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ABSTRACT. -

The performance of an energy loss spectrometer is reported 

together with a detailed discussion of the basic parameters of such 

a system and in particular the second order aberrations. The sy­

stem we hare constructed consists of two uniform field seventy de­

gree bending sectors in a configuration symmetrical to first order, 

wifci an image point in the symmetry plane. The system has been 

tested with the LEALE-LNF low energy positive and negative pion 

beams. The magnets were set at zero degrees fating each other. 

The contributions of the aberratiuns and of multiple Coulomb scatte 

ring in air, Helium and thin windows to the momentum resolution 

of the two magnets s y s u m have been evaluated and the total rnomen 

turn resolution compared with the experiment at various energies 

for positive and negative pljns. 
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1. - INTRODUCTION. -

A large amount of information on nuclear structure has been 

obtained through the elastic and inelastic scattering of high energy 

particles on nuclei. 

Since the nuclear levels arc closely spaced, careful measu­

rements of the energy transferred in the target nucleus can be ob­

tained, only if the resolution is sufficiently great. 

Such resolution has been achieved previously with a highly 

monochromatic incident beam and a comparable energy resolution 

of the scattered particles. Unfortunately, the beams from high 

energy accelerators, i .e. primary and secondary beams, are not 

very monochromatic. (The energy resolution of the beam accelera­

ted by an electron linac is usrally not better than 0. 01 ). For this 

reason onlv a small fraction of the produced high energy particles 

can be used for high resolution scattering experiments thus limiting 

the useful beam intensity. 

In order to overcome this limitation, a different approach was 

suggested previously - to the problem of designing the best magnetic 

spectrometer for analyzing high energy particles before and after 

scattering. The significant requirement was not the energies of the 

incident or scattered particles but the energy difference. This ener 

gy lost in the target can be directly measured with higher accura­

cy than the two individual energies and over a larger energy spread 

of the incident beam. 

2. - GENERAL CONSIDERATIONS. -

To simplify our discussion we will consider a magnetic appa 

ratus totally achromatic with an intermediate chromatic image. This 

is schematically indicated in Fig. 1, which represents the median pia 

ne of the system. Axis AA1 is the intersection of the plane of sym-

3. 

metry on *he median plane. Axis FF' is the intersection of the fi­

nal focal plane of the second magnet on the median plane. 

SECTiOH I SECTION E 

FIG. 1 - Trajectories on the r ìedian plane of the magnetic 

spectrometer, when the second magnet is at 0U and there is 

no scatterer along AA'. The solid lines represent the trajec 

tories with the central momentum and 0 = 0, +0.126 rad. 

The broken lines correspond to particles with J p/p = 0.1. 

The figure shows the second order aberrations of the system 

which produce a deterioration of the resolving power and 

a tilting of the focal plane. L = 0.715 m; R = 0. 5 m. 

In the first order approximation the particles emitted from 

S are analyzed by the first section, I, along the axis AA', where they 

arc dispersed according to their momentum. The second section, II, 

has a dispersion equal and opposite to that of I and, therefore, brings 

all particles bock together at S' on axis FF , irrespective of their 



4. 

initial momentum. The detection countei s are located on axis. 

If a target is inserted along axis AA\ the particles, which have 

l e t different amounts of energy in traversing this target, will focus 

in different points along FF'. However, the particles, which have lost 

the sairo amount of energy, will focus again in the same point to 

wxthin certain approximations to be discussed later. 

Let us call Mi the magnification and Dj the dispersion of 

the section i (i = T, II). Then, assuming a point source, th*. position 

oi a particle along the axis FF' is given by: 

U ) X F = M I I D l V D I i r H 

where: 

P.-Q. 
(2) r « * * - i » i , n 

i Q. 

is the fractional difference between the momentum Pj of the particle 

entering section i and the momentum of the central ray Q.. If: 

D n = -MnV D 

p p i ii 
XF-{-Q--^L) D 

W I ^ 1 1 

QrQn=Q 

*F"<prVi 

To perform scattering measurements at angles different from 0 we 

rotate the second section around the AA* axis. As the intermediate 

dispersion is along this axis, the rotation does not change the achro 

(3) 

and if 

(4) 
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maticity of the entire system. This i s obvious for trajectories lying 

on the median plane. Proper consideration must be given to the other 

trajectories. 

