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A Dilatancy Model for Granotliorite 
J. T. Cher ry" 
R. N. Schnck 

Lawrence Livermore Laboratory, University of California 
Liver mo re , California 04550 

I A dilatancy model is described that, when used in a Lagrangian s t r c s s -

wave code, qualitatively reproduces the s t r e s s - s t r a in behavior of granortiorite 

subjected to triaxial s t r e s s and uniaxial s t ra in compression. J 

The model allows inelastic s t ra ins (voids) to progressively develop in a zone 

when the s t r e s s state exceeds a predetermined limit. With tension positive, 

the inelastic s t ra in is assumed to be in the direction of the maximum principal 

s t r e s s of the zone. /Numerical and experimental comparisons of triaxial 

compression, uniaxial s train, and Hugoniot clastic limit data for Climax 

stock granodiorite a rc presented. These comparisons indicate that the model 

can be used to obtain the s t r e s s - s t r a in relations that a re appropriate for 

other bri t t le rocks subjected to a variety of loading s ta tes . J 

Introduction 

It is well known that brit t le rocks subject to triaxial 

compression may exhibit significant volume expansion (dilatancy) pr ior to 
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ultimate failure. Sctmlz [\06&\ found thai this dilataiu-y correlated with «;<• 

degree of inicrofracturing exhibited by a specimen durmg a inaxra l -

romprossion tcjit as measured by ctimut itive se ismic events . 

The availability of Lugivngian s t r e s s - s t r a i n roiles such as SOC 

[Cherry ami Pe tersen , H'TOf and TESSOK t r i i e r r y c t a!., U-TOj t u s allmvvd 

the development of a model of dilatam microfracturinjj tliat ran be tested 

against experimental data. These codes provide a ncroerir.il solution to the 

propagation of a s t r e s s wave of a rb i t ra ry amplitude through a tagr.ingLtn 

gr id in ei ther one space dimension (SCO) o r two space dimensions (TKN5I'I!>. 

The s t r e s s - s t r a i n behavior of .1 granodiorite under iriaxi.d compression is 

simulated numerically by incorporating the model in the TENSOR code and 

under uniaxial s t ra in loading in the aOC code. A description of the 

model and a comparison of both simulations with experimental data is the 

subject of this paper. 

The SOC and TENSOR Codes 

In the SOC and TENSOR codes, an attempt is made to model a s t r e s s -

wave loop in which a wave propagates because the s t ra in 

field is al tered by the presence of a s t r e s s field, with the s t ra in field in 

'Climax stock granodiorite from Area 15 of the Nevada Test Site. ThiK 

rock is also referred to in other reports under the names Uardhat or 

Pi tedr iver . 

http://ncroerir.il
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turn altering the original s t r e s s field. A schematic of one computational 

cycle is shown in Figure 1. 

A Lagrangian coordinate system is established in the material and 

moves with the material . This means that the material is zoned into 

elements whose mass remains constant. The Eulerian equations of motion 

a r e transformed into the Lagrangian coordinate system, a.*id the transformed 

equations a re differenced. The difference equations provide a functional 

relation between the applied s t r e s s field ami the acceleration of a point in 

the Lagrangian mesh. 

When these accelerations a re allowed to act over a small time 

increment (.it), a new velocity field develops. The new velocities produce 

new displacements and the grid becomes further distorted. Strains a rc 

then derived from the grid distortion. Strain changes a re related to s t r e s s 

changes through the equation of s ta te appropriate for the material being 

simulated. The t ime is incremented by At, and the cycle is repeated with 

the new s t r e s s e s and new zona coordinates. 

