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ABSTRACT. -

The performance of an energy loss spectrometer is reported
together with a detailed discussion of the basic parameters of such
a system and in particular the second order aberrations, The sy-
stem we—heve constructed consists of two uniform field seventy de-
gree bending sectors in a configuration symmetrical to first order,
witi an image point in the symmetry plane, The system has been
tested with the LEALE- LNF low energy pocitive and negative pion
beams, The magnets were set at zero degreses facing each other,
The contributions of the aberrativns and cf multiple Coulomb scatte
ring in air, Helium and thin windows to the moment.m resolution
of the twc magnets system have been evaluated and the total momen
tum resolution compared with the experiment at various energies

for pesitive and negntive plons,
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1. - INTRODUCTION, -

A large amount of information on nuclear structure has been
obtained through the elastic and inelastic scattering of higl energy
~particles on nuclei.

Since the nuclear levels arc closely spaced, careful measu-
rements of the energy transferred in the target nucleus can be ob-
tained. only if the resolution is sufficiently great.

Such resolution has been achieved previously with a highly
monochromatic incident beam and a comparable energyv resolution
of the scattered partizles., Unfortunately, the beams from high
energy accelerators, i.e, primary and secondary beams, are not
very monochromatic. (The energy resclution of the team accelera-
ted by an electron linac is usvally not better than 0.01). For this
reason onlv a small fraction of the produced high energy particles
can be used for high resolution scattering experiments thus limiting
the useful beam intensity,

In order to overcome this limitation, a.different approach was

(1) to the problem of designing the best magnetic

suggestad previously
spectiometer for ahalyzing high energy particles before and after
scattering, The significant requirement was not the energies of the
incident or scattered particles but the energy difference, This ener
gy lost in the target can be directly measured \Qith higher accura-
¢y than the two individual energies and over a larger energy spread

of the incident beam,

2, - GENERAL CONSIDERATIONS, -

To simplify our discussion we will consider a magnetic appa
ratus totally achromatic with an intermediaie chromatic image, This
is schematically indicated in Fig. 1, which represents the median pla
ne of the system, Axis AA' is the intersection of the plane of sym-

metry on ‘he median plane. Axis FF' is the intersection of the fi-

nal focal plane of the second magnet on the median plane

SECTION I SECTION T

FIG. 1- Trajectories on the riedian plane of

{ the magnetic
spectrometer, when the second magnet is at QY and there is

No scatterer along AA'. The solid lines represent the trajec

tories with the central
_ momentum and 00 =0, + 0.126 rad,

The broken lines correspond to particles with 4p/p=0.1

The figure shows the second order aberrations of the systern

which produce a deierioration of the resolving power and
a tilting

of the focal plane, L =0, 715 m; R=0.5m

In the first order approximation the particles emitted from

S are analyzed by the first section, I, along the axis AA®
arc dispersed according '
kas A

where they

to their momentum, The second section, 1]

ad : in.
ispersion equal anfi opposite to that of I and, therefore, brings

all
particles back together at S' on axis FF', irrespective of their




initizl momentum. The detection counters are located on axis.
If a target is inserted along axis LA', the particles, which. have
lc-t different amounts of energy in traversing this target, will focus '
in different points along FF'. However, the particles, which'. have lost
the same amount of energy, will focus again in the same point to
within certaln approximations to be discussed later. '

Let us call M; the magnification and D; the dispersion .o'f
the section i (i=1,1I). Then, assuming 2 point souvrce, th. position

of a particle along the axis FF' is given by:

= +D
(1) Xp =MD 1 +Dy Ty
where:
P.-Q.
1 1
———— i=111
(2) ' Q

; ticle
is the fractional difference beiween the momentun. P; of the parti

entering section i and the momentum of the central ray Qi' If:

= . =.D
Dy, =-M;; D

I
P P
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To perform scattering measurements at angles different from 0 we

rotate the second section around the AA' axis, As the intermediate

dispersion is along this axis, the rotation does not change the achro

S.

maticity of the entire system. This is obvious for trajectories lying

on the median plane, Proper considerati>n must be given to the other
trajectories,

3. - SYSTEM PARAMETERS, -

The performance of a simple magnetic system basad on the
principle of an energy ioss spectrometer js reported in this article
together with a detailed discussion of the basic parameters: of.such
a system and including the second order aberrations.

