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I. QUASIELASTIC RESOLUTICN FUNOCTION OF .
TWO-AXIS SPECTROMETER

The amplitude and the shape of the quasi-
elastic resolution fumctimm of a neutron two—-axis
spectrometer are calculated in the Gaussian ap-
proximation . Bpecial attention is given to the
explicitness of the formulae a8 well as to
their absolute charaoter, avoiding any unikmown
proportionality ractors-,

1, Introduofion

In an experiment, 8nalysing the angular distribution of
the scattered neutrons, carried on with a crystal diffrgctometer
(two—-axis spectrometer ), the finite collimations, the monochromator
mosalc structure and the beam~path configuration influence both the
counting rate and the experimental line width. This influence should
be quantitatively desoribed by an instrumental fuactica, the so cali-
led resolution function.

The knowledge of the resolution function enables the
choice of sdvantageous experimental conditions as well as the correct
interpretation of experimental data. That is why a considerable atten-
tion has been paid to the problem of deriving analytical formulae ex-
pressing the dependence of the diffractometer resolution function on
all experimental factors. However, almost all the papers which have
been published so far on this subject deal with elsstic scattering
experiments, their principal eim being the determination of Bragg
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Even if the wwe—ax1s spectrouster ;errorms no energy analysis
there exists an explicit cepenaence of its resoiution function on
energy transfers, which must De vaken into account in quasielsstie er-
periments.,

Using for the definition of the resolution function the same
variables which express the scattering cross-seotions, two cases are
separately considered

1) The sample is an anisotropic system (single crystal or mage

netized sample, e.g.), The resolution function is expressed with res =
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for ki neutrons when the ki neutrons are preferentially

transmitted,

is the sample crosy section per atom (or unit cell) and
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volums wnit in ;f space,

is the treamsmission function of the analysing system,

is the detector counting efficiency for ke Deutrons.
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Fig. 1, Vector diagram in tne reciprocel
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The menochromator and analyser trensmissioan functions are

sxpressed ip almple forms in terms of ki’ kr,ﬁ'i,f,; c‘_:&and 51varinb1as.

Thugs
Ty By ) = Ty 061 Tgr(9))
T;(kf) = Tm( "L) TAV( <)
where

'1‘lm 1s.the horizontal transmission function of the monochromator
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cf the analyser:

For tha actuzl valueg of the 2ollimabion angles and of the meonochro-
nator mosaic srresd, tha transmissiocn fuwcblons (4)~(6) are sensibly
140 ; ; R < 7 N

ditforert from zero only wilen =, , B, and ¢, 4o not exceed onc~

1)
-,

two degreoes and ‘ki—klif 4y« 1. Op the orher hand, for quesielastic

cross sections, in spec:rl experimental condibions (which will be dis-

cissed later in mors devall 3, the wave vector length Jis ribu-
ticn In the scabtered ~aulren bear tukes cgsientlally non-zero valuas
only if ka-kT{/klzﬂ . Unler .heso circumstancest
4) The small srncte Auo-oxinaci on o g N
a) The small engle 2pproximation may be used for and 2
oY The slowly varting farchions. of ki and kf may be replaced

Ly their values in Ky
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¢) All the integration limits in the expression obtained
from eq.(1l) replacing the variables ﬁi and.E% by ky, kf,fl,f;, 8,
and 51 ray be extended from (0, +°°), (=7 ,+7X) and 7 /2, +7/2) to
(=2, +o0) without introducing en appraeciable error in the value of
the integral.

Then, from eq.(1) ore ob*ainses:

(K0, )R iy '%% sy skgs Sy oty 5 & )iy, ¥ Mg S0

x Py u( 791).'.13“( Sz)dkidkfdlﬁd@ld gid 3, (7)
“nerss
’ 2
“N";‘lé‘t - g (8)

and Jl i8 the Jacobian of the wvarisbles transformsiion 3

L Oy & l
: ”\)(kl’kf’fl’%\Z' $118 )]

introducing the more convenient notation :

Ky -k

R 1

= lﬁrikfa cos glcosgz':: &f[* (9)

Up = Kp ~ Ky

there results the following expression of the counting rate :
N

- - 4 _ |
I( kl'es> =§(k1>&(k1) ——— 5(“1!“9"&1..&2' gl'é 2)'1‘“(“«’&& )X
n ]tg oyl =
~TEN 2,58 0m (8D Au, g, A, de 43, 45, (11)

Pormula (11) will pe used in the next sections for the

derivation of the resolution fanction.
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siop angles (i.e. the small angle scattering is excluded } :
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is the recolution function.