The Model 

Both codes requi re specific-volume data as a function of mean 

p re s su re as input. Figure 2 shows the measured hydros tat [Stephens and 

Lilley, 1070 J for Climax stock granodiorite. At a given volume, the slope 

of this pressure-volume curve establishes the bulk modulus (k) of the 

material when s t r e s s deviators ( i . e . , shear s t resses ) a re absent from the 



.'itress s ta te . The curve is [ml ' l iroeth into the co'k-s in tabular form. The 

dilataucy model allows eacli sunt.' t<> increase in volume (i. c, to move off to 

the right of the hydros tat) by s. para ting the smie into a material region 

anrf a void region. The voids a r e as:>ume<l to develop at a prescribed 

s h e a r - s t r e s s level and a r e presumed to he analogous to the microfractures _ 

postulated by Scholar 

Figure 3 shous the ultimate strength (V^) of Climax stock L'ranodiorite 

as a function of "P as determined from t r ia \ ia l -compress ion tests [Heard, 

1L>7CJ. 

In the elides, both Y and I' a r e nbtaiiu'ii from s t r e s s invariants 

[Cherry and Peterson, li'TOj: 

and 

where l.,.^ and I . a re th»- second and third de vi at uric invariants and P is 

the mean s t r e s s ( -1 , , •»)• Pur a s t r ess state in v.hich the intermediate 

principal s t r e s s is equal to either the maximum or tin. minimum principal 



s t r e s s , Y equals hair the difference of ami P equals half the .sum of the 

maximum and minimum principal s t ressed . This interpretation of Y and 

1* La sufficient for the resul ts presented in this r.iper. 

Tor the cotie calculations, it was arbitrari ly assumed that dilatniicy 

begins at half the maximum strength (lower curve V. in Figure 3) under 

triaxEal compression. This assumption worked welt for grar.odioritc. 

However, the onset of dilatancy may be obtained directly from the triaxial 

test resul ts and therefore should be regarded as a measurable material 

pa ramete r . 

Y,. (and Y. ) an a function of 7* a re accepted by the codes in tabular 

form. During each cycle and for each KKJ« in the ijrin, the codes calculate 

the Y from the stress* in each zone. We call this V. When the Y for a Riven 

zone exceeds Y - , an additional s train (Ac-. . > is allowed to develop in the 

direction of the zone's ma&imum principal s t r e s s , with tension positive. 

This s t ra in Is assumed to take the form of a small tension crack that opens 

in the zone. The crack is oriented normal to thy mast mum principal s t r e s s . 

Therefore, it T . . is a .*.unc*s maximum principal *irvxs, anil if 

V „ < Y < V S (1) 

then 

I' • 7' • k A * A A «3> 
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rock*. Tliw (Hirli.ni of the mu' ld that is mum :iu]f-:i.ifil a!j<t that *-•* Iv.ot 

likely to change Is uu'tHi by It) through <(i>. K'ptalifii V only control.-, (he 

amount of diLttnttey that is allowed to tK-vrfiip .,X a j*iv.r« :-»««« state. 

A di-uwlency of the ditatancy model i* '.hit it ir. «*>l ahie it* simulate a 

material that both plastically yields .in.! dilates simtiltan«-n.-ily. This la 

because of thi-> fact that the ent ire adjustment -m !lic :.ui-ond devtnltiric 

invariant. given by {?), is ftdtfcd into the vspresMon f..r A c . . in t O . Ttiia 

deficiency could he removed by alUnviiij; only s portion «>f the *l«-.v rule 1« 

product: a contribution to A e . . . The final dei iatoric s t r e s s cemjionenut 

could then be obtained by simple J;C.IHIH;. 

Throughout tint .devetnpttwnt «f the motM. no sttrnipt **aa made to 

quantitatively reproduce experimental data with a code calculation. This 

VIMS partly due to sample variability and partly because some of the 

calculations were completed before test rcsiiit.f were avaitable. The ji used 

in the calculations was 250 khar and was* determined from the low-pressure 

hulk modulus (k * 487 kbiir) Istepliena and l.illcy. liilOl lite material 

density (2.67 j j /em >. and the elast ic eompreasinnal velocity (5.5-1 km;.~;ec) 

[Hulkovich. K'CS], Tilts equation of s ta te was used a s input to the codes 

II.N. Schock and II. Louis. Laurence I.i.ci-more Laboratory, later 

measured a velocity or 5.70 km/ see m a 3-em-Iom: sample of (.Tim.-is slock 

ijranodiorite under a confining p r e s s u r e of I ba r . This is higher than the 

in~Mtu value given above, and it probably represents the absence of any 

effect of large cracks and joint:! present in !:,•• intrusive. This interpretation 

is reinforced by the values of JI that a re measured ;n the experiments 

described below and that a rc la rger that- the value derived above. 

