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1. Introduction

In the algebraic description of a quantum field, first
given in 1.8, . the Wightmann functions W (xl,...,xn) are
collected to one functional W(f) on the algebra(i= a,+id,
of !est-functions. Hence the Wightmann functional is
uniquely determined by the hyperplane E -=kerW, the
kernel of W . The positivity of the Wightmann functional
¥ leads to the property that the cone K of positive ele-
ments of (i, lies on one side of E, . The other proper-
ties of W, the locality, the spectrality and the invariance
lead to the fact that E_, contains a certain linear space
L, the so-called Wightmann kernel.

In this way the existence problem for quantum fields is
transformed to the problem of finding all hyperplanes E .,
in (io with the properties mentioned before. Therefore to
prove the existence of Wightman (type) functionals with
certain properties one canapply the weil-known seperation
theorems for convex sets in locally convex spaces. This
method was outlined already in 76,7" _ where it was proved
the existence of certain functionals with the property of
positivity only. Further results in this direction were
obtained in - 23  where the existence of certain Lorentz
invariant positive functionals could be proved. Recently
in "% a general extension theorem for linear functionals
on a subspace M of 1, to a Wightman (type) functional
on (j{, was proved. In this paper we describe a method
to prove the existence of fields with certain properties
by applying this general extension theorem. We give a
simple proof on the existenre of a local invariant quantum
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field (without spectrality) different from a generalized free
field. We are convinced of the possibility to prove in
analogous way also the existence of quantum fields with
more difficult properties (non-trivial fields).

2. Geometric Interpretation of the Wightman Functionals

A quantum field #(x) (neutral, scalar) is uniquelly
determined by the Wightman functional

W) = ng.of W (x l,...,xn)fn(xl ,...,xn)dxl...dxn )

W (x % ) =<0 [$(x) )odblx_ )]0>,
, . 4

f“(xl s X )e Sn.—S(R IR

where
fmtf g ()b f (X ek 0, 0,00 1
is an element of the field algebra
&=|50®|Sle182®___'~50=c. (2)

@ is the tensor algebra over the Schwartz space'$ =& (R4).

(# 1is a locally convex topological + -algebra. The invo-
lution is defined by

(f’:‘ ) (x] "“’Xn )_—“fn (xn"'-rx l)a (3)
the multiplication by

(f.g)ll (x ek, ) = , o (xyuxp)g (Xgyy ek ) (D)
+k=n

and the topology r by the system of seminorms
®)

SN S 00 LN B



where (y ) is an arbitrary sequence of positive numbers,
(,, ) an arbltrary sequence of nonnegative integers and
”f ” , v=0,1,2,. the denumerable system of semi-
norins” defmmg the topology of '8 . Some properties of
the topology r and of another 1mportant topology 7 in
@ are investigated in ‘%%

The hermitean part uo of the fieldalgebra ( isgiven
by

@0={fGG ; Ex=F1. ®)

By K9 we denote the cone of positive elements generated
by f*.f , fe @ ,and by K=K, its topological closure. K is
also a cone /6/

The nghtman functional W(f) is characterised by the
following properties

1. Positivity
W20 for fc K Q)
and W(1)=1, where 1={1,0,0,...} is the unity elementof G .

In /Y it is proved that the continuity of W is a consequence
of the positivity.

2. Locality

W(f)=0 for f clp,. , ®
where Iy,  is the two-sided ideal generated by the ele-
ments fu(xv(l,...,x")=g1 (...,)'(j X ,...)-—gn (...,x'(j+l Xy yere)

. 2
with g"(x'(l X ) =0 for (xjH—xj) > 0.
3. Spectrality
w(H=0 for f € lsp R 9

where 1, is the linear space generated by £ (%o, X,)
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ith 1 1 e dx | ...dx_=0
wi fn (Pl ,----,Pn )= W f € fn(x ',...,Xn) 1o n=

k — n
{ore s Pp eV * (the closed forward cone),p }l] py =0 ,
=] =

k=1,2,.., n—-1,
4. Poincare invariance
W()=0 for f 1, ' (10)
inv

where I;,, is the linear space generated by the elements

- -1
L0y v Xy )= (X ey Vg (AT (X)) A (x =)

=g, —(A,a)g

Since W(f)is a positive functional, it is hermitean and
therefore a real positive functional on the semiordered
space (i, with the closed cone K .

Let 1=%(lg,. .., .}, ) be the closed linear sub-
space generated by these three linear spaces. Since f*c]
if f<l, the linear space |1 has the decomposition

I=L+il, : (11)

where L is a real subspace of Go .We call 1 respec-
tively L the Wightman kernel. Collecting all mentioned
properties we cazn say that a Wightman functional W(f) is
a (real) linear functional on the real linear space (§ 0 Sa-
tisfying the following properties.