The system which we have constructed sad tested was origi-
nally suggested 1 to study low eénergy pion-nuclei scattering. It con-
sists, Fig, !, of two uniform field, 70° bending sectors in a configu

ration symmetrical to first order. The basic parameters of each

sector are given in Table I,

Due to the symmetry of the system, we will focus our attention

upon the first section, From Table T we obtain the first order matrix
element of section I:

TABLE |

Deflection angle of the central rayv a =70°

Field gradient n=0

Radius of curvature of the central ray R=0.5m

Width of the poles w=0.22 m

Distance of the poles d = 0.05 m

Maximum magpetic field Bmax =21 KGauss

Maximum momentum aczeptance 4P/P=+0.05

Maximum solid angle 4Q = 0.01 er

Maximum angular acceptance 40 =+0,126 rad
d Object and image distance from the magnet's L=0,715m

aces




(5) (x/x,)= M, =-1, (x/y)=D;=1 meter,  (x/0_)= 0 meters

where x  and 0, are the radial and angular displacement of an arbi
trary ray measured from thecentral trajéctory atthe source S, and
¥ = ¥y is the fractional momentum deviation of the ray from the as-

sumed central trajectory.

3.1.- The second order aberrations and the momentum
resolution of the first section. -

The energy resolution of the entire energy loss apparatus is
not better than that of the first section, Therefore, we will discuss
this matter in some details using the first and second order matrix
notation for beam transport systems.

The displacement of a particle from the central ray in the

2
median plane is given by("):

x = (/%)% +Hx/8 )0+ (x/ 7) y +x/x2)x2 +(x /oi ) 9(2) +
(6)
+x/ 12)y 24(x/x .0 Jx 0 +H(x/x07)x 1 Hx /8, 7)0_T

If the coefficients of the transport matrix (x/xo), etc,, are calcula-
ted for the transport from the object S to the image on the axis AA',
then x is the displacement along AA'. These coefficients can be cal
culated theoretically if reasonable assumptions are introduced for
the shape of the fringing field, For a sharp cut-off fringing field
(SCOFF) the resulting coefficients are listed in Table II (with the
symbols defined in Table I),

The second order aberrations produce a deterioration of the
resolving power and a tilting of the focal plane, The tilt angle is

given by“) :

(1) tgyp=—-1 1)
R(1-cosa) ix/7y)

TABLE I

—-

.. Lsina 2
(1/10) sose - =/ (x/00)=2Lcosa +R sing - L._T:_m_a_

. 2
(x/y)=Lsina +R(1-cos q ) (x/xZ)-_ sin“a
' Y 2R
2
_ Lsin .
(x/x 0 )=- R~ *sing cosa (x/xor)=sm2a+l-'..§i_"_“_

2 R(l-cosa) L2
x o E e e T W) ..._l 1
(x/ o) 2 +L sing ( > +coa¢z)+----2 R(l-—.2 )sinza

(x/oor)BLsin a(sing +—Rli)+R sina (1-cos q )

2
. .
(x/y )=--“—R”2" -Lsina

The tilting of the ‘focal plane is particulcrly troublesome because s¢ .t

tering experiments at different angles must be performed by rotation

of th
€ second sector around axig AA', Therefore, correct experimental

results can be obtained only if the focal Plane is made ~oincident with

effects of th: aberrations can
be minimized by reducing the size of the

appearing in equation (6),

the symmetry plane (i.e., ¥ =0), The

sezond order coefficients

+(5)
It has been proved' "’ that not all these coefficients can be

! zancellied, However, twc ~oefficients
gqual to zero by introducing curvatures C
the entrance and oxit pole faces

simoultaneoully
can be made

1 and C, at the edges of
respectively of the magnet. Introdu-
in Table II can be rewritten as shown in

cing C; and Cy the coefficients
Table I1I1:
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TABLE Il
Lsing
(x/x,)=cosa - R
L2 sina

(x/0,)=2Lcosa +Rsina- R

{x/7)= Lsina+k(l-cosa)

i i Lcosa
(x/x’)= TR (¢ - BRE) 2280

Cl+C2cos a)