3. - SYSTEM PARAMETERS. -

The performance of a simple magnetic system based on the 

principle of an energy loss spectrometer is reported in this article 

together with a detailed discussion of the basic parameters of such 

a system and including the second order aberrations. 

The system which we have constructed and tested was origi­

nally suggested to study low energy pion-nuclei scattering. It con­

s ists , Fig. '., of two uniform field, 70° bending sectors in a configu 

ration symmetrical to first order. The basic parameters of each 

sector are given in Table I. 

Due to the symmetry of the system, we will focus our attention 

upon the first section. From Table T we obtain the first order matrix 

element of section I : 

TABLE I 

Deflection angle of the central ray o » 70 

Field gradient n s 0 

Radius of curvature of the central ray R * 0. 5 m 

Width of the poles w » 0. 22 m 

Distance of the poles d * 0.058 m 

Maximum magnetic fleld B «21 KOauss 
, max 

Maximum momentum acceptance à P / P * + 0.05 
Maximum solid angle AQ • 0.01 sr 

Maximum angular acceptance J 0 o « + 0 . 1 2 6 rad 

Object and image distance from the magnet's L - 0 . 7 1 5 m 
aces 
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(5) (x/xQ) = Mj = - 1 , (x/ y ) = Dj = 1 meter, (x/0o) = 0 meters 

where xQ and 0 o are the radial and angular displacement of an art» 

trary ray measured from thecentral trajectory at the source S, and 

7 = 7j is the fractional momentum deviation of the ray from the as­

sumed central trajectory. 

3 . 1 . - T h e s e c o n d o r d e r a b e r r a t i o n s and t h e m o m e n t u m 

r e s o l u t i o n of t h e f i r s t s e c t i o n . -

The energy resolution of the entire energy loss apparatus is 

not better than that of the first section. Therefore, we will discuss 

this matter in some details using the first and second order matrix 

notation for beam transport systems. 

The displacement of a particle from the central ray in the 
Ci) median plane is given by '' : 

(6) 

x = (x/xo)xo+(x/0o)Oo+(x/y ) y+(x/x2)x2+(x/Q^)9^ + 

+<x/ y 2 ) 7 2 + ( x / x o 9 o ) x o e o + ( x / * o *)xo y + ( x / e o y > V 

If the coefficients of the transport matrix (x/xQ), e tc . , are calcula­

ted for the transport from the object S to the image on the axis AA', 

then x is the displacement along AA'. These coefficients can be cai 

ciliated theoretically if reasonable assumptions are introduced for 

the shape of the fringing field. For a sharp cut-off fringing field 

(SCOFF) the resulting coefficients are listed in Table II (with the 

symbols defined in Table I). 

The second order aberrations produce a deterioration of the 

resolving power and a tilting of the focal plane. The tilt angle i s 
(4) given by : 

7. 

(7) i <*/<Lr) 
o 

R ( l - c o s a ) l x / y ) 

TABLE II 

R 

U / y ) = L s i n o + R ( l - c o s o ) (x /x 2 )« 8 i n « 
° 2R 

Lsi 2 
U / x o " o > * — ^ ^ +sino coso (x /x .y ) = s i n

2
0 + L - f l n o 

° R 

2 ' 2 
*• R z 

( X / Q 2 » _ .Rj l -cosa) . l » ¥ 2 
U/0o) 2 ULita,|jtco.«) + JR(,.2)lln2) 

Weor)»Lsina(sino+-ip + R 8 i n « ( l - c o 8 o ) 

