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Препринты н сообщения Объединенного института ядерных 
наследований /ОИЯИ/ являются самостоятельными публикациями. 
Они издаются в соответствии со ст. 4 Устава ОИЯИ. Отлнчнс 
препринтов от сообщений заключается в том, что текст препринта 
будет впоследствии воспроизведен в каком-либо научном журнг.ле 
или апериодическом сборнике. 

Индексация 
Препринты,сообщения и депонированные публикация ОИЯИ имеют 
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"Е*4 - издание на английском языке; 
"Д" - работа публикуется на русском и английском языках. 
Препринты н сообщения, которые рассылаются только в страны-

участницы ОИЯИ, буквенных индексов не имеют. 
Цифра, следующая за буквенным обозначением, определяет 

тематическую категорию данной публикации. Перечень тематических 
катетер:'" изданий ОИЯИ периодически рассылается их получателям. 

Индексы, описанные выше, проставляются в правом верхнем 
углу на обложке и титульном листе каждого издания. 
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1. Definitions, results. 
Let JT be a dense linear subnonifold of the Hiibcrt s, исе 
"^ . V.'ith Ju \&) we denote the set of all such linear 
operators a. from Ju into JT , <x Л S Л • £or which ^ 
is in the domain of definition of <X and a a$ ff^T. £*(£) 
is эю algebra with respect of the ordinary addition and 
multiplication of operators, becomes a ^"-algebra b;-
the involution <X -»CX » where a is defined to be the 
restriction of 01 onto 
We shall prove the following theorems: 
theorem 1: Let *f be a *-isoaiorphisjs from onto 

Then there exists a unitary map u. from "A, onto J}± 

O) air, - Д 
with 

(2) Tr(«)= u.aa"'' for all a « £ * ( £ ) . 

Theorem 2t Every ^-automorphism *V of X l^i is an inner 
one, i.e., there is a unitary element u « with 
Tta) » « а а м to? all «. * <£ (<£"J , 

fiieorer 2 is an obvious cc.;regue»ce of theorem 1, Note that 
theae theorems suggest the existence of a "si-ace-free" definition 
of X («W (theorems 4 - 6 ) . 

Let us now remind that a derivation of ГШ is a linear 
map of <C W J iJi'-o iteelf satisfying 
(3) ^Cafe) = f(<x)-b + <x-f{b) . 
Theorem 3 (P.Krfiger): Is <j> a derivation of jf (̂J"j , then 

there exists an element К « J. Si&) with 
(4) f Ca) = Jfe-a*. 

Hence every derivation is an inner one. C*3 
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One knows CO that £ля) ,whore J£ Is о Hilbc-rt space, 
is tn»> vt»u l.eumann algebra of all bounded operators» Von 
Neumann has proved that every left ideal o± this algebra 
i;: generated by a projection, i.e., an operator f> with 
p . p - - p 4 , ( see for instance TiJ ). Tho technique of this 
proof also works in the more general case of the 
algeLras, V/e now explain shortly, how one can use these 
techniques to ch;.racteriae the algebras abstractly. 
Definition 1: Let * 4 be a *-algebra. ч А is called an 

algebra with "property I" if and only If 
(i) every proper left ideal contains a minimal left ideal, 
(li) every minimal left ideal is generated by a minimal 

projection, and 
(iii) every element of every eubalgebra *-*e , which contains 

an identity e o , has a non-empty spectrum. 
Let us 'irst add some remarks, A projector p is minimal 
in ^4 iff p f o and p<^»cj,p implies p«J • P for 
eve 17 jrojector ^ of ^ «If -A% is an algebra with 
identity p, , then the spectrum of one of its elements CL 
is tiio set of all complex numbers X such, that (,ct-Xe») 
does uot exist in. v-4. . 

V,c now construct an example of a *-algebra with property I. 
Let ПГ be an index set (an abstract set) and assume to be 
associated to every t « T" a n algebra £ (J$4 ) . Then the 
'—algebra 

ы Т £4W =- X*{Jtt>*tT) 
t«T 
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conalote of all functions t -» H t ) defined on T with 
together ̂ itb the composition laws 

(Х..х-Jltl - *,« 1*'4U) . U X . M O - *.tt)MO, 
(**)U) -rit)* , (X*)(t) -A*H) 

This construction provides us »ith a ̂ -algebra. 
Theorem 4t X (*£« t*T) satisfies property I. 

