l )" V e ) 

and 

AP .--
N2(e) 

A C • A P - v 4 v„ - v, 4 v. 

where A v. and A v . have been computed above. 
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We express A P 

, dH.(e) ? , d P(e) H^(e) . 

The quantity P(e) is very nearly equal to \7 V„ since C(v ,v.) is a small 
quantity so that : 

A P ["llr* V2iT- «V 8 ̂ P j [el + e2 " el " "J 
From A.21.1 we also have 

t dv, (e - e")v.. "J . 

and 

|" dv„ (e - e")v" I 
» 2 - [ ^ — J <4 - V 

We then obtain 

/ s » • 
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» • • "I - V {\ ? " *x "a ̂ ) * '4 - V (* &.- "x H ^ ) 
1 1 

e 2 - e 2 e 2 - ^ 

2 
inserting typical values of V, V_ o we obtain 

4 ^ I I • > ( - - ^ ) 

' °-11 - iswsl 

and 

A C # 0.56 - ( e " *) O.U» 

The correction is of the same order of magnitude of the co-variances themselves. 
It has usually a tendency to yield positive correlations. 
2) Variations of the efficiencies with neutron multiplicity 

We shall consider, as an example, the obtention of co-variances with small 
neutron detectors. The measured quantity M is equal to 

„ El Vl CS V2 
el Vl e2 V2 

and it is assumed that c. and e„ do not depend on v. and v„. In that case 

V1 V2 M = -=-=-
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However, even for fixed masses and total kinetic energies of the fragments 

it must be expected that the center of mass velocities of the neutrons will depend 

on their multiplicity. Therefore, the efficiencies should themselves depend on the 

neutron multiplicity. To first order we write 

e i ( V x e i + V i ( v i - * i } 

and similar ly 

e 2 ( v 2 ) - e 2 + k 2 e 2 ( v 2 - \ ) 

i t i s expected that the values of the efficiencies should decrease with neutron 

numbers so that k. and k_ should be negative. For the sake of simplici ty we assume 

that k 1 = k„. Then, to f i r s t order 

E^l + k ^ - \ ) \ V g ( l + k ( v g - V g ) ) e g 

exU + k (v x - v 1 ) ) v i . e g ( l + k e 2 ( v 2 - v" 2))v 2 

v ^ g + k [ v 1 v 2 ( v 1 - vx) + v ^ ^ - .y g >] 

W + k [ V ! ( v l - 7 1 } V + V 2 ( v 2 " 7 2 ) ] 7 1 

We assvine tha t since the t o t a l k ine t ic energy and masses of the fragments are 

fixed v i + v o = V T = v i + V 2 ** * a e n o o m e s tha t : 
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and since v + v = V„ 

a 2 ( v 1 ) = o 2(\> 2) = - C(v 1 , v 2 ) 

so that 

V 1 V 2 

V l 

which leads to 

^rW) 
C(v v . ) 
_ _ (1 + k M v J = M - 1 
V l V 2 

I f the variations of the efficiency had not been taken into account we would 

have 

C 1 ( v 1 , v 2 ) 
= M - 1 

V 1 V 2 

so that C - C = A C = k M v_. The quantity M is close to one and' v_ to four so that 
A C - U k. Values of k of the order of -0.2 appear possible and in that case 
A C * -0.8. 

This is again of the same order of magnitude as the observed quantities. 
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Appendix III 
Recalls on regression analysis 

In the following-we derive some useful relations between the conditional 
moments of multi-variate distributions. Similar relations can be found in the article 
of J. Terrell* 9* and in H. Nifenecker/ "" 

We consider a U-dimensional probability distribution 

P(x,y,z,t) 

The first and second moments of this distribution are given by 

x = < x > » / x P(x ,y ,z , t ) dx dy dz dt 

g 2 (x) = f x 2 P(x ,y ,z , t ) dx dy dz dt - < x > 2 

C(x,y) • / (x - < x >)(y - < y >) P(x ,y ,z , t ) dx dy dz dt 

= < x y > - < x > < y > 

and similar relations for the other variables. 
We also consider the marginal probability distribution of z and t 

g(z,t) * / / P(x,y,Z,t) dx dy 

and the conditional moments as fcr example I 
J J xy PU.y^.t) dx dy / / x P(x,y,z,t) dx dy J J y P(x,y,z,t) dx dy 

«•*• " > - " «..«! - „.,,,. 
" >«t -' * 'a « » %t U.iii.i) 
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The regression coefficient of y on x , written < ~ >, is defined as the coefficient of 
dx 

the linear term of the straight line ax + b which minimizes the average value of the 

square (y - ax - b) . 