(x/yV.R!yi__L8ina 

The tilting of the local plane is particularly troublesome because st it 

tering experiments at different angles must be performed by rotation 

of the second sector around axis AA'. Therefore, correct experimental 

results can be obtained only if the focal plane is made coincident with 

the symmetry plane ( i .e . W'O). The effects of the aberrations can 

be minimized by reducing the size of the second order coefficients 

appearing in equation (6), 

(5) 
It has been proved that not all these coefficients can be 

simoultaneously cancelled. However, two coefficients can be made 

equal to zero by introducing curvatures C j and C« at the edges of 

the entrance and exit pole faces respectively of the magnet. Introdu­

cing Cj and C 2 the coefficients in Table II can be rewritten as shown in 

Table III: 
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TABLE III 

i i \ L s i n a 
U / x J « c o s a ­ li 

T 2 • / # « . - , . „ • L s ing (x/0o)= 2L cos a + R sin a ir 

l x / / ) « L s i n a + R U - c o s a ) 

. . 2. s ing ._ s ina v . Lcosa ,„ . 
< x / V = - 2 ~ ( C r " R " " ) + " 2 R ~ " ( C l + C 2 C 0 8 a ) 

2 
(x/x 0 ^ L s i n g ^ - ^ y ^ + s i n a c o s a U + L C j + ^ - l ^ t C . + C - C o s a ) 

O O I K £ tl 1 £ 

( x / x o y ) = s i n 2 a + L [ - 5 ~ - + C 2 c o s g (1-cosg )] 

A 2 
, / n 2 . L cose ,_, ,_ , R ( l - c o s g ) Lsina , L sing ,„ sin a v ( x / e o ) = ~2Ìi < C 1 + C 2 c o s a ) - 2 _ - r _ + - _ r - - ( C j — - j - H 

2 
+ Lsina cosa(H-LC 2 ) -» - R S

2
n a ( H L C 2 ) 

(x/Ooy )= Ls ing(s ina+-R)+LC 9 ( l - cosg) (Lcoso+R8ing)+Rs ine( l - cosg) 

(x/ r 2 ) « y - [ RC 2 ( l -cos a ) 2 - s inVj - Lsin 

The most serious aberration is caused by the tilting of the focal 

plane. The second is the sperical aberration due to the second order 

terms in 0 2 These two aberrations can be cancelled by setting: 

(«) (x/e0r)«o, (x/oJ)«o 

9. 

which in our case implies: 

V'm'1, 
and 

(9) C 2 = -5 .66 m -1 

Vc~ = °* 1 4 3 m 

°.j = y r - • 0.177 m 

Unfortunately these values for the radii o . and p 2 are com 

parable with the width, w, and the distance, d, of the magnet poles 

given in Table I. 

Therefore the SCOFF approximation is no more valid and 

some corrections must be applied to take into account the shape of 

the fringing field. This has been done empirically by using a floating 

wire hodoscope to visualize the particle trajectories. We first studied 

the reduction of the focal plane tilting by shaping the exit poles. 

After some trials a good compromise was found for their mechanical 

profile by splitting each pole in two halves with different radii (see 

Fig. 2): 

(10) * m 2
s - 0 . 1 2 meters <? m 2 =-0.22 meters 

The best reduction of the spherical aberration was found succes 

sively by shaping the entrance pole with the following value for the 

radius: 

(11) Cml * ° ' 0 9 1 m e t e r * 

To compare the values of the radii given by eq. (10) and (11) 

with the theoretical prediction, of eq. (0), the formula suggested by 

Enge , modified for our actual fringing field, can be used to derive 
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thr effective magnetic curvature of the poles : 

(12) c,«- ( i - 1 . 2 ) 
1 ( P .+0. 8d)cos° a . 

mi i 

where d is given in Table I and ai it the entrance (exit) angle which 

in our case is zero. 

