
ОБЬЕДИНЕННЫИ 
ИНСТИТУТ 
ЯДЕРНЫХ 
ИССЛЕДОВАНИЙ 

ДУБНА 

"EST - 8007 

N.B.Skachkov 

CURRENTS AND FORM FACTORS 
IN LOBACHEVSKY MOMENTUM SPACE 

AND THE NUCLEON MEAN-SQUARE RADIUS 

ЛАБОРАТОРИЯ 
ТЕОРЕТИЧЕСНОИ ФИЗИНИ 



We regret that some of the pages in the microfiche 
copy of this report may not be up to the proper 
legibility standards, even though the best possible 
copy was used for preparing the master fiche. 



RANGE OF JINR PUBLICATIONS 
The preprints and communications of the Joint Institute for 

Nuclear Research (JINR) are considered to be original publica­
tions. They are published in accordance with Article 4 of the JINR 
Stauit. Difference between the preprints and communications consists 
in that text of the preprint will be published in future in one of 
scientific journals or in aperiodic collections. 

Indexing 
The preprints, communications and deposited publications of 

the JINR have a single numbering (four last figures of the index). 
The first sign of the index - a letter, denotes the language 

the paper is published in: 
" P " - published in Russian; 
" E " published in English; 
" D " - published both in Russian and English. 
The preprints and communications, which a re distributed only 

to the Member States of the JINR, have no letter-index. 
The figure following the letter denotes the subject category 

of the given publication. List of subject categories of the JINR 
publications is sent periodically to the recipients. 

Above-described index is placed in the right upper corner of the 
cover and on the title-page of each publication. 

References 
In bibliographical references to the JINR preprints and commu­

nications we recommend to indicate: author 's initials and name, 
an abbreviation of the name of the institute, index, place and year 
of publication. 

An example of bibliographical reference: 
I. I. Ivano» JINR, P2-4985, Dubna, 1971. 



E2 - 8007 

N.B.Skachkov 

CURRENTS AND FORM FACTORS 
IN LOBACHEVSKY MOMENTUM SPACE 
AND THE NUCLEON MEAN-SQUARE RADIUS 

Submitted ю ТМФ 



1974 Объединенный инсаинуп лйерных исследований Дубна 



1. In describing toe interactions of nucleon with other 
particles, invariant form factors are introduced into the 
expression for the nucleon current. These form factors 
phenomenologically allow for the nucleon spatial distribu­
tion.However,no satisfactory description is available so 
far for this structure in coordinate space. 

The reason for such a situation is well known: to pass 
over to the three-dimensional space requires a special 
reference frame, namely the Breit system, to be used. 
In this system the time component of 4-vector of momen­
tum transfer, q =p-k becomes zero (as p--£ , p 0 = k., 
and q= (0,2p) ). This makes it possible to go over to 
the coordinate space through the use of the three-dimen­
sional Fourier transform for the form factor F(-q'2i 

, ( , ) - 7 f ? r f F ( -q2 )e~ ' " r dq\ (1) 
(In) 

The coordinate, therefore, is introduced as a quantity 
conjugate to the momentum transfer in the Breit frame. 
However, as for every value of <f there is its own refe­
rence frame, the function f(r), which describes the nuc­
leon charge density, is not given in a definite physical 
reference frame. 

To overcome this difficulty, the way should be found 
now to express the Lorentz invariants, in particular, the 
four momentum transfer squared, t=q 2 , in an equiva­
lent three-dimensional form without using a special coor­
dinate system as that of the Breit frame type. For the 
spinless case, such three-dimensional form has been ob­
tained in •' • >2-' by making use of the Lobachevsky space. 
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The group of motions of the Lot>achevsky space is the 
Lorentz group ' • Therefore in " for transition to the 
configurational representation an expansion in unitary 
representat ions of the Lorentz group was employed 
instead of the Fourier transformation. 