http://Hirli.ni


Figure •) :-!t.ms flu* l.;i^r.i:ts:.»;t tfri*! 4'--.! in Hiv TKNMJH ou ie it-

siiiit:l,-tt<* Hie lri.n*»t:il-vt,:i,i*iv«1!« n Ifr-I. .* t'«-:l«-i line l-'iJtul.irv ri>::ili;u>n 

t»i:.I i» available m the .-..i!a- rwlei-:.-. tl:e k-:'i.f ...-*-...-.> if;.- !.»•- lu-c.* c:..rke<J 

" I t . " This fecilcre aliiiA* the ertti U* rejT.-..-;il .. t-yii;:tb*r iiavitii* a m.tmrtiT 

of 3 CJU illt'f :i Itfflftlb t)f C f !!l. vl OT.ataHt % . 'Wi ly ft" .1 n i l , .sec was .tjljjllcii 

alwi^ lli*.* Ii'i' surface, i-.-.-''l:i'i:" :;: .itt tiiitt..' >ir.»:i rate- i>f i sec* . Uliile 

Oiia .strain ra te is r>r«!er;: of tua^ni'uile larger Hi.ni Jli.it used in tlie 

laboratory esii«:ri«u*:it.-i. it Irf su i t t<i.v ew-j^li !.• i-hiaiit :i uniform s t r e s s 

dthtritutlion flmiticlioul the erid ir. the cunir-*- - ' ' calf ul.ilion. The boundary 

marked "l-"" vv.id a free .Mirfare aleng -.illicit • o-iiftaM. pres-sure (the 

•.'••it?urine •m'-'-inro) i> ,I|.J*IHJIJ. 

The m.-tlei •.•ass ;w«f I** si-^talale t « f ir:-<M.>l-cfiii|f.-.-;fitin e x t e n t stent •», 

one nin--":if:ni-'! .mii iln- ••ilu-r .it .. <.t-nfuutii: {•:••• • -..«•<• • : (•..'! kt'.ir. Tin-

<iisji!.T,*Liin.'«it f;.-M (S S_» in the region m.-.rU->l " s t ra in" in Figure -} was 

monitored at .-'elected tir-i*---*. Tilts' displacement ticl.I ' 'foUiied <*ne:jgh. 

titf**i-:*t:m«Ht tu c-ilfolate fc«'tli the . m a l s t ra in <•*.. - i>„ .a.:) .•«s-j the radial 

s train (••f,i, " s

r . e * - The a\er,.-.;e .i\i.,l .-tr.--:- »'i J ».*.- also c.iUniUtetl 

along the tul. ami bottom of i(u- grid ..t the same lime as. the Mirface 

displace;:;..-!,!:* a w m-mt.-ivd. Ihe avi.il tro;..-. .t the t.«j> ami bottom uf 
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the grid differed by less :!iaii 0.1% during the calculations, indicating that 

tht-' 1 ^ec strain ra te is .still low ennugh to give a uniform a t r e s s distribution 

over (he entire grid. 

The TKN.SOR-ealculated s t r e s s - s t r a in curves can be compared with 

the corresponding measurements obtained during the equivalent laboratory 

experiments, f igure 5 shows the measured and calculated axial s t r e s s 

versus the volumetric s t ra in corresponding to imeisnftnvd compression, The 

difference between the curves is because an .iverage granodiorite strength 

equal to i.G kbar of axial s t r e s s for uneonfined compression was used in tlu 

code, whereas the sample strength obtained from the experiment was 

2,2 fcbar. The slight difference in the initial .slopes of the curves is because 

the measured effective values of n and k a r e .slightly different from those 

used as input to the code. The measured v.-.lue of n in this experiment way 

203 kuar. The increased level of failure above that shown in Figure 3 may 

be because of the absence of spurious shear s t r e s s e s at the ends of the 

sample that a re caused by a compliance mismatch between the sample ends 

and a solid piston. The failure level obtained he re i s reproducible to 

within IQfo. The data of Heard (IS?**! were all obtained using a solid piston. 