Theorem 5t bet be в -algebra with property I . Then 
there exists up *ЙО *-isomorphisms оде and only one algebra 
of («$ I**"''/ a n d a ^-isomorphism t of ̂  ijito X ( <5 tr t tV 
which maps the set of all minimal projectors of •M. onto 
the aet of all minimal projectors of 

Definition 2i A *-algebra Is called a "type !(( algebra" if 
the following two conditions axe fullfilleds 
1) iA baa property I 
2) Let t be a *-isomorphiam from into a *-algebra 

£y with property I . If -t maps tbe set of all 
minimal projectora of onto the aet of all minimal 
projectors of J&- , then t maps >*M onto &• , 

theorem 6t A *^algebra is a type Ij algebra if and only tf 
it *& '•-isomorph to a certain algebra £ (Mt, t*T). 

According to theorem 6 the centre of a type 1^ algebra is 
a discrete one, i.e.,it is generated by its own minimal 
projectors. Especially, a type 1^ algebra, which ia to an 
algebra of bounded operators isomorphic, is a W -algebra with 
discrete centre. 
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2. AlKebr^a with property_I, 
To prove the theorems we need some further insight in the 

considered c lass of algebras. 
Theorem 7: For every -algebra with property I the following 

statements are t r u e : 
1) If jo i s a minimal projector , then, there existB a 

posi t ive l inear form f with 
(6) pa.p = f «*.) p for a l l а. ь-А 

2) If ^ contains only one minimal projector f>. f then 
p # i s the ident i ty element of *-4 and ^« i s 
isomorphic to the algebra of complex numbers. 

We beginn with the second asser t ion. For every non-zero 
a ( o « the l e f t ideal ^ 4 a contains a minimal projector рф . 
The case J f t - o can be excluded, because in t h i s s i tua t ion 
a and the гего form a l e f t idea l , that has t o contain a 

minimal projector and t h i s i s impossible. How there i s an 
element a/ with a = a p c and thus ( a - a ' ) p . *с . By the 
same reasoning <x-<x = Ь p 0 and from p.* =» p, i t follows * = a.' • 
So we see a p , =ti , p. a - a* for a l l at<-* and p # i s the 

ident i ty of чД . For every a « v 4 there should be a complex 
number } . such tha t OL- X p„ i s not invers ib le . I t follows 
0.-5 X p, because otherwise *A C<t- Xp.) » pw wich contradicts 
the assumption tha t X belongs to the spectrum of <* * The 
second asser t ion of the- theorem i s now available and the f i r s t 
asser t ion becomes obvious: The eubalgebra ъ<А p - ^4% , where 

p i s a minimal projector of кА , has t o sa t i s fy property I 
too. In v i r tue of the minimality of p , no projector di f ferent 
from p i s In J , . Therefore, <-4, i s isomorphic to the 
algebra of complex: numbers and po-p« ^°-> P with some 
nuirber fim) . Clearly, f depends l inear ly on <a, and 
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роЛхр» f p has to be a positive elenent of o4 . Hence -f 

is a positive linear form. 
The property (6) is an essential charactoristicum of minimal 

projectors for property I algebras. This shows 
Theorem B: Let ^A be a *-algt:bra. Denote by 1ft[(.*-4) the 

set of all such projectors f> of ^A for which (0) is 
fulfilled with a certain linear form ^ . 

has property I if and only if 
p e p = о for all p t 1&{yA) 

implies QL = о in ̂ 4 . 
The proof proceeds in two steps. Firstly we need 
Lemma 1; 1H(*£) consists of minimal projectors of w-4 . 

From p e p ^ ^ a j p for all a.* ~4 and ̂ (Ь Ь)£о we have 

and л 

<6) «? * ц e |Т?ьГ ' 1 • 
We see this in the followinc way: f> * 1ГП.<*-4) and Г^ - 4 
implies | Ц ) р « p?P = ^p - Ц- for projectors f̂ and thus 
P •= 4 . Therefore consists of minimal projectors only. 
The other part of the lemma is a straight-forward application 
of egu. (6). 
We can now be sure tha t 'TOC^J consis ts of a l l minimal projectors 

if ^4 baa property I ,, In th i s case -J4*X. ?«Л^> with a ce r t a in 

p e W ( ^ ) ^or a given o.*0 and we get ba»j> . Now ^ ( p b e ) ^ o 

iBtpliee by pos i t i v i t y f (ЬрЬ)*о and we obtainUpbatpk.fcob*». 

According to lemma 1 i t i e Q «JilTpl * ^ t with some A and 

Й П . 4 Ф 0 «To prove the other par t of the theorem 8 we choose 

an element a ^ o out of a given l e f t &deal J . According 

t o the assumption we can find р«?Я with p a p + o . By (6) 
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оде showa {(«t+o and the positivity of f implies 
X". {le^J+t, Nov? ^•Aoip* ь'дп'Щ. shows that ^ contains 
the minimal subideal -A^ and theorem S io proved. 

As a consequence of theorem 8, every -algebra with 
property I is a reduced one ГЧ. 