We must therefore minimize the expression 

A = / (y - ax - b) P(x,y,z,t) dx dy dz dt 

we have 

| £ = - 2 / ( y - a x - b ) P(x ,y ,z , t ) dx dy dz dt = 0 (A.III.2) 

b = < y > - a < x > 

substituting b in the second relation 

— = - 2 J x(y - ax - b) P(x,y,z,t) dx dy dz dt = 0 (A.III.3) 3a 

one obtains 

/ x(y - < y >) P(x,y, z,t) dx dy dz dt » a / x(y - < y >) P(x,y, z,t) dx dy dz dt » a / x(x - < x >) P(x,y,z,t) dx dy dz dt 

(A.ni.4) 

Such a relation evidently holds for the conditional moments' as well. For 

example: 

and thus 

< dx = a 
a2(x) 
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< QL > _ C(xy: z t ) 
dx zt 2, . > 

0 (x: zt j 

a consequence of t h i s re la t ion i s that < T-*- > i s not equal to < ^ > rather 
dy ^ dx 

< dx > = £ i i i z l = < ^y.> a (*,? 

* a2(y) to a 2(y) 

it is also possible to write : 

< dx > = < d£ > _ 1 C(x,y) 2
 = < dx > 

-1 2, 
* * a 2(x)a 2(y) * M ^ 

where th& correlation coefficient p(x,y) iB defined as 

» ( x* J • J&Voly) 

and is only equal to 1 when x and y are completely correlated. 

Another definition of the regression coefficient is often used. Let 

define the conditional average of y 

iff PU.y.M) dy 
dz dt 

x t i i r>r„ „ - +i .».. d z d t 

and the marginal dis t r ibut ion of x 

P(x) = fffp(x,y,z,t) dy dz dt 



-87- I£L-1950 

dv The regression coefficient < -*• > is also the slope of the straight line obtained by 
the least square fit of the curve < y > . 

In that case we minimize the expression 

/ ( < y > x - ax - b ) 2 p(x) dx 

we obtain the two equations 

/ < y > x P(x) dx = a / x p(x) dx + b f p(x) dx (A.III.5) 

/ x( < y >x - ax - b) p(x) dx - 0 (A.III.6) 

Equation (A.III.5) is equivalent to equation (A.III.2) and yields the same 
result: 

b - < y > - a < x > 

equation (A.III.6) can be written 

/ x( < y > x - < y >) p(x) dx « ft <J8(x) 

or 

/ x < y > x p(x) d x - < x > < y > - a a 2(x) 

and using the definitions of < y > and p(x) 

J J J J * y P(x,y,z,t) d x d y d z d t - < x > < y > • a o 8(x) 
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which yields 

a = < <& > = Cix^yl 
to a 2 (x ) 

as in equation (A.III.U). 

We now turn to the conditional co-variance of x and y and see , from i t s 

definition that 

/ / c ( x , y : zt) g ( z , t ) dz dt - / xy P(x ,y ,a , t ) dx Oy dz dt 

- / / < x > t < y > t g<z,t) dz dt 

• C(x,y) + < x >< y > ' ff < x > z t < 7 > a t g ( z , t ) dx d 

(A.III.7) 
To f i r s t order ve can write that 

and 

* r > r t - ^ U - t ) +

3 - ^ f i ( z -I) •< y > ^ 

where the partial derivatives are expressed for the value z t. By a weighted integrition 
of A.III.7 we obtain for example : 

J< * >rt eU,t ) dz at * < x >— r- K < x > 
z t I 
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Substituting A.III.8 into A.III.7 we obtain to f i rs t order : 

C(*,y) - 8 ^ t ? 8 ^ t ) o g ( t ) + ^ H 3 - ^ l 0 2 ( a ) 

+ ^x(z,t) 3yjz,t) + 3 x ( z , t ) 3 y ( z , t ) ^ C ( M ) + ^ c { x y . g t ) ( A I I I < 9 ) 

where 

Tftl C(xy: zt) = / / C(xy: zt) g ( z , t ) da dt 
zt 

In the main art ic le ve consider several limiting cases of equation (A.III .9) : 