I» this defiuition, the resolution function is a dimension-
less 7uantity , expressing the relativs sausitivity of the instrumen*
for a scettering process cnaracterized by -h(aO + E) and 'ﬁIa mouneatur
and enargy transfers, when the diffractometer nomiral setting corres~
ponds to ‘ﬁao mouentum transfer and the most probable process 1s an
elastic one.

The explicit anaiytical expression of R(E;i,14) is obtainec
introducing in (21) the variayles X and X, by means of eqs.(17) snd (15}

By virtue oi relations (3), (17) and (18), R imay be separatec

into two components :

RUG, X0%y) = Ryg( Qg oKy % K, Ry (G 0Xs ), (22,

K 3 hai (- e s
K, and RV being given by r
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\TMH TAH dui
J

\

1
{ain 6  tg Oy |
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Ry = \Tyy Tyy oy

|}
H

(23%)

¥For Lae description of RH’ the hiorizontal component of the re-
agtutlon  function, obtained from eq.(?2) by integration, scme new defi--

nivions are iatroduces ;

-'—lz_gm -—l‘z—zm,) '—-—2'—1 = m "——?l = 3
20(€ 1 21 - 2 g 5 2 3 1
M
M= oy, + 4m1m3 + mzmz
8. =(t§.10+2)"'2m.l + (A1°+1)2m2 + Aio(mB + 81) (24)

Ti(l’l) z AlO(A11+AZi) + (3=n) Azl

1
. ‘ L T ELMEYy
Rg(QoeXyeXpeXy) = Byg(Q) & v (25)
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Deiining Hia Yelastic® resociuvion functicn ag
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Phe srons secbtign of an lsotroric oumsles 1s exXuressed wit.

et Uooondy eo variablsz: (he magnitvie of the womentum tre.o

fem and The an =7, In Yls cass 1L 038 conveniesnt to ¢eflip-
a worpesyordine resolotic Junchion depsnding as well on thess vermas.
nia,
Srmplarly o o inne Lwrevioud case the deviations from uihs nom:
nat ot Sy oase !
F S -
s ‘el .
o 40 )
K, - (59,
Wheir i-axls of the reserence frame from fig.l is directed

Qz - = Xa + Xf
, y N 2 7, . B
R € iy (40)
+ 24

et

Thon, for an isotrouic sample, from egs.(20), (32) and (40)

ona obtaing
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Integration in eq«(41) ovsr X, and X3 gives :

I(Q.)¥§(ki)&(kI)QSS(Q°+xl.1uji(Qoo11.X4)dxl aX, (#2)
where 3 a

R, = 2]*;2,_“‘1311‘,1

(R- (Qoyxlox.,) = ;‘;“z e g dezdxa = (43)

%("%x% ¢« 200X, +MpaX5)

-&o(qo).Q (43°)

1s the resolution functiom in the (Q,2) space.
Prom eqs.(43) and (43') there results 3

R MM,
R o[—-——* M puemy- 22
2\ Mooty =

H% 5
M = ;- 1;2_;_' My ';52:‘ (44

In order to defline ancé in this case the resciuition function wa

a dimensionless gquantity, the k-deunstty of the meutroén flux,%p(kﬁ)t

P (kp) = 47 k) (45)
was intrcduced to replaca 49 (-EI) in eq.(41).

Therefore, the raesolution functisn in (Q,Q)spaca is related by
menans of eqs.(44) with the one , already known, defined in ({,&) space.
However, duz to the lerge pumber oif terms in “13 it is difficult to
obtain in this ws» f{crmulae expressing in the most simple manner tao
resolution {unction d9pendence on experimental factors. To 4o eu, it is
preferable to reformulate the problem of the resolution furnction ade =

quate to the new pLysical situatior.
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Lonsequently, aceordirs to eq.(42), the resolution function mey
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Finally, the counting ~:7v4 bDetores
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1(Qy) =d (kpdeky s | Je 3,056 0x, seiy

5. DiSCU55i0."

The results of the previous sections enabie the ~sizulation of
widths and intensitles 1in any experimontal sivuation as «elil as the
attempts Lo £ind how the instrumeptal perametsTe {i.ciuen: peuuvron
6nergy , <ol!ilmztions, nonochrometor cryetal l should be chamzed in or-
Jdev to glve movre advantageous exXperimental conditions .,