In the code, shear failure occurred at a calculated volumetric strain 

£ - e z z - 2« ) of -1.2 X t o ' 3 , well off the horizontal scale . The rea l 

volumetric strain U\'Q ~ V);V) of the zone at failure was -2.U X lu"' . "ihe 

This s t ra in is obtained in the eode by accumulating volume changes from 

cycle to tyc lo . The ^one refer red to is Ihe element in the lower tight-hand 

corner of Figure •! bounded by t i . j "R" and "F" surfaces . 



fltffcrui.ee between the calculated ami !hu accumulated volumetric s t r a ins 

is significant, it occurs bce-.u;.e the racial s t ra in is no longer eq,«al to the 

tangential s t ra in when tit*? Vi;i-.:m«tric s t ra in associated with dilation i s 

targe, am! because - e .. ~ ~l~ <. l : - therefore no longer a good approximation 

of the volumetric .strain. Tin- measured e\perimental volumetric s t ra in at 

failure was somewhat grea te r than -3,-t "• !0 , presumably tiwing to tlie 

greater strength of the sample. 

Figure G compares the measured and calculated axial s t r ess versus 

the astal s train (e „) for miconfined compressiun. Hoth *:urves exhibit an 

increase in tl.eir slopes pr ior to fai lure. Figure 7 compares the measured 

and calculated axial s t r e s s versus Iho tangential s t ra in ( e _ J , The model 

drastically changes this s t ra in component during the tiilatancy adjustment 

because the s t r e s s component in the tangential direction is a maximum 

principal s t r e s s . 

Figure 3 Shows the measured and calculated axial s t r e s s versus the 

volumetric s t ra in correspond*in: to tr iaxiat compression at a confining 

p ressure of 0.5 kbar. The sligiit difference in the origins oi* the curves 

represents the experimental hydrostatic compression to 0.3 kbor being 

slightly greater thart 'he table of input values for k as taken from Figure 2 . 

Agreement in this cast; is quiti* (mid sMiiee Hie average strength U=ed in 

the TltSSOR code id close to the sample strength obtained from the esperime;. 

At higher confining p r e s s u r e s , be t te r agreement would he expected between 

data obtained by soiid-piston and fluid loading because the shear s t r e s s e s 

http://fltffcrui.ee
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Utat a r i se from a compliance mismatch with the sol id piston would be 

smal le r with respect to tint overall s t r e s s le ic l than -.-.hen there is no 

confimrii; p ressure . In this case, failure occurred at a calculated 

volumetric strain of 2.5 X 10" , whereas the real .-oliimutrie s t ra in of the 

Mtm at failure was 2.7 X 10" . The inelastic volumetric s t ra in has 

decreased by a factor of 2 compared to Hie value obtained for utigonfioed 

compression. The measured experimental volumetric s t ra in at failure 

was slightly more tha»',».5X !Q~ . 

Uniaxial Strain and the Ihtgoniot Elastic Limit 

Both uniaxial-dtrain and Ilugmifot data have been simulated with the 

dilatanoy model in the SOC code. Figure 3 shows liegofiiot data jPetersen, 

U'COJ fur Climax stock grariodiorite, Itngoniot data for Westerly granite 

a r e ahosvn above 280 kbar, where they overlap the granodiorite data, in 

o rde r to show the likely loading data for granodiorite at higher p r e s su re s . 

The Raylelgh Hne through the Ihi^oniot elastic limit (JIEL) intersects the 

Hufjoniot at about 325 kbar. For shock states below H25 kbar, the first 

ar r ival is the HKL. 

Figure 10 shows the SOC calculation for a final shock stal» of 200 libar 

in Climax stock granodiorite. The HKL i s propagating with a velocity of 

about G m/msec and has ;ui amplitude of 35 kbar. In Figure U* the 

experimental IlEL data a re compared with the I1KI. i">*nt calculated by 

SOC. The calculated point falls within the range of the e\p»:ri mental data. 