1) I f we assune that x ( z , t ) i s independent of t and y ( z , t ) i s independent of z 

we obtain 

C<*.r> - 3 - f r S i 3 - ^ f i I C(«.t) *ln C(x,y: zt) 
zt 

and, in that case, using the properties of < -j— > and< r^L > 

C(x,y) - < # >< % > C(»,t) + in C(xy: zt) (A.III.10) 
zt 

2) If ve deal with a three variate distribution P(x y t) formula A.III.9 can be 
used by considering z to be fixed and therefore that < 

0S(z) » C(z,t) - 0 

thus in that case 
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C(x,y) = < f f >< ^ > a 2 ( t ) + 7/1 C(xy: t ) ( A . I I I . l l ) 
x 

I f we consider the variances of x and y we have 

C(x,x) = o- (x) 

so that 

2 
o 2 { x ) = < | £ > o 2(t) + % a 2(x: t) (A . I I I .12) 
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FIGURE CAPTIONS 

Fig. 1. Variations of the average neutron number v(m) with the fragment mass as 

obtained in different experiments 

(a) For the slow neutron induced fission of U 

A Maslin et al. ' 

• Boldeman e£ al. 

D Milton et al. ^ 
(3) 

V Apaliii et al. 
This figure is taken from Eef. 6 

LIS f 
(1) 

252 (b) For the spontaneous f ission of Cf 

A Bowman et_ al. 
(7) 

• Signarbieux et_ al. 
Fig. 2. Variations of the total neutron nunber »m(\) with fragments' total kinetic 

meoi 
(1) 

252 energy for the ' Cf spontaneous f ission 

A Bowman e_t_ a l . 

T Whetstone*3' 

• Our results 

Fig. 3. Effects of neutron recoil correction on the average neutron number measured 

with low efficiency detectors 

a. On vL(m) results 

b. On Vm(E. ) results 

• Uncorrected results 

o Corrected results 

The continuous line denotes the input data. This figure la taken from Ref. 8. 
p 

Fig. It. \ variations of the "invariant" R - O s i . I M i function of efficiency in 
\ q 4 

an actual Uir neutron detection system. 
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Fig. 5. Experimental and calculated energies carried away per neutron. The 
dv,r -1 

experimental vaJ ues were obtained from < -=- > . The calculated values were 

obtained from 

B + n + 0.75 

• Calculated values for each fragment mass 

A Calculated values for a fragment pair 

A Experimental values for a fragment pair 

Fig. 6. Variations of the average number of neutrons emitted per fragment as a 

function of the total kinetic energy of the fragments for a range of fragments 

masses 

• Light fragment 

o Heavy fragment 

Fig. 7. Anisotropy of the Y quanta yield versus fragment kinetic energy in the fission of 
2 3 5 U a) For different fragment mass ratios: • — = i.1-1.25, A — = 1.25-1.35, 

m2 ™2 
m •l - i - 1.35-1.1»5, T - i - 1.1»5-1.65, 0 ;r = 1.65-1.9 ™ • nig m_ 

b) For all realized mass ratios. The solid curve shows the fragment kinetic 

energy distribution 

This figure is taken from Ref. 23. 

Fig. 8. Anisotropy of the prompt radiation as a function of fragment mass A : 

(a) Anisotropy without collimator: the contributions of the two fragments are 

not separated, 

(h) Anisotropy with collimator selecting Y quanta in the time region (10-100) 

psec after fission 
i 

This figure is taken from Ref. 20. 
252 Fig. 9- Y ray yield per fragment versus fragment mass in the Cf spontaneous fission. 

> Figure taken from Ref. 2lt. 
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Fig. 10. y ray yield per fragment versus fragment mass in the slow neutron induced 
235 fission of JTJ 

• Data taken from Ref. 19 

A Data taken from Ref. 32 

Fig. 11. Observed correlation between the values of Y (iL(m)) and neutron (v"(m)) 

multiplicities 
235 

(a) In the case of the induced fission of U 
252 

(b) In the case of the spontaneous fission of Cf 

Fig. 12. Variations cf total Y energy E: (K ) as a function of total fragment kinetic 

energy 
235 

(a) In the induced fission of U 
252 

(b) In the spontaneous fission of Cf 
Fig. 13. Correlation between the total Y ray energy E (IL.) and the'neutron multiplicity 

23S 'a) In the induced fission of U . 
252 (b) In the spontaneous fission of Cf 

Fig. I1*. Variations of the total y ray energy as a function of the total kinetic energy 
pep 

of the fragments for different light fragment masses 
• Direct measurement 

o Results obtained from energy balance considerations 

Fig. 15. (a) Slopes < -r£- > 0 f the variations of the total y ray energy versus the 

total kinetic energy of •the fragments as a function of light, fragment's • "r; 

mass ( 2 5 2Cf) 

• Direct measurement , ( ,, ,~ 

o Results obtained from energy balance considerations ; ° 
252 (b) Total Y ray energy as a function of the light fragment mass ( Cf) 
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Fig. 16. Slice plots at constant mass m.,: in the 3 MeV x 3 amu array &,(E. ,EL. ). 
Figure taken from Ref. 19. 