The validity of the present treatment is limited to the cases

of elastic snd quasielastic scattering cross sections wihicn, as & matter
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of Zact , represent <+the efficieney range cX the two-axis amalysis,
Koreover, in tne latter case ithe dus precautions gust be taken to make
sure vnat ia the acattered besm tne neutron energy distridbution repre-
sents a narrow band around BI' This requirement may be achieved by a
suitable choice of instrumental parsmeters. For instsnce, 1f the scat-

tering cross section 18 a Lorentzian with half widthA 2:

- X A
o3y 1 Bp LB 5 J €58)
AlZaky {_,‘;E)2+ (Ef_-Bi)

the a.f widtr of the rautror energy cistribution in the incoming heam:

By Tp o+ By 1/2
F e [N
e K

GU3% e L 50 o £ vaiue =u caet the cenvcintion of the cross sectizn
with Toe rncident meutror i-tansity @
=By
(R)=IE)e | @K (585
w
be surficientir narrow, The -alf width of :-he counvolutiocn of a Lorentziam

with a Ggussian has been caiciiatec by Teubacn {1571,. Whens B, <A B 0.
L . ..

the :aif width of the coavoiurzion is smailer <than «»1,6&Eig If neces~
sary , more severe restrictions may be lmposed to the ratio D-Ei/A.E

through 6q.(57).
In quasielastic sxperiments (¢ritical scattering with = £ 0,

quasielastic scattering in liquids, e.g.) the explicit emer<y dependence
of the resolution function permits to take into account ths inelastic

effects in the interpretation of angular distribution data.
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II., ANALYSIS OF THE ELASTIC COHERENT NEUTRON SCATTERING
1§ CRYSTAILS

T.1e resolutior function of a reutron two-axis spec—
troxeter derived in a previcus paper, is used for the
cgicuiavion of the wi_ths end integrated intensities of
zragg reeaxs ©f perfect and mossic imnerfect singie crys-
za.3s as well &8 of polycrystals.

.. Introductior

iz a8 previous psper (Grabcev,!91> ) which we shalli refer es
paper I, the quasielastic resolution function cf a reutron <crystsl
diifractometer has been derived. The results sre spplied here to the
snalysis of the elestic coherent scattering of neutrons in crystals
in the abserce of multipie scattering erfects. The cases of the per-
fect snd imperfect single crystals ss well as of the polycrystsls
are separately examined.

Th~ use of experinmental Bragg profile measurements iu de-
termining the elestic resolution function of the diffractometer ss
well 88 the explicit depenience of the vsrious scans on instrumental
parsmeters sre closely reconsidered..To the previous results of
Caglioti, Paoletti and Ricci (Caglioti, Psoletti & Ricci, 1358,1960;
Caglioti & Ricci, 1962) and of Cooper and Nethsns (Cooper & Nasthsus,
1968 bj Cooper, 1968) there is added the calculation of the absolute
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Ne % v\.s'\-';
’he counting rate describing the corresponding Bragg pesk

is obtained introducing eq. (35) into eq.(36) of paper I. There
results:

/

(M * e LMy q +M;.‘+M$ﬁ3
TN - ey < ‘ *it L.

where:

(36)

$(Sa) {0s)
Y (e X .

I} /['& 6 l- o+l (4‘ 5&‘0{! MS: f'f) \/(271 ‘6.1,._1)(27 ( + f‘ (37\

i s < a 2 ! u’)
lr'i'\', kn‘f.m, 1 M, -y {) -.?7:«' M+ Ly
ML= M- = s A ——
e H(L W, n* 4 IS cntd 2 Lrs by,
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“ I 2 26 12y ) ba= 2rap
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Therefore, the profile of Bragg pesks of a2 mosaic imper-

fect single crystal are determined by the resolution Ffunction of the
diffractometer as well ss by the moszic spread of the sample. They

are given by the ssme formulae as in the case of the perfect crystal

in which I(GB), MiJ and lij are replaced by I'(OB), “ij and 1'13,

respectively. The half widths at bhalf maximum as well as the integrated

latensities of Bragg pesks of & mosaic crystal, corresponding to
some particular scans, sre listed in Table 1.
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fQ“ and ({, are glven by eqs. (51) and (52) of parer I, in which

according to eq. (42) 98 = 2QB. dence:
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Therefore, the Zragg peak !s described by:

. Q. \(L
~ -~

(31 = i) € e (46)

®here ID (GB) represents the maximum intensity:
T o

"o o e [ = . (47)
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3. 18 & proportionality factor:
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Copsaquensly, in the x -scale, the 131lf widths snd the

-
.
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ategrated intznsities of Bragg pesks of 5 polycrystel <re given by:
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When the Q-units are used (scele factor k; cos OB)x

.‘a‘); = \l! \QGB rjx
5. Discussion.