\ 

Cent »-«/ £*> 

FIG. 2 - Schematics of the shaping of entrance and exit 

poles (first magnet). Entrance pole edge radius: Q .* 

-0.091 m; exit pole edge radii: I Q' J «0.12 m, | o " A 

•0.22 m. 

Inserting our values for .ti {, it follows: 

(13) ^ • 7 . 2 8 m"1. C2»-4.08 m" 

U . 

where for C» we have taken the average 6f the values obtained with 

the radii quoted in eq. (10). These results are in good agreement 

with the theoratical ones of eq. (9). 

In Table IV we listed the second order coefficients of the tran 

sport matrix calculated with no pole shaping (column one), with the 

curvatures given in eq. (9) (column two) ard with those given in eq. (13). 

(Units are m, rad; 

TABLE IV 

C (m"1) 

C2(m-1) 

(x/x2) 

<*/Vo> 

W*0 r ) 

<x/0*) 

(*/e0r) 

(x/ r3) 

i 

One Section 

0 

0 

-0 .S3 

- 0 . 9 4 

+ 2.23 

- 0 . 5 0 

+ 1.90 

- 0 . 8 9 

2 

One Section 

+ 7.00 

- 5 . 6 6 

+ 3.64 

+ 4.23 

+ 1.32 

0 

0 

- 1 . 3 3 

3 

One Section 

+ 7.28 

- 4 . 9 8 

+ 3.90 

+ 4.76 

+ 1.43 

+ 0 .34 

+ 0 .23 

- 1 . 2 8 

4 

Two Sections 

+ 7.28 

- 4.98 

+ 10.16 

+ 1.32 

- 2 5 . 7 3 

+ 0.012 

- 5 .80 

+ 10.33 

Let us now calculate «»« momentum resolving power 6 *! (FWHM) 

of the eingle section. 

Inserting in «q. (6) the numerical values of the coefficients 

•» Mivw in Table IV, column 3, we obtain for r - 0 . 
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(14) x = -x +0.34 02 + 4.76 x 0 
1 ' o o o o 

where xQ and 6 have approximately rectangular probability distri­

butions with the respective half width given by: 

(15) x m a X = 0.005 m and 0 m a X 0.126 rad. 
o ° 

The FWHM of this distribution has been evaluated with a Monte Carlo 

calculation and the final result for the momentum resolution is 

(16) Ò* (FWHM)* 8.8 mm = 0.88% 

according to the dispersion of the single magnet as given in equation (5). 

4. - MEASUREMENTS WITH THE PION BEAM. -

The measurements have been carried out with the low energy 

pi on beam of the Frascati National Laboratories with the magnets 

set at 0° facing each other . Multiple Coulomb scattering in air. He­

lium and thin windows was the only source of perturbation on the par 

t ide trajectories. These effects, however, will be neglected at first 

and introduced at » later stage. 

4 . 1 . - T h e S e c o n d O r d e r A b e r r a t i o n s of t h e Two M a g n e t s 

S y s t e m . -

In this configuration a careful discussion of the second order 

aberrations of the entire magnetic system must be made to under­

stand the experimental results shown in Fig. 4. 

The first and second order matrix elements for tit* entire 

system must be calculated since the particles move directly from 

13. 

the first section to the second one without appreciable perturbation 

of their momentum vector. The first order matrix elements are 

strictly determined by the geometry of the system. Those of the se­

cond order still include some free parameters such as the curvatures 

(C and C- ) of the pole faces of the second magnet. These curvatures 

could be adjusted to reduce the overall effect of the second order 

aberrations. However the momentum resolution at 0° is not the same 

as that under actual scattering conditions, with the second magnet 

at an angle different from 0°. In fact the angle of the particles at 

the intermediate image on the axis AA' is altered during the scatte 

ring process and therefore the angle-momentum and angle-position 

correlations are lost on this axis 

The first measurements have been madt with the curvatures 

of the poles of the second magnet equal to those of the first one. 

In this configuration the second magnet is identical to the first one 

but the entire configuration is not symmetrical to the second order. 