For the spin case , we a r e interested in, the p a r a m e t r i -
zation has been found ' for the par t ic le current matr ix 
elements in t e r m s of the Lobachevsky space. The matr ix 
elements of a scat ter ing amplitude, constructed by means 
of these cur rents , have a form of the re la t ivis t ic genera ­
lization of quantum-mecha.aical potentials obtained via 
replacing the Euclidean geometry by the Lobachevsky geo­
metry . Therefore it is natural that the invariant form 
factors in the expressions for cu r ren t s a r e to be p a r a m e t ­
r ized also in t e r m s of e lements of the Lobachevsky space, 
and for their space description expansions over the Lo­
rentz group representa t ions a r e to be used. 

Note that the Lobachevsky space was employed ea r l i e r 
i n ' 5 ' ' , for describing form factors, and in / 6 / the ex­
pansions over the Lorentz group representa t ions were 
used for studying the form factors by means of the r e l a ­
tivistic configurational representat ion introduced in ref: ' ' 
However, in / f > / the advantage of re la t iv is t ic configuratio­
nal representat ion was not exploited. In the p resen t paper 
we will connect such an important nucleon charac te r i s t ic 
a s i ts mean-square radius with the distribution of the form 
factor in a new relat ivist ic coordinate space , and d e ­
monst ra te that this provides the invariant space d e s c r i p ­
tion of the nucleon s t ruc ture . 

2. The way of writting the currents in terms of e l e ­
ments of the Lobachevsky space is most easily demonst­
rated by the example of a nucleon interacting with a sca ­
lar, or pseudoscalar, meson. This process i s shown in 
Fig. 1 where solid line stands for a spinor particle, 
dotted line for a scalar or pseudoscalar one: 
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Fig. 1 

Matrix elements of the hadron currents of the scattering 
amplitude are of the form: 

<p,«:j s(0)!k,<r'>^ J a

s

a,(p,k) = u < r (p)u a ' (k)F s (q 2 ) (2) 

<p\a | j p 4(0)|k\ f f->HJ P s ,(p,k) = ua(p)y

5u°''(k)Fn (q 2 ) ,^) 
о о P R 

where F^tq2) and F (q 2) are the scalar and pseudo-
scalar form factors dependent on the squared 4-momentum 
transfer, q=p-k , and uCT(i?) - the Dirac bispinors. The 
momenta p and k in (2), (3) are on the mass shell so 
their components are connected in the following way: 

PI-V2 (4) 

Equation (4) defines in the Minkowski space, the three-
dimensional surface of a hyperboloid on the upper sheet 
of which just the Lobachevsky space is realized. 

Now, by using the transformation S k corresponding 
to the pure Lorentz transformation (i.e., "boost") Л к ; 
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\ к (п!,0) = ( к ° , к" ) ш (2) and (3) we pass over to 
the bispinors defined in the res t frames of par t ic les ' 

Г , ( p, k) = u " (OS" 1 S . u" (0>F (<Г* ) , 

j , " , ( p ,k )=D" (0), r ' S 7 1 S, u " ' (0)-F fq'-'). 

The explicit form of the transformation S k andbispinors 
is given in Appendix of ref. ' • 

The pure Lorentz transformations do not comiiose a 
group. Their product is not the pure Lorentz t ransforma­
tion but contains also the three-dimensional Wigner ro ta ­
tion described by the matrix V(.\p,k) SSU(2) 

S- 's =S . -D ~'l V - 1 ( \ , k ) | . (5) 
I' 

Let us introduce the following notation for the 4 -vec-
tor \ - ' k ' 

I' -h , 

(k(-)p)° - (Л"1 к)° = -»bllA.- = \ ,v-/iir^77k"f-)pi2 , (6a) 

и-)p - ( г 1 к) = к - i < k „ - - i £ — > = •:. (6b) 
|i m » P ( ) 4- m 

In spherical coordinates 

p„= mch V i > k„ =mch,v k 

p = mn* psh. V [ ) к = mn k shx- k 

« 2 = n 2 = l 
p к 

eq. (6a) takes the form 

chy = c h x ch* - n n s h x - , s h x , (6c) 
Д к p w P *• P 

the three-dimensional vector \ = k(-)p* is the diffe­
rence of the vectors in the Lobachevsky space. In the 
nonreiativistic l imit it converts into the usual difference 
of two vectors in the Euclidean space, 3 P = -q*= k*-p > 
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Consequently, it can be regarded as the three-vector ul 
momentum transfer belonging to the Lubachevsky space 
The 4-momentum transfer squared ц- , is expressed \v& 
that 3-vector in the following way 