By a3 proper choice of the reference frame, the equiintensity
ellipsoids are direotly visuslized in the reciprocsl lasttice of the
semple. The eq. (11) ensbles the cslculetion of the width and inte-
grated intensity for sny scsn. However, in the paper only strsight-
line scans hsve been considered, there being no an evid:m: advantage
for & scan whose trajectory in —Q' space 18 a more or less couplicated
curve.,

The expressions of half widths end integrated intensities
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Qoi = g (% + 1g) An €y
At a rotstion of the reference frame (i.e.0f the sampie)
through s small angle Y (comparable with the vertical collimation
-
angles), about J-axis, the eomponents cf the scettering vector are

charnged in the following wsy:

Y

Q“ = Ny e = Qci

v

QL«'L - Qca.
(10

':o_l, = Qo hn'\Y = Ykl“‘-ﬁ-&‘x me,,\z ZL,YAQnea
As it may be seen in eq. (10) the horizontal component

of the scat:asring vector is m changed wher Y is a smsll quantity:

nhne greatar Y vaiuss are not important due to vertical collimétion.

{nnsequenily, all the results obteined in psper I  under the over-

stmolifying sssumption QD3 = ) vrest valid, and the counting rate

for u general configuration defined by misseting angles ‘f)‘jl and Y

i8 given by:

ot (Mag = 2Maq g My (T o Ma T
Kh@,,\ =.Mﬁ%)€.‘ ) 111& tﬁ%; 1{1 + (‘:743
11

q = Qe+ 3% Ta
‘LI [\ E'S v 2N (12)

In our particuler reference frama, according to egs.

(%) and 710t ‘:[ z ‘\‘. U
.. HE S : ¥

Ta - \‘I LK L‘f\ k“@fb (13.\
t} z lhl ht MV\ c-/.
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The ortimum intensity is obtained from 3g. (11} when:

-~ e “: N [ Eo T
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and the crystaliographic quantity (. (Jauss, 1950):
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the peak iasensity #ill be given by:
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2 ¥

#nere UV 1s ~ne sampie volume.
. . —¥
Forouia (11) indicates that tiae locus of points in ¢ space
for vioeh che counting rate is p-times smsilsr thar irp the Bragg

positiva (¢ = o}y 1s gn ellipsoid:

1\/111- i - "—f“ = 3. L\:l'\ > (2:‘/

Mo L, %
Conzequeut iy, taue shape v nrugg peacs L& aevendent on tne directior
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of digblacement in g space durdng *the eecan. If q_ .. % and ° zre

~pordinnten in q space, definad vy
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where according to eqs. {(i%}:

- e e e e
{ i e o8 V:\ i y‘-Z.. {9
Fys = b7 Bl ot ) o
; X4 A ‘
4.y : = ‘_-._,,_f.-._._lﬁ [ U/‘B
' o J

» 2 ffj é,,, ) (25)

e -~

the Bragg peak measured along a directzon in q space defined by the

s

anrles ¥ and is described by:



Lwm A
MCRE, FAN -1‘1\331/"’;"'
N CHERICA IS
(2o
where:
1\’1( £l = -J;V]f! ot T M Fan S T Ml s T e e 227

Taerefors, the Brs:y re2ks are Gaussians whose integrated

intensitiea and pnalf widths at nalf maximum are givan by:

HE = | fe, o te, ) Y37 (28)
J B Zer) s AR 1S X

MEEDD

Formulae (23) and (29) will be further applied to the
calculation of Rragg peaks characteristics of ideal si.gle crystals
for some usual scenning procedures.

Crystai { ¥ } scan.

- 1 .. .