With the following values for the curvatures: 

(17) c j - c " ' - 7 . 2 8 m"1, c\ - c " = -4. 98 m ' 1 

the theoretical values of the second order matrix elements are indi 

cated in column four of Table IV. 

The phase space of the particles transmitted by the two magnets 

system at scero degrees is given by the following considerations. 

The pole width of the first magnet limits the angular accep­
tance of the system: 

(18) | 9 | -0 .126 rad 
o' max 

The energy defining silts positioned along AA' define the momentum 
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acceptance. They were adjusted in such a way that: 

(19) l r l m a x = 0 . 0 5 

A slit p'aced halfway of the second magnet, 0.088 m wide, 

sets an upper limit to the radial displacement x. Inserting in eq. (*») 

the transport coefficients evaluated between the source and the slit 's 

position, with the curvatures given in eq. (17), gives the following 

constraint: 

2 2 
I1.73 y-0.870 -2.4x +16. 7x +12 7x 0 -15.5x Y+0.0440 -

(20) ° ° 
-6.30 7 +3.8 y 2 1^0.044 m 

o 

Therefore, the momentum resolution of our entire system can be 

obtained from the threefold distribution of the variable 

(21) x=0.01 02-5.89 0 y+10.33 y2+x +10.16 x2+1.32 x 0 -25.73 x y 
o o o o o o o 

with the boundary conditions set by equations (18) (19) (20). The FWHM 

of this distribution has been evaluated with a Monte Carlo calculation 

and the final result i s : 

(22) d ^(FWHM) =11.7 mm 
A 

T where d . is the contribution of the aberrations to the momentun: re-
A 

solution of the two magnets system. 

4.2. - M u l t i p l e C o u l o m b s c a t t e r i n g and the m o m e n t u n 

r e s o l u t i o n . -

Multiple Coulomb scattering changes slightly the direction of 

the particles during their flight from the source to the detection coun 

ter. This affects the momentum resolution of the system in a way that 

can be easily calculated by using the first order matrix notation, . 

15. 

2 
Let e be the mean square- displacement of a particle along FF' due 

to the multiple Coulomb scattering along its path. Then: 

»> •'"fM><.S«> •r»; 
where M,2 is the matrix element (x/0 ) for the tr&nspor- of a particle 

2 from the arbitrary point to the counter along FF' and o At) is the 

inean square angle of multiple scattering in the thickness t. If the 

system has an intermediate image point, the matrix element M.« 

can t } calculated f-om the arbitrary point to the intermediate image 

and the result is multiplied by the magnification [ i v I
l 1

=( x / x
0) l from that 

image to the detector. 

Numerical calculations for the multiple scattering have been 
(7) carried out following the theory of Nigam, Sundaresan and Wu (NSW) 

(8) in the approximate formulation given by Marion and Zimmerman 

for medium energy particles and moderate thickness materials. The 

parameters of this theory are Xc and B, where 

(24) l - O . l S b S 2 ^ 1 ^ 
C A(pv)Z 

and B is defined through the following relations 

(25) B - ! n b - B c 

(26) B Q - In [2730(Z+1 )Z* ^ z2t/A f 2 ] - 0.1544 

z and Z ara the atomic number of the incident particle and the scat 

terer reepectively, A the atomic weight of the scatterer, t the thick 

ness of the scette-ing f*il (gr/om2), p v the momentum velocity product 

of the incident particle tv MeV, p -v/c. 

'o 
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Since most of the scattering in restricted to forward angles 

where the shapes of the angular distributions ar'- approximately Gaus 

sian, in the hypothesis of reference* ' it is sufficient to represent 

the angular distribution by a Gaussian function F( £ ) which is chosen 

to have the same width of the angular distribution at the 1 /e point. 