2
sing L cosa

. a)
(x/x°0°)=Lsina(Cl- R )+s1nacosa(1+ch)+ R (Cl+Czcos

(x/xoy)=sin2a +L[ii—pR—¢-'-— +Czcosa (1-cosa )]

2 . .
3 R(1-cos a) I..sina+ L sina (C.- sina "
("/°<2>)=L2;°“"Cx+cz cosa)-—" "3 2 1"" R

2
Rsina
+L sina cosa (l+LC2)+——2———(l +LCZ)

(1/007 )= Lsina (sina+%)+ LCz(l -cosa)(Lcosa+R sina)+R sin a(1-cos a)

(x/ 72) '%—[ RCZ(I-cos a)z- sinza] -Lsina

The most serious aberration is caused by the tilting of the focal
plane., The second is the sperical aberration due to the second order

terms in Og. These two aberrations can be cancelled by setting:

2
(8) (x/0, 7)=0, (x/0) = 0

which in our case implies:

-1 1 _
C,=7m -, °1°cl 0.143 m
and
(9) C.=-5.66 m o =L 06177 m
2 2 c,

Unfortunately these values for the radii e, and @, are com
parable with the width, w, and the cdistance, d, of the magnet poles
given in Table I,

Therefore the SCOFF approximation i3 no more valid and
Some corrections must he applied to take into account the shape of
the fringing field. This has been done empirically by using a floating
wire hodoscope to visualize the particle trajectories, We first studied
the reduction of the focal plane tilting by shaping the exit poles.
After some trials a good compromise was found for their mechanical
profile by splitting each pole in two halves with different radii (see
Fig, 2):

(10) sz =-0,12 meters 0

=-0.22 meters
m2

The best -eduction of the spherical aberration was found succes

sively by shaping the entrance pole with the following value for the
radius:

(11) 1 = 0,091 meters

m

To compare the values of the radii given by eq. (10) and (11)

with the theoretical predictions of eq. (8), the formula suggested by

6
Enge( ), modified for our actual fringing field, can be used to derive




10 | 11.
the efiective magnetic curvature of the. poles: ‘ where for C, we have taken the average of the values obtained with
’ the radii quoted in eq. (10). These resuits are in good agreement
1 ) with the theoratical ones of eq. (9).
(12} c.= (i=1,2)
LY 1" (o .+0.8d) cos @ . In Tahble IV we listed the second order coefficients of the tran
mi i ) a
gport matrix calculated with no pole shaping (column one), with the
; where d is given in Table I and &; it the entrance (exit) angle which ﬂ survatures given in eq, (9) (column two) ard with those given in eq. (13),
E: in our case is zero, % (Units are m, rad)
» J TABLE 17
AR ~
i 2 3 4
-
! One Section | One Section | One Section | Two Sections
C
entrg/ ray . -1
"'l(m ) 0 +17.00 +7.28 + 7.28
0% |
g ! C,(m-1) 0o -5.66 -4.98 - 4.98
‘ (x/x2) -0.83 +3.64 +3.90 +10.18
- i
\ : (x/xoﬂo) -0.94 +4,23 +4,76 + 1.32
0’,0'” (x/x_7) +2,23 +1.32 +1,48 25,73
. o r . . - - .
| IL\’ Y (x/oz) -0.50 0 30,34 + 0,012
i 'ﬂg\* 0 * . ° i
~
| (x/8,7) +1.90 0 +0,23 - 5.89
FIG, 2 - Schematics of the shaping of entrance and exit (x/ 72) o.89 L33 128 +10.33
:. poles {first magnet), Entrance pole edge radius: ¢ .= : - ' : i i :
=0.091 m; exit pole edge radii: | o;nzl =0,12m,’)@ '-'nz' * .
=0,.22 m, Let us now c.lculate il;e momentum resolving power § A(l"Wl—lM)
of the single section,
Inserting our values for ¢ ., it follows: inserting in «q, (8) the numerical values of the coefficients
. I a¢ given in Tadle 1V, golumn 3, we obtain for 70,

(18) C,=17.28 m-l, C,"-4.98 m’
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12.
= +0.34 02+4 76 x O
(14) X=-X5%0. o oo

where x, and 8  have approximately rectangular probability distri-

o
butions with the respective half width given by:

max _
(15) x:’“ =0. 005 m and 00 % = 0,126 rad.