Fig. 1?. (A) Fission x-ray spectrum N(x.) 
(B) Average value of the y pulse height as a function of x-ray detector 

.... . «• • ',- % 252 ':-r 

pulse-height E Y(xi) ( J Cf fission) 
Fig. 18. Average total y ray energy emitted as a function of the 

• Light fragment's charge 
A Heavy fragment's charge ( Cf fission) 

Fig. 19. Average'neutron number as a function-of the 
• Mass of the fragments 

p^p '-•} 

A Charge of the fragments ( Cf fission) 

Fig, 20. Average kinet ic energies as a function of 

' ' • ' Light fragment's charge 

A Heavy fragment's charge 

Fig. 21 . Best average neutron numher as a function of oharge of the binary f ission 
pep 

fragments ( Cf fission). 
Fig. "22.' Best average total Kinetic energy as a function of charge of the fission 

fragments. 'itoe continuous line shows the value of average total kinetic energy as 
a function of mass of the fragments. The mass and charge scales reflect the charge 
to mass ratios of the fragments. 

Fig. 23. Experimental and calculated values of the average center of mass kinetic 
energy of the neutrons n. typical experimental errors are shown by full dots with 
error bars. Tiie theoretical values were obtained including pairing in the level 
densities. Figure taken from Ref. 31. ' 
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Fig. 2k. • Variations of the variance of the total number of neutrons as a function 
2 of mass of the light fragment a (v_: m) 

o Average value over the total kinetic energy of the conditional variances 
2 a (v_: m E.) as a function of the mass of the light fragment 

Fig. 25. Variances of the total kinetic energy 

• As obtained directly from the kinetic energies 

o As obtained from the neutron variances 

The full lines give an idea of the errors on the experimental values. 
2' Fig. 26. Variations of the excitation energy variances a (E,: m E. ) as a function of 

E for a number of masses of the light fragment. 
.'O 

Fig. 27. • Variations of the exci tat ions energy variances p (E.,: m E. ) averaged 

over E. as a function of l igh t fragment mass 

o Variations of the maximum observed energy variance as a function of 

fragment mass 

The f u l l l ines give an idea of the e r ro r s . 

Fig. 28. • Variations of the variances of the t o t a l number of neutrons a (v„: m) 
as a function of fragment mass 

A Variations of the sum of the two neutron variances for complementary 
2 2 

fragments 0 [v.: m) + a (v„: m) as a function of fragment mass-

o Variation of. the co-variance of the neutron d is t r ibu t ion as a function of 

fragment mass 

' ...a ( v . : m) - a 2 ( v , : m) - e 2 ( v „ : m) 

cKVV *> = — i ~ 1 g 

The quantity shown'on the figure is - C(v. Vj,: m) for the sake of convenience. 
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Fig. 29. Observed relative intra-ground state band transition intensities for fission 

fragments (triangles) and for (charged particle, x n) reactions (lines). The 

reaction data are labeled with the average angular momentum of the reaction as 

calculated from optical model codes. Figure taken from Ref. 21. 

Fig. 30. Schematic representation of the minimum potential energy and "free energy" 

along the scission line 

Abscissa: Coulomb interaction energy C 

Curve A: Minimum potential energy 

Curve C: Total energy of the fissioning system 

Points 1 and 2: Points where the minimum potential energy is equal to the 

total available energy 

The shaded area shows the amount of free energy. 

Fig. 31. (a) • Values of the maximum Coulomb energy at scission K/ (m) as a 

function of light fragment mass 
to) o Values of the minimum Coulomb energy at scission E; (m) as a function 

of light fragment mass 

(b) • Values of the deformation energies of the fragments corresponding 

to the minimum Coulomb energy 

The shaded area represents the range of possible values of the deformation energies 

for the maximum Coulomb energy configuration. The full lines give an idea of the 

errors. \ 

Fig. 32. (a) Maximum "free energy" available at sciSBion as a function of light 
!.V. ' ° ' , ' " . . . . 

fragment mass 

(b) Second derivative of the/minimum potential"energy curve 

The full iines give an idea of the errors. 
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