By defining 

<27) f = 9 / * c B 1 / 2 

the distribution is given by 

(28) F(;)cOexp(- ; 2 / C ^ ) 

where the width parameter £ is related to the angle at which the 

angular distribution has fallen to 1 /e of its value at J s 0. The theory 

is valid for 4 £ B £ l 5 . 

In order to perform the integration indicated in (23), we have 

used an approximate analytical expression for oAt). A discrete set 

of 0 values has been calculated in a wide range of the thickness 

' % ( % »t/t0, where t0 is the radiation length) according to the NSW theo 

ry. The ( o % ) data points have been fitted with a function of the 

type 

(29) o e ( * ) = ~ - V ^ ( a + b * C ) 

The parameters a, b and c are p?otted versus the pion energy in Fig. 3. 

Three special cases cf multiple scattering must be discussed 

here: 
1) The scatterer is concentrated at a distance L from the ima 

ge point. In this case 

M 1 2 " L 

17. 

.4 

3J 

Z\ 

14 

so * o 
PlOtl KttfETlC OIBUQY 

** QM 

SStAi TtM «dimensional best-fit parameters a, b,c of eq. (29) 
plotted vs. the pion kinetic energy. 
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(30) .'./x.'d.'.LX 

2) The scatterer is distributed before an image point starting 

at a distance L in a field free region. In this case 

M l 8 - t 

(31) c2
x*j t 2 d » 2 ( t ) « t 2 f % 2 d o 2

j ( t ) 
Jo °Jo 

where 

(32) T «L/t 
o ' o 

The resulting mean square displacement i s given, according to (34), 

by 

(33) o 2 = a 2
 D „H(T ) 

i x,RG o' 

where 

" x . R G " ' P p ' t 
2 , 15 ,2 1 L3 

(34) * or.s<7«" ) T~ 2 

is the mean square displacement calculated with xhe approximate for 
(9) mula of Rosai and Greisen and 

3) The scatterer is distributed in a uniform magnetic field 

bending sector of angle a and radius of curvature R. The magnet is 

separated from an image point by a field free empty space of length 

L .In this case 

(36) M ' L c o s p + R s e n f ( 0 £ ? e a ) 
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(37) 

which now gives: 

(38) 

where 

•I-fa, 
i /o 

a = f (Lcosj+Rsin»)2d«T2(t) 
'o • 

, 15.2 / 9 

P T / P (* )(L o o»* + R8inv ,> dr 

(39) 

But 

(40) 

P(* ) = ai!+2ab(l+c)xC+b2(l+2c)x2c 

t o 

and P(r) is a slowly varying function in the interval 

(41) Q±*± 

so we can rewrite equation (38) 

(42) 2 _ , 15.2 R -
IM i^)^f(„[-| (LW) tLR.i„J.+i (L».RVnS.] 

where P( v ) i s a mean value of the polynomial P( t ) in to» above con 
siderea interval. 

In Table V we report materials, thicknesses and distances en 

countered by the pions in our experimental apparatus. 

4.3. - R e s u l t s , -

The contribution of multiple Coulomb scattering to the momen 

turn resolution of the two magnets systeir is given by 

(43) aMS(FWHMJ»2VTinT. o MS 
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TABLE V 

Type 

Mylar window 

Air before target 

Air after target 

Mylar window 

Helium 

Helium 

Mylar window 

Air before detector 

Thickness 
(cm) 

0.0178 

52 

60 

0.0045 

R = 50 cm 

31.5 

0.0045 

40 

Distance 
(cm) 

52 

52 

60 

60 

a = 70° 

31.5 

40 

40 

The numerical \alues of the three separate contributions of multiple 

scattering to the momentum resolution are listed in Table VI together 
T with the total effect, Ó ,,„, at various energies. MS 

The total momentum resolution of the systsm is obtained com 
T bining quadratically the contribution of the aberrations, A (Table VI, 

T thpftt* 
column six), with i w o . The result, A . . ', is indicated in column 

MS tot 
seven and compared in Fig. 4 with the experimental results obtained 

for positive and negative pione. 
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