.f = t = {p-k) ,2m(m- \ ] , . ' n l n - Vm" ' \"' >• (7j 

Therefore the form factors in (2), (3) can also be para ­
met r izes through д 2 . defined on the hyperboloid, i .e., 
again through elements of the Lobachevsky space. 

With (5) taken into account, current (2) takes the form 

: " , ( р , к ) u " ( 0 ) S . D 2 ! V~ ' f \ , k ) | u " ' fOJ.F f \ - l 
no 1,1—1|> P 

L * s • . , - , , . , _ , ( « ) 
- i I Ck(-)n).F ( \")-D " . I V ( \ ,kil . 
a =-L- ' p 
V 2 

where 
г 

j ( k ( - ) p ) - \ 2rr(m , \ ) -h 

Analogously, for (3) we nave 

j ''" (p'.k'l , S " (0)v 3 S D I V - ' (Л ,k)!u" '(0)I ; ( \'2> 
(7(7 k < - ) | l P P" 

(9) 
l a i 2 i 

= I j •"* (k<-)p).F (A^-D . IV (Л ,k)l, 
, (7(7 V* С О Р 

a = - i - I" I1 

1> 2 
where 

Thus, currents (2) and (3) can be represented as a 
product of new current \ a g k(-)p), local in the Lobachev­
sky space, and the Wigner "rotation. 

The presence in (8) of the function D",containing the 
Wigner rotation is connected with the transformation 
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law of state vectors under the Lorentz t ransformations: 
_i - - i - i ~ГГ" ' 

l( \ i' k-, rr -- = i D . I V I \ „ , к )Г \ к , » ' . 

The Wigner rotation has a kinematical na ture . In cur ren t 
matrix element (8) it fulfils a removal of spin indices 
" ' from momentum p' onto к (by the terminology of the 
authors of the paper " ). Therefore the indices о and 
";, of the current j t (k(-)p) a r e " s i t t i ng" on the 
same momentum p* • '' 

Let us now examine which advantages for writting the 
amplitude matr ix element come from the th ree-d imens io­
nal parametrizat ion of cur ren t s (7), (8) as compared to 
four-dimensional ones (2), (3). As an example, let us 
consider in the Born approximation the scat ter ing of two 
nucleons in the theory i = g 3 :Ч*(х))-3 Ф( x)d(x): : (without 
form factors). In the cen t re -of -mass system this p rocess 
is described by the Feynmam diagram drawn in Fig. 2 

Fig. 2 



and the amplitude can be written as 

In virtue of (7), (8) it can be rawritten in the form 

<2)ст, о Vila a 
T " " " l " 2 ( p ' . k U i T '! ' 2p ( L ; _ | p 

l,i ip 2 

x , y v , ' , v " , ( A p - k ) m v i l v ' , ( A p - k ) » -

where » » 

Usually, when from quantum field theory information is 
extracted on the two-nucleon interaction one uses the po­
tential > ( 

„(2.1 ,-> Д 2 ( f f l 4 t ) ( » 2 A e ) 
V ( p , k ) = g £ — ^ _ c (12) 

/ •8/ 
which follows from (10) in the non-relatieistic limit. The 
vector Д,, =-q=k-p~> is the difference of two vectors 
in the Euclidean space. Consequently, on separating the 
Wigner rotation, which has purely kinematic nature, we 
arrive at amplitude (11) which is local in the Lobachevsky 
space. The spin structure of (11) is direct geometric 
rtiativistic generalization of that for potential (12) * . 

