
Ч , Ы Д„1 H i И Н О Г ( 
/ И С И ' Г У Г Д 
Иде и н ы х 
И С С A t Д О В А Н И И 

Л У Ь Н А 

" " " Н И И IIBHinwfr-

Е2 - 7890 

N.B.Skachkov 

A NEW INVARIANT DESCRIPTION 
OF THE JNUCLEON MEAN-SQUARE RADIUS 

ЛАБОРАТОРИЯ 
ТЕОРЕТИЧЕСНОИ ФИЗИНИ 



We regret that some of the pages in the microfiche 
copy of this report may not be up to the proper 
legibility standards, even though the best possible 
copy was used for preparing the master fiche. 



RANGE OF JINR PUBLICATIONS 
The preprints and communications of the Joint Institute for 

Nuclear Research (JINR) are considered to be original publica
tions. They are published in accordance with Article 4 of the JINR 
Statut. Difference between the preprints and communications consists 
in that text of the preprint will be published in future in one of 
scientific journals or in aperiodic collections. 

Indexing 
The preprints, communications and deposited publications of 

the JINR have a single numbering (four last figures of the index). 
The first sign of the index - a letter, denotes the language 

the paper is published in: 
" P " - published in Russian; 
" E " - published in English; 
" D " - published both in Russian and English. 
The preprints and communications, which are distributed only 

to the Member States of the JINR, have no letter-index. 
The figure following the letter denotes the subject category 

of the given publication. List of subject categories of the JINR 
publications is sent periodically to the recipients. 

Above-described index is placed in the right upper corner of the 
cover and on the title-page of each publication. 

References 
In bibliographical references to the JINR preprints and commu

nications we recommend to indicate: author's initials and name, 
an abbreviation of the name of the institute, index, place and year 
of publication. 

An example of bibliographical reference: 
1. I.Ivanov. JINR, P2-4985, Dubna, 1971. 



E2 - 7890 

N.B.Skachkov 

A NEW INVARIANT DESCRIFITON 
OF THE NUCLEON MEAN-SQUARE RADIUS 



©1974 Объединенный инсяитуш ядерных исследований Дубна 



The nucleon mean-square radius is defined from the 
expansion of form factor F(t) for small momentum 
transfer t = q 2 = ( p - k ) 2 

б 
F(t)=F(0) + l -< r 0

2 >t + . . . (i) 

or , identically 

6 £Ei«L| 
< r 2 > d t ' = n 

<r > . ( 2 ) 

F(0) 
To make correspond the mean-square radius thus 

defined to the spatial distribution of a nucleon it is usual 
to choose a special reference frame, the Breit frame. 
In this system p = -k* because of that the time component 
of momentum is zero q,,= p o - k n = 0 and the four-dimen
sional Fourier transformation reduces to the three-
dimensional one 

f ( ' ) - - - Ц / F ( - q 2 ) e dq. (3) 

By means of thus defined spatial distribution for a 

cleon 
formula 
nucleon <Гд > in the Breit system is determined by the 

.(ii)fF(-5»)«l_ ^ 2 g ? V „.«„„, 
2 ^Ч Ч = 0 да 

F(0) F(0) f f ( r )d r 

(4) 
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However, such a description oi the spatial distribution 
of a nucleon is not satisfactory since in the Breit system 
the nucleon itself is moving. 

In the present note we will show that this difficulty 
can be overcome if in describing the nucleon spatial 
distribution one makes use of the introduced in ' l r e -
lativistic configurational representation which, as will 
be seen below, provides the invariant description of the 
nucleon spatial distribution. 

To this end we note that on the mass shell * P0

2 - p 2 = M2 

the momentum transfer squared t = q 2 ^ ( p - k ) c a n be 
expressed through the 3-vector Д = p(-) к which is the 
difference of two vectors in the Lobachevsky space * •• 

-I . к рк 
f-)k - i \ ' k)=»p - . ^ - ( p ~ — ) , (5) 

I' M 0 к .. 4- M 

, , , ,. > P » k ( ) - P k „ 2 ->2 ( 6 ) 

Л - ( p i - ) К ) = = V M \ \ 

in the following way 

t = ( p - k ) 2 = 2M2 -2pk = 2 M 2 - 2 M v M 2 + A 2 . (?) 

Consequently, in any reference frame form factor F(t) 
is parametrized by the square of 3-vector of momentum 
transfer that belongs to the Lobachevsky space ** 

F(t) = F ( A 2 ) . ( 8 ) 

The equation P0

2 - P = M2 defines in the Minkowski 
space the surface of hyperboloid on the upper sheet of 
which the Lobachevsky space is realized •/*-5^. 

\ .The Lobachevsky space first was applied for des 
cription of form factors in •'•'.' 



The group of motion of the Lobachevsky space is the 
Lorentz group. Therefore in-' 1/ it has been suggested 
to introduce the coordinate representation in the rela
tivistic theory by means of expansions over the unitary 
irreducible representations of the Lorenta group 

F(r)- J _ J £ ( 5 , O F < A * ) < f <9> 

which are realized by the functions: 

f ( A , f ) = (-
Дп-An (10) 

(1^ = 1 ; 0 <r< 

explicitly found in ' '• In doing so, as is snown in' ' , 
the parameter r plays the role of modulus of the radius-
vector of the relativistic relative^ distance, since in the 
nonrelativistic limit when A = p (-) к -> A = P (-) K* the 
functions (10) turn into the usual plane waves: 

f ( A . r ) — e ' ' ? . 