The FWHM of this distribution has been evaluated with a Monte Carlo

calculation and the final result for the momentum resolution is
6) GS(FWHM)= 8.8 mm=0.88%
(1 A
according to ine dispersion of the single magnet as given in equation(5).

4, - MEASUREMENTS WITH THE PION BEAM, -

The measurements have been carried out with the low energy
pion beam of the Frascati National Laboratories with the magnets
set at 0° facing each other , Multiple Coulomb scattering in air, He-
lium and thin windows was the only source of perturbation on the par
ucle trajectories, These effects, however, will be neglected at first

and introduced at a later stage,

4,1,- The Second Order Aberrations of the Two Magnets
Syatem, -
In this configuration a careful discussion of the second order
aberrations of the entire magnetic system must be made to under-
stand the experimental results shown in Fig, 4.

The first and second order me‘rix elements for the entire

systerr. must be calculated since the particles move directly from

13,

the first section to the second one without appreciabie pertu—hation
of their momentum vector. The first order matrix elements are
strictly determined by the geometry of the system., Those of the se-
cond order still 1nclude some free parameters such as the curvatures
(Cn and C ) of the pole faces of the second magnet, These curvatures
could be adJusted to reduce the overall effeci of the second order
aberrations, However the momentum resolution at 0° is not the same
8 that under actual scattering conditions, with the second magnet
at an angle different from 0°, In fact the angle of the particles at
the intermediate image on the axis AA' is altered during the scatte
ring process and therefore the angle-momentum and angle-position
correlations are lost on this axis.
The first measurements have been made with the curvatures
of the poles of the second magnet equal to those of the first one,
In this configuration the second magnet is identical to the first one
but the entire configuration is not symmetrical to the second order,
With the following values for the curvatures:

1 It -1 I II -1 ‘
7 = : = =. i
(17) Cl Cl 7.28 m™ ", C2 02 4,98 m |

the theoretical values of the second order matrix elements are indi
cated in column four of Table IV,

The phase space of the particles transmitted by the two magnets
system at zero degrees is given by the following considerations,

The pole width of the first magnet limits the angular accep-
tance of the system:

(18) 19,) . =0.126 rad

The energy defining slits positioned along AA' define the momentum




SRy -SSR A <

s

j i way that:
acceptance. They were adjusted in such a way

= 0.05
(19) Il ax

o M e’
A slit placed halfway of the second magnet, 0.088 m wid
. . . (%)
sets an upper iimit to the radial displacement x, Inserting in eq

S : d the slit's
the transport coefficients evaluated between the source an
i i in
position, with the curvatures given in eq. (17), gives the following
constraint:
2
2,1 ; +0.0440° -
|1.73 v -0. 8700-2.4x°+15.7x°+1z 7x 0 _-15.5x 7 o

(20)
-6.30 7+3.87212£0.044 m
(o]

i i an be
Therefore, the momentum resolution of our entire system cCa

obtained from the threefold distribution of the variable

2 2,1.32 x 8 -25.713 x 7
(21) x=0.01 05-5.89 0,7+10.33 ¥ 4x +10.16 x_ N .

i FWHM
with the boundary conditions set by equations (18)(19)(20). The

lation
of this distribution has been evaluated with a Monte Carlo calcu

and the final result is:
é T(FWHM) =11.7 mm
(22) A

. i : re-
where "T is the contribution of the aberrations to the momentum

solution of the two magnets system,

i m.
4.2.- Multiple Coulomb scattering and the momentu

resolution, -

Multiple Coulomb scattering changes slightly the direction of
the particles during their flight from the source to the detection coun
ter., This affects the momentum resolution of the system in a way that
can be easily calculated by using the first order matrix notation, .

\\

15. ;

Let o: be the mean aquarec displacement of a particle along FF' due
to the multiple Coulomb scattering along its path, Then:

a2 ' 2 2
(23) ox-):Mlz(t)d 5 (t)

where M,, is the matrix element (x/Oo) for the transpor:. of a particle
from the arbitrary point to the counter along FF' and oz(t) is the

mean square angle of multiple scattering in the thickness t. If the
system has an intermediate image point, the matrix element M 12
can L2 calculated f~om the arbitrary point to the intermediate image
and the result is multiplied by the magniiication [M =(x/x,)] from that
image to the detector.