Figures \2 and 13 compare the measured ami calculated untaxi.il-

slraitl data on Climax slock granodiarite.. The : light ftfsel between the 

calculated and experimental ca rves in Fiynre 13 i s prosed by the slight 

difference between the effective Pmssotr\s r,MU> measured in the sample 

and the ratio used in the equation of s ta te in the code. The effective 

P«lsson f s ra t io determines the sh-pe >»f -l loadiiie path in uniaxial-strain 

loading in Y-T 5 spare . 

Conclusions 

The ditatant behavior of br i t t le rocks pr ior ti> ultimate failure is 

easily modeled by assuming that an inelastic s t ra in develops in the 

direction of [he maximum principal s t r e s s . The s ize of this s t ra in 

depends on an assumed flow rule . The I low t*:iL- fur £ij.;:odiorito depends 

on how the strengtEi and dilatancy-onnet value*- put into the SOC and TENSOR 

codes vary with *P, as well as on the s t r e s s s-t.ile in the zone. The dilatancy 

model described in this paper has been ur-od !•• >imulaie the resul ts of a 

number ut rock-mechanics experiments, ineltMtyg trt.txi.tl compression, 

uniaxial str.tin, and p lane-shed, loading Oli! i.. ,as.til. 

Rock-mechanics tes ts a r e being used to stuniel ami to attempt to control 

earthquakes. The expertfttent.it resul ts that h .oe bees used so far a r e the 

s t r e s s drop at shear failure and the strength reduction from fluid saturation. 

In t e r m s of earthquake prediction, dil.it ancy may he a significant tool once 

its effect on the n-^i.m.tl Strain field is undor*ti-..d. fitiee the model 

http://untaxi.il-
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prescnted he re has been formulate J in te rms of s train adjustment, it ia 

possible that it may be useful, in conjunction -.villi a suitable numerical 

technique, in obtaining an tinders tamling of tliiii • .•ffert. 
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FIGl'RK CAPTIONS 

Fig, 1. Cycle »>f interactions treated tn calculating s t ress-wave 

propagation. 

Fig. 2. Hydrostatic volume compression of Climax stork granadioritc 

IStephens and Lilley. 11*70]. 

Fig. 3 . Strength of Clim.ix slock granjdiori te as a function of 

confining p re s su re (Heard, 1P70J and the assumed onset uf dilatancy. 

Fig. 4. t.agrangian grid used in the TENSOR code to simulate triaxial 

compression. 

Fig, S. Measured and calculated votumetric s t ra in as a function of 

axial s t r e s s in Climax stock granodiorite under a confining p ressure of 1 b a r . 

Fig. 6. Measured and calculated axial s train as a function of axial 

s t r e s s in Climax stock granodtori'.e under a confining p ressure of 1 bar . 

Fig. 7 . Measured and calculated tangential s t ra in as a function of 

axial s t r e s s in Climax stock granodiorite under a confining p ressure of 1 b a r . 

Fig, 8. Measured and calculated volumetric s t ra in as a function of 

axial s t r e s s in Climax stock granodiorite under a confining p ressure of 

0.5 koar. 

Fig, 9. Hugoniot and compression data for Climax 

stock granndiorite and Westerly granite. 

Fig. 10. Calculated normal s t r e s s a s a function of distance in Climax 

stock granodtorite, showing the Hugoniot elast ic limit for a final shock state 

of 200 kbar (t = 3.5 usee) . 

Fig. t l . Measured and calculated Hugoniot-clastic-limit data for 

Climax stock granodinrile. 



Fig. 12. Measured and calculated volumetric s t ra in as a function of 

axial s t r e s s in Climax stock granodiorile under uniaxial-fjtrain loading. 

Fig, 13. Measured awl calculated s t r e s s s ta tes in Climax stock 

granodiorite under t intaxial-stram ioatling. 
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o HEL — Climax stock granodiarite 

a Hugoniat — Westerly granite 

IPclenon, 1969! 

a Hydrostat — Climax stock granodiarite 

[Stephens and l i l l e y , 19701 
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