The modulus of the relativistic relative coordinate 
r is the relativistic invariant because it determines the 
eigenvalues of the invariantAoperator,^the Casimir ope
rator of the Lorentz group С = tf2 - M 2 , on functions 
(10): 

Cf (A ,"»)= ( N 2 - M 2 ) f ( А , 0 = ( ^ + г 2 ) ^ (A ,r) . (ii) 
M 

Thus, the function F(r) defined by (9) provides in the 
relativistic configurational representation the invariant 
description of the nucleon spatial distribution in any 
reference frame including the rest frame. 

In the nonrelativistic limit the Casimir operator of 
the Lorentz group becomes the Casimir operator of the 
group of motion of three-dimensional Euclidean raomen-
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г) 2 
turn space, i.e., the operator (1—7;) in (14). The 

r?q 

eigenvalue of the operator (1-3-)" on the functions 

e'<ir* , as is seen from (3), is the square of nonrela-
tivistic relative coordinate r 2 . 

It appears that the invariant description of the nueleon 
mean-square radiu.s (1), (2) has a group-theoretical 
interpretation. Employing the fact that in the spherical 
coordinates 

\ =Mch\; \=- M sli у (sin У sin .i .sine cos ф , cos<£) 

the Casimir operator of the Lorentz group has the form 
of the Laplace operator on hyperboloid 

М- . ' л " М ''-\ М shy 

(the hyperbolic angle \ in the Lobachevsky geometry 
is called "rapidi ty" •• ) it is easy to verify that in 
virtue of the spherical :;ymmetrv one has l ;(t) -
- F I 31 2 ( l - ch \ ! | 

- L. , , F ( I )

 6

 C ' F ( 1 ) 1 
I C F ( t ) | : о M a й 2 ' v = « in '<-<> 

F(0) F(0) F(0) 
(13) 

Expression (13) coincides with the invariant definition 
of the mean-square radius (2) which can now be connected 
with the invariant function F(r) describing , in accor
dance with (9), the nucleon spatial distribution in an 
arbitrary reference frame •'' 

2 ~J7~1^ KN 2 -M 2 )F(0l! 1 = 0 

<t > - = , = 
F(0) F(0) 
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Г(—5—5 + r2)F(r)dr"* 
М 2 с 2 

j F(r)dr М-с* (14; 

Hence it is seen that the relativistic relative coordinate 
describes the nucleon s t ructure beyond its Compton 
wave length. 

Due to the spherical symmetry of the form factor 
F(t) transformation (9) and its inverse are as follows: 

F( r) = — f - i — F ( Л 2 ) .sh\ d ч . (15) 
2-2 r M sh ,y 

F ( \ V - - 3 r f F(r)fMr. (16) 
г M sh \ 

For the form factor Ф <\ ) *- —— F(t ) witii the same 

normalization condition as F ( i ) , i.e., <l> fO) = F '0) - 1 
transformations (15) and (16) take, the form of the conven
tional transformation with the zero-order Bessel func
tions, where, however, the relativistic coordinate is 
conjugated not to the momentum transfer but to the 

- , . . 2 _ 
" r a p i d i t y " \ = Ar ch ( — ^—'•corresponding to this mo-

2M 
mentum transfer. 

Choosing different forms of the distribution Ffr) , 
we obtain various expressions for the form factors 
Ф(\) and F(t). In part icular , to the localized in 

г - space part icle F(r)= -±LL (i .e., localized in the 

size of Compton wave length) there corresponds, accor
ding to (17), the form factor 
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2

 A r c h ( 1 ? J F L ) 

F ( t ) = - i - = 2 M 2 — — — - — — . (17) 
shy 5— 

V t ( t - 4M 2) 
decreasing at large 111 by the law 

fciLL 
2M wo - 2м2 —— ( 1 8 ) 

| . |»4M 2 l [ I 
- a , 2 

To the Gaussian distribution F(r)=e there corres
ponds the form factor 

_ х?Л 2 

F<0-•=-,/•=••-£~e *° (19) 
a 2 shy 

which has been obtained earlier by analogy with the 
nonrelativistic form factor i n 7 ^ and whose asymptotic 
expression 

JiL - M V ! 4 
2 M 2 2 * i 2 

F(t) -
[ l | » 4 M 2 |t 

coincides with that of the form factors introduced in ' 8 ' . 
In / 7 ' 9 / it has been shown that the form factors of the 
type of Gaussian distribution over rapidity describe, for 
certain values of parameters, the experimental data better 
than the dipole formula. 

Thus, we see that the relativistic configurational 
representation introduced in M allows one to describe 
in the invariant way, the nucleon spatial distribution. 
In doing so, the nucleon mean-square radius in an arbit
rary reference frame can be connected with the spatial 
distribution in the new coordinate space. 
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In conclusion the author thanks sincerely V.M.Dubovik, 
A V.Efremov, V.G.Kadyshevsky, V.A.Matveev anc! 
V.A.Meshcheryakov for useful discussions. 
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