In 2 { ¢ ) scan, sample cryste! ic rotated about a vertical
axis keeping th: detactor fixed in the Bragg positica In ¢his si-
tuation-Y. ="Y = O end according to egs.(2S) % =T /2 -ard

~>

5 = 0. Then 4y = q3 = 0, i.8. the inbtensibty allipsoids are scanned

alonr g, axiz. Therefore:

——

- o
e N
e = *\geJ\ﬁyxh_ (30>
Vabnn
— R -
5N ™ML

In 8qg. (30) I? and L!’ are expressed in urits oi .
However, usually, the Bragg pesks are plotted in terms of angulsr
units. Egs. (30) may be rewritten in ‘f -8cale dividing them by =
scele factar equal to 2k, sin &y (as obtained from eqé. (25)).
Hence, making use of eqs. (16), the peak integreted inteasity =nd

half width in 37 ~-a3cale are given by:
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Cryetal-detector { ¥ ., =2¢ ) scan.

~—
p
<

Iz shis soan X = -2~3)and“c' = @ . Twu =5 =0 a&nd

o = Gx - 0y Lo the scamning is psriorzsd aloog 2y axis, Hancae:

R

T (.51)
. fate )
Lg)'.'f = ‘ ™. a7
and io -8cale; .
‘ g = zta%\,\gf%
{ Y 2.5 (3L°;
do . =Ny =T
31 lf Yoo

(the scaie factor ie now Zk, cos @)

Detectcr (X, scan.

Waen the Cryvasal is Xept fixed in the RBragg position :2adl
the detestor I8 rotated (<= w =9 ), §-©, aad ¥ = o. Then:

-

-t N
CL, Rl B JEFL- N

z Lo ‘
ix >R ,0.“6,)

,qs - v
end: ‘ —_
- ae el
dx = -"\69) ‘\‘ - a v ) . . Can -
\ s @lg *2 ‘r;_m% Mt%lB + Maa e ey (Q,

o

[l A -
it - - . [ s
bx = \ ™, u-\a'é'.'._, v 2T w0Bg AT+ Mag kT

In X/2-scals (scalizg factor 2K oo

M e HR N DB
T \“‘ - 2-?_-1 R
e e T T \ic
X e e
v TN L AL .

I Toe erystel is roteted “rop the Erewy pogani.m fo 0ot
3 4 P 5 -~ . .
d-axis ! N =2 =T 32Tz s d.2. tua sczopiig it sz
2.00g Jx 8xie. The integrste? intemsity znd ke h2l® width cx tr:
P "
pesk are ib this csre:

N P
= .
W T ‘\\D‘,\ ._—{;-'“—
N,
S (33)
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Trhe A creiliclents definipe in 2a. (23} vhe equiianbensity
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3

‘1iivsoids ere rothing €lse than ths slemenvs of tpe resclutiom nmetrix
covresponding Lo Brsgg posibion of the sample. That mezns, in tnass
arsicuiar poinks of (§, 4 ) space, the resclubion Tunction of the

aTfrasiomsier nuy be divectly determined :xperimenbally froam the

e PR ER i g ST, . o~ £ T - - - ~ o o iy . ~ vy ¢ y o - 3
sute oand iogenaivles of Tragg peeks of = perfect crystal, measured
veaided Socnb:ig audes (Cooper § Nabhaas., 1968 b).

woaete laperfect single crystel,

roEs cecbion of 2 mosaic imperfect cryseal way ve cbe-

’1ns che creoss sectica of a perfect crystal with respsct

S

iz cossic plock distribubion (Cocper § Nethons, 19638 2.

Jren a certain reciprocal vector ¢ the most Probable wmossic
ige4s 18 oriented agairss ne {-axis (i.8s. 5 z-3l }, %nha corres-
.oading reciprocs.i vectur attacned to 3 mcsaic block, described by
aorizoatal snd verticel mosaic angles < and ‘fs , respectively,

8 gilven by:

-

Rl Ak R R A
f, >, , |

=~ - GT . Gf“"i “'G\T\C

Thens : S S .
Al \ “'_J_'E (\'(,\(_ f"*‘-)‘) G(’f‘) u;(\.*,‘:\ I, cﬁ'\*“

e rr— T

o ) A (34)
where Gxﬂ\and O%)are the distribution functions of the mosaic angles.,
When they are Gaussisn functions with half widths L. =klewlwlqs 8n

( , respectively, the scattering cross section becomes;
e 54

=k2€n1§h'i
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