Numerical calculations for the multiple scattering have been
carried out following the theory of Nigam, Sundaresan and Wu(7) (NSW)
in the approximate formulation given by Marion and Zimmerman(a)

for medium energy particles and moderate thickness materials, The
parameters of this theory are X, and B, where

(24)  x_=0.1568 2@ty

A(;:ﬂr)z

and B is defined through the following relations

(25) BE-Wnb=B,

(26) B =ln [z7so(z+1)zl/ 32%4/a pz] 0.1544

2 and Z are the atomic number of the incident particle and the scat

terer respectively, A the atomic weight of the scatterer, t the thick

ness of the scattering feil (gr/em?), P v the momentum velocity product
of the incident particie i MeV, p=v/e,
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16,

Since most of the scattering in restricted to forward angles
where the shapes of ibe angular distributions ars approximately Gaus
sian, in the hypothesis of reference(a) it is sufficient to represent
the angular distribution by a Gaussian function F( ) which is chosen
to have the same width of the angular distribution at the 1/e point.
By defining

{27) g=o/chl/2

the distribution is given by
2,,2
(28) F(§ Yooexpl- §7/8 )

where the width parameter ¢ _ is related to the angle at which the
angular distribution has fallen to 1/e of its value at { =0. The theory
is valid for 4£B £15.

In order to perform the integration indicated in (23), we have
used an approximate analytical expression for ao(t). A discrete set

of o 0 values has been calculated in a wide range of the thickness

g (%=t /to, where t, is the radiation length) according to the NSW theo

ry. The ( "g' ¢ ) data points have been fitted with a function of the
type

15 '
(29) oolf) g VE (a+t %)

The parameters a,b and ¢ are plotied versus the pion energy in Fig. 3.
Three special cases cf multiple scattering must be discussed
here:
1) The scatterer is concentrated at a distance L {rom the ima

ge point, In this case

ML

}
LYy
Yy
34 b
24
[ 4
a
'y
0 Y
80 4 o
400
%0 (MaV)

YOI KINETIC ENERGY

FIG, 3 -
3 - The adimensional best-fit parameters a, b,c of eq, (29)
plotted vs, the pion kinetie 'SnOTgY. '




)

(30) i )(deaz chz

2) The scatterer is distributed before an image point starting

at a distance L in a field free region. In this case

M, =t
2 2. 2, 2(° 2,2
(31) ¢;=fo‘t dco(t)-tojo ] dao(t)
where
(32) tO-L/to

The resulting mean square displacement is given, according to (34),

by
2 2
(33) o o!’RGH(to)
where
3
2 1521 L
(34) ’x,RG (pp) n 2

is the mesn square displacement calculated with the approzimate for

mula of Rosai and Greisenw) and
2
o2, 8ablite c,3b7{1+2c) ,2¢
(35) H(‘l’o) 34c fo+ 2c+3 ¥

3) The scatterer is distributed in a uniform magnetic field
bending sector of angle a and radius of curvature R, The magnet is
separated from an imsge point by a field [ree empty space of length
L .In this case

(36) M,,*Lcosp +Rseng 0&£P<a)

a
(37 2.
) ax-‘/o(Lcosr-fRsin,)de:(t)

which now gives:

(38) 15,2
ox (pp fP(f)(Loos,+Rsin,)z ds
where
(39) P(¢)=a +2ab(l+c)x +b (l+2c)x
But
(40) de = M

t
o

and P(%) is a slowly varying function in the interval

(41) o<v< Ra
=Tt

SO we can rewrite equation (38)

(42) 2

o, (pp) -p(:)[—(L +R2)+LRsin a+—(L R )unza]

where P(¥) is a mean val
ue of the polynomial P(s) i
sidere. interval, ) in tbe above con

In Table V we report materials, thicknesses and distances en
countered by the pions in our experimental apperatus,

4.3.-Results, -

The contribution of multiple Coulomb scattering to the momen
tum resolution of the two magnets system is given by

(43
) JMS('WHM"Z {21!12. 0
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