Theorem 8 implies theorem 4 in virtue of 
Lemma 2; Let , For every £, *-fffrt **»> *,.>"•* 

the element ( р ^ и » ) » e ( t * f 

i s a minimal projector and there are no other minimal 

projectors in *-4 • 

Indeed, every projector q of defines new projectors by 

^W:>»4.ttVl , ^ t ' * - * for t + t ' . ^ t i s smaller than ^ 
and If 4 was miniinal and Ч(.+ ° then ^ * ^ t t One sees 

that CL projects ^7 t onto a one-dimensional subspace oi 
•Ô  provided 0(̂  i s a minimal projector . On the other 

hand, every one-dimensional subspace of *0"fc defines i t s 

projector and th i s projector i s a minimal one. 
Let us mention two further propert ies of j f*(^L, teTj . For 
every pa i r of projectors f,m*7tt we dist inguish two poss ib i 
l i t i e s ! Either they project into the same or in different 1$ , 
Let us denote by УИ^ the set of a l l minimal projectors t ha t 
are defined according to lemma 2 by the subspaces of J}, . 
Then Tfft 1B the union of the ^ , t * T and Щ^ л W t / 

i s empty for ±ф±' • On* immediately sees that two projeotors 
belong to the same 7W. i f and only if there i s an flt 
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with po.Q*6 « Of course, t^e later condition etui be 
extended to ал arbitrary property I algebra, the pruof of 
this fact is evident. 
Lemma J : Let yjQ be a -algebra with property I . There i s 

an index set I arid a decomposition of SRk'V in disjunct 
se ts 1 & M - ) , +-cT such, tha t qTpe?H{v4) belong to 
the вайе t if and only i f there i s an a " ^ with рас^ФС . 

Now suppose q bp + 0 for агр^Ш±(^) , The element oU^^ 
s a t i s f i e s 4 p d * ^ b p b ^ = A ^ а л й я.4,0 ( f o r ^4 i s 

reduced and Ач -(^Ьр)^ bj») т ь ± д ^ i v s s 

Lamina 4i ^iqj.c'^W) if and only if there i s a pos i t ive 
l inea r form -f and an element bc»-4- eu~h, that 

equ. (?) and (8) a£6 va l id . 

3» Representations. 

Let 

be a "-representat ion of the *-algebra with domain of 

def in i t ion <8Z . I f cf*9Xk4,) and vicf)+. О , then the 

functional ^ defined by ^.ci^ = <x't») e i s a vector s t a t e 

of f . Indeed, for ф<= JX^ and ~T =*'*%)$ *0 we have 

< { i « « > f > - y » K " f i ' } > . If now (?) and (81 i s va l id for 

the projector p t THilvi) , we conclude тчр)#о and with -f 

aa defined by (6) we have <"f! *<«>'J">»/tM<?if) with о vector 

"i ***•?)¥ . How r<p) i s a projector and hence 

«HP><i.f> • <?.*<?>?> >- l l i i H ! 2 l i l | 1 

9 



for a l l $ , . Sotting $,* l wo get 

and the equality sicn holds for " f - «W ? . 
Theorem 9t For any P> 4 * 3itt»4) and 

(1o) pep = f(a>P i ?<«<? " f , a ) < ?- • * * « ^ 
every "^-representation t of *-4 with t t p j ^ o s a t i s f i e s 

си) «sip's » f <*) • *«p l < i ' f > l 
where the supremum runs over all ^i"f* -3» with the 
restriction 

da) -ur>i - -J ,-*<})*'- f 

We are now in tfae position to show theorem 5» Let ^ be a 
*-atgebra with property I . With T we denote tfa.e index set 
given by lemma 3 . For every i< > «e choose p, * Ш^(*А) 
and define j ' be f^Otf^» f.i*) f̂  . Let us now perfona the 
GNS-representation X. of determined by f^ with domain 

of defini t ion - 5 t and cyclic vector $((£к i Д«сЧ•• <5^1 ^CeJ J^^_ 
I t i s T t l f t > $ t - § t . If for some ф* Af we have t , l f t > $ - J / 

then T (p t a)T t ^T t )f - T t(P")§ and with the help of (6) we find 

$ depending l inear ly on $ t . This shows tha t т^СР^) i s 
a one-dimensional projector . She same conclusion can be drawn 
for every \'.%l with ^ Э Щ М , ) by s i a i l a r arguments. Lemmata 
1 and 4 now indicate a one-to-one correspondence between 

and the se t of a l l one-dimensional subspaces of JF 
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flenco tho vectoro (12) foro one-dicencionol opacoa and 
ели. (12) la valid without porforolng ttiu operation "sui" I 
We construct tho d i rec t sura f ol" thv? rej.roaentntj.one T t , 

t i T , and the r e su l t ia a *-iooDorphiom of -A into JT'W'j,**"7"/ 
«1th p n p e r t i e a required by theorem 5>« 

We consi ler now a second ' - r epresen ta t ion *t into i I**.' 
with the same proper t i es . Then the one-dimensional subspaces 
of ^0 t -ind tfi4 are given by T l̂fi* ^* and "rtp*)-^ ^ ^ 
the:-t; i s a one-to-oie correspondence 

(13) -?t(V)^t ^ ^ I M ^ t 
As proved above, the t r ans i t i on p robab i l i t i e s between one-

dimensional subspaces remain unchanged by the mapping (13). 