Wightman functional

a) W) >0 for f cK

(12)
b) W(f)=0 for fFeL
¢) W(l)=1



Letbe E, = kerW =l (< (t,; wW(f)=0L

Then E y is a hyperplane in ({,.Since we assume the nor-
mality W(1)=1 the correspondence between E, and ¥ is
unique. So we have proved

Lemma 1
There is a one-to- one correspondence between a gquantum

field #(x) with the Wightman functional ¥ and a hyperplane
E . of (i, with the properties (Fig. 1)

a) the cone K lies on one side of E
(13)

by LcE .

/ " Figure 1

Thus the problem to de.ermine al! quantum fields ¢ (x)

(neutral, scalar) is equivalent to the problem to determine
all hyperplanes i of (i, with the properties (13). This
conception of determining of the Wightman fields we had
already formulated some years ago in-‘’/. Some results
in this direction have been obtained in 2%/, where pro-
perties of pcsitive functionals of the Wightman - type
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(satisfying notall conditions)are proved. Recently Wyss 9,
proved some theorems about the extension of linear func-
tionals in (¢ to positive functionals. Let M be a subspace
of G, containing the identity 1 and T(f)be a linear real
functional on M normed by [(1)}1. T is then uniquely
determined by its kernel

ker T={feM; T(f)=0 |

Question: Under which conditions does there exista
Wightman functional W(f) being an extension of T, i.e.
W) =T(f) for f = M?

That is equivalent to the gquestion under which conditions
there is a hyperplane E, satisfying (13) and containing
L and ker T.The answer to this question is giver by the
following

Theorem 1

There exists an extension of T to a Wightman func-
tional W if and only if one of the following equivalent con-
ditions is satisfied:

i) Got X+ L+ kee T,

—_— (14)
i) ~1¢€ K+ L +ker T,

where the closure in K+ L+ker Tis taken with respect to
the topology r (5).

In what follows we shall demonstrate how one can prove
the existence of quantum fields with certain properties,
but we cannot yet exclude the trivial fields.

3. Existence of Wightman Type Functionals

The next lemmas are important for the method proving
the existence of certain Wightman functionals which we
shall demonstrate in what follows.

Lemma 2
i1 f €1 then



i fn(x] e X )dxl... dx =0 or equivalent

£ (0,..,0)=0. 1%
n
U fe 1'-£0, 1 ) then
o iny (16)
ffn(x seeenyX )dx =0

Proof: -
i)For I ety orl,, or l,,, itfollows {(0,..,0)=0
For instance, if f € 1y, has the form

f—fn(xl,...,xn)- g, (..x i ,xj+l veed ) -8, (.oo.X,

X ...
i+

then it is f (0,..0) = 1”)2.. B (X ) Lok =0.
Analogous for = . f@lsp ,f(0,...,00 =0 holds by defi-
nition. Since f f(O 0) is a linear contmuous func-
tional on @ ,f, L0, 0)=0 holds for any f<l = .f(lv ).
(‘ ‘ip inv
ii) If
f=fn(xl,....,x u )=gn(....x§ X o) g G SRR ~) €l

then [f n(x yeenyX )dx =0
and analogous for f =F &1,
n inv

In consequence of the continvity and linearity of the func-
tional f - ff (x,.,x)d _
we have proved (16) for any fcI’ = £ (L ,lmv ).

Let P »e the algebra of all real polynomials p= Zoa v,

=R in one real variable, equipped with the gtrongest
locally convex topologyrp . The set chof all positive
polynomials, p(t) »0 for all realy, is a cone in ¥
With this cone $ becomes a semiordered space.

Lemma 3:
Both the linear mappings of &, into ¥ defined by
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=ity 0 x ), fo®,x,),...1€ 8

n
t

~

f -f=f@)= 3

f fn(x‘,..,,xn)dx ....dxn

0 (2> !
= I f (0.0 an
n>0 n
and
fof=f() = 3 " J () (18)

are continuous and posmve i.e. if f€ K then f fe Ko .

Proof: .

The mappings f +f and f - f_  are continuous on
the subspace §,o=@ 0”5 of the homogeneous elements of
degree n. Since C\) [r]1 is the topological direct sum of the

o . the continuity of these mappings on ({, is proved.
Further, since the cones K and K# are closed, the positi-
ﬁOf the mappm_E/(l'?) and (18) is proved if we show
) cK and (f¥ -NeK, for every fc({ . Now itis

(r: -£)0,.. 0) =f (o,...O)Tn {0,...0)

and therefore
= - - 2

n - m
f -r=n>_20 t k+2g=nfk(0,...,0)fg (0,....00= | 3 £ (0,...,0] 20
- (19)

for ali ¢, i.e. f 7 -f €K.