Applying a theorem of ft Igner L"0 theie i s a unitary or an t i -

unitary one-to-one mapping U t from -Д* onto * t̂ -with 

(14) - ? tP i )U t - «. t-tPt) 

Considering now with the help of (14)the va l id i ty of 

^(<?) J - t tcOUt-u^r i tOJ- t^ i = J f ( « f * * ^ U t - u 4 r < ^ « 4 ^ = ° 
for every minimal projector at we get 
(15) гГ ' -ъЧо^и - -rC*) , u ^ Z w t 

Applying th i s to i a too, one proves l i n e a r i t y of «A . 
By t h i s way we ha^e not only proved theorem 5 but also a 
general isat ion of theorem Л. Indeed, l e t ^4 * £ CO.,**-^, 

*t the identic sutoaorphism and -r a -Isomoi-phiBm onto 
<if (*й < ( {еT) . There i s a unitary шар u of the d i rec t sum 
of a l l J)± onto the d i rec t sum of a l l <&t- which iepliments 

II 
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The laot part of iho proof of theorem 5 contains Che following 
statement: 
Theorem 10i Let t be a ^-ieoDorphiem of onto 

df'f M, ,t'lT~) • Tl»eii there exis ts a unitary шар u. 
from ZJStlt(T onto Z-0{', t't T and a map ^ from 
T onto T with 

»*« • 4-«> 
and 

Tea) - u. at и.""* , a * £ C* t , t « T ) . 

Theorem 10 implies the theorems 1 and 2 and showa bow to prove 
theorem 6: We have to consider an imbedding 

-4 - A* t,t'T) s £ with VHU)-n<.&). 
Theorem 5 t e l l s us , tha t »e need t o consider t h t case 

only. Further , ^A and £> have t o be *-isomorpa (theorem 5) 
and hence the to i s a *-i8omorphism from & onto -4 , i.e.. 
into £r tha t leaves stable the set of a l l minimal projectors 
as a whole. This ^-isomorphism has therefore to be an *-auto-
morphism and i t follows & • <~A 

4. Proof of theorem 3. 

bet f be a derivation of £ (&) . Using ал idea of P.Kroger 
we construct the element X of eg.. (4) e r p l i c i t e l y . For any 
two vectors {,ij of J} we define p, by 
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NOW \ -*» P | „ i O (1 l l D O i i T DOJ. Of од I n t o *• ( * J find VVH 

have а р 1 и . р for o i l o t t iW") . 

tlow wo define 

end get a l i nea r nap -n -»<"у fron -v in to / F . How 

ia a map of «0" into JJ for every afrjC (•$) and 

shows tha t 

Hence у г <f , Subst i tut ing a - P ^ j >e get < 5 , ^ S > =0 
Next we consider 1И0О * f ( a ) . ^ i s again a derivation 
and we construct as above у *f - !МРч\)*| s o t D a t 

•f<<W = Cy,cO № d 

Choosing -ц4= J i «l« f . ( we obtain »i th <{,x4>=-<j^,\)м 

Now у maps Jj in to .5 and tf+*-- У so tha t 

and the theoren. i s proved. 
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журналах/. 

В ряде случаев мы сами обращаемся к получателям наших изда
ний с просьбой бесплатно прислать нам какие-либо книги или 
выписать для нашей библиотеки научные журналы, издающиеся в их 
странах. 

Отдельные запросы 
Издательский отдел ежегодно выполняет около ЗООО отдельных 

запросов ка высылку препринтов к сообщений ОИЯИ. В таких за
просах следует обязательно указывать индекс запрашиваемого 
издания. 

Адреса 
Письма по всем вопросам обмена публикациями, а также запро

сы на отдельные издания следует направлять по адресу: 
ЮЮОО Москва, 
Главный почтамт, п/я 79. 
Издательский отдел 
Объединенного института 
ядерных исследований. 

Адрес для посылки всех публикаций в порядке обмена, а также 
для бесплатной подписки на научные журналы: 

ЮЮОО Москва, 
Главный почтамт, п/я 79. 
Научно-техническая библиотека 
Объединенного института 
ядерных исследований. 
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