~
For (f *- f) we can conclude on the following way

g ”

£ eh= 3 5 [ 1 0)f (x,.x)d
( ) nZOt e 1) seeoX ) (X,0X)
k- £
=/ Z T ot ik(x,...x)t f(x,..x)dx
n>0 k+f=n ¢

io



cf s o x.x) x50 (20)

for allt.
Now we can state and prove

Theorem 2
Let

o
M=tg=A@uf; A,u€RI, £=(001,,0,..) < K

with f 4{0,0) 3 and T the linear functional on M de-
fined by T(f)—/.‘ ~0, T (1) =1.

Then there exists a nghtman functional W(g) (local, con—
vex, invariant) which is an extension of Ti(g).

Proof:
In consequence of Theorem 1 we have only to prove

-1 ¢ X+L+kerT.
Now kerl =lA(-f1@f,). Ac R!
If -l1cKx L+ker T, then 1t would ex1sta sequence

a a

K v 2% v eKeL+kerT, kK%K, 0%2L,

TN -B1@f, ) cker T with k% + €% 4+ v —— 1.

fa} is a directed set of indices. By applying the mapping
(17) we obtain

~ A

a+’éa+va—» -1 21)

in Y. From Lemma 2 (15) we get ¥ =0  and therefore
it follows

K20A%f, @c¢” —A%8 — -l @2

with respect to tiie topology 7y of P.
In consequence of Lemma 3 the zero-component of



k“ is positive and therefore A%~ 0 for « zu,
Further we take a_t,, such that IZ(O 0)(., -8 >0

Then K (t ): A" (f, (00N -8) " for a>a,

This is a contradxctmn to (22), since from the convergence
with respect to 7¢ it follows the convergence for any t
Thus the Theorem is completely proved.

Theorem 2 states the existence of a Wightman functio-
nal and consequently also ofa field. Of course this Theorem
says nothing about the existence of nontrivial fields, since
we can find a free field ¢ (x) the Wightman functional
¥, of which is an extension of T,i.eWo([)=T(f).

The proof of Theorem 2 is only the simplest example to
demonstrate, how one can prove the existence of fields
with the help of Theorem 1.

A more general result we will obtain with the next Theo-
rem. We start witha test function g, (x .x ,.x .. 4)6(1'001 the
form

X ,X X
84(

g oKy X ) =hix dulx g ) hixy) (23)

3’
with the properties
h(p)=h(~p)20, u(p)=u(-p) =0 (24)

Further we take h and u in such a way that supp f and
supp u are compact and

- 2 -
supph C ipip >01, supp ucip;p2<0l (25)
We can choose g, in such a way that

jgé(x,x,x,x)dx =(2ﬂ)2f5(pl+p2+p3+p4_)h~(pl)ﬁ(p2 ) x

><L'f(p3 )E(P4)dp|"‘dp4 >0, (26)

since for the point (pl,pzp.?pjf) in Fig. 2 the integrand on
the right-hand side is positive.
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Figure 2

Theorem 3
Let M.-.§f=,\1@pg4;,\ ueRl

be the linear subspace

of ({ g generated by 1 "and g, and Tf)=a+pp ,

T(ggy )= >0 a linear functional on M.

Then there exists positive functional W(f) on 4o ,
for

which is a continuation of T and satisfies W(f})=0

fcl, I'=L’+il’= 81, ,1_ ).

EOC ’ inv

W(f) is then a Wightman-like functional. It is local and
invariant. By¥ we can construct afield ¢ (x) which satis-
fied all assumptions of the Wightman axioms except the
spectrality. The field #(x) obtained on this way is different

from the generalized free field, since

W(84 ) =<0 (hlpu)d(u)pth)j0>>0,
but for a generalized free field ¢ gon it holds dagen ()= 0.
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Proof:
Analogous to the proof of Theorem 2 we have only to

prove
-1 ¢ K+L +ker T,

27

where kerT={A(-Bl®g );A ¢RI
4

Let k® + 2%+vcK+L "+ kerT, k% cK, %L’ and
vE= A2 (B1 @g")chrT be a sequence with

PR R S |

(28)

ing with respect to the topology r. Now we apply the
mapping  —f (18) and get

“ i (v

K% + 0% +v%l] (29)
By Lemma 2 ii) it is ;"“ = (. Therefore
k%) +N (ct* - gy — -1, (30)

with c¢=fg  (x,x,x,x)dx ~0 By the same conclusions as in
the end of the proof of Theorem 2 (30) leads to a contra-
diction. Thus (28) is impossible and the Theorem is
complctely proved.

Since for the points p, ,p,. p,{, p4 of Fig. th(pl.pz,pd,p')xo
and p; . p *Pp. Py tPy+py cV? 9 *Py *P,
g4 is not an element or I Thereflore one can hope with
methods analogous to those demonstrated before also to
prove the existence of an extension W(f) of T(f), which
satisfies W(f)=0 for fcl_, . Then W(f) would be a full
Wightman functional of a r1efd different from the genera-
lized free fields.
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