Note that usually an expansion in spin structures is 
performed over the vectors k i p of the Euclidean 
space and the kinemaiical Wigner rot&tion is not separated 
that results in increasing number oi spin structures 
fsee, e.g., ret / I e ' „ where the same matrix element 
(10) is des... ~ '• by three spin structures). 
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What is the factor — in (11) can be easily 

understood if in (10) and (11) one puts /-- * 0, i.e., the 
scalar photon exchange. Then because of S^- . 2 = m2 

both expressions (11) and (12) take the ьате form: 
2 ( o . . \ ) ( w , . \ ) 

E ! = 

Л 2 

and differ in the geometrical sence of quantity Л only. 
It can be said that for // - 0 the separated in this way 
amplitude 

< 2 > C T l , . " 2 p • ( 2 ) a I p " 2 , , -
T ' P (p,k)=T (k(-)p) 

"l °2 "l "i 
')' 

has absolute "geometrical" character 
3. In order to find local expressions in the coordinate 

space, analogous to those in the Lobachevsky space, 
transition to the configurational representation should be 
performed with the help of functions forming a complete 
system with the volume element of the Lobachevsky space, 

dfi k = - i t - . Such fucntions realizing unitary irredu-
k, о 

cible representations of the Lorentz group (motion group 
in the Lobachevsky space) have been derived in and 
have the form 

f (p, rt = ( —i! ) 
m 

irm 

/ - 2 2 
P f l = V P *• m . 

where 
r = r n ; n 2 = 1; 0 < r < » 

(1?) 

(14) 

The parameter г in (13) is connected with the eigenvalues 
of the Casimir operator of the Lorentz group 
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С „ - i . M ( i | . M ' " - N-' - М - , ( 1 5 ) 

where the components of the vectors M and V a rc Hit 
generators of the Lorentz group '•' 

N - < M . . I ' « 0 2 • " « . . . > ( 1 6 ) 

via the following equation: 

CHpV) = ( - L * r V ( p , 0 . (17) 

To the values 0 < r •- >= there correspond the so-cal led 
principal s e r i e s of the irreducible unitary representa t ions 
of the Lorentz group real ized by functions (13)_ In the non-
relat ivist ic limit me functions f ( p . ' ) reduce to the 
usual plane waves ' ' 

f (pV) - е ' ? ? . 

The part ial-wave expansion of (13) is as follows 

£ (p \ r )= S (2f + l ) i r p (chX- , r ) P . I ~ ) . (18) 
P = 0 ' l> 1 p r 

The functions 

r ( i r m + f4 1) „ - Г - * 1 

p „ < c h x . r M - L ) V — V - — P * <<**>-
f 2shx. I ' ( i r n n l ) - i - , i r 

2 

T ( - i r m +1) , , f d / , , . 
. ( s h x ) ( ) p 0 (ch x , r ) r ( - i r m + P +1) * X dy 

with 
, , ., sin (rmv ) 

p ( c h x , r ) = ^7—Л— 
0 rm sh x 



obey the following conditions of completeness and orthogo­
nality 

2 shy-shy" m 3 f r 2 d r . p . ( c h x ,r)p (chy' . r) =5(y-y '> 
77 0 I I 

i i l l n ? / s h 2

Y dyp* (chy ,r)p (chy , r ' ) = S ( r - r ' ) 

and in the nonrelativistic limit they turn to the spherical 
Bessel functions 

p £ ( c h y p , r ) . j f ( r ' - ^ I b l W ' 

Therefore i n / 1 / it was suggested to regard the functions 
f (p,r) as "plane waves" in the Lobachevsky space and 

the parameter г as the relativistic generalization of the 
modulus of radius-vector. 

fa/'/ also the operator H 0 has been defined which 
stands for the free Hamiltonian 

V (pV>- P 0 H P V ) . 

This operator is the finite-difference operator with a step 
proportional to the Compton wave length 

H =n> c h ( i - J - ) + iSh(ii.) 

k. 
mc 

д 

= III en ^ r—) +— s in— -5—)— e , / i q \ 

where &в,ф is the Laplace operator on the sphere. 
Analogously the momentum operator 

Vf.dif. x fdtf. У fdif. z f.dif. 
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was constructed 

- ' \ M p . r ) = p M p , r 1 ( 2 0 ) 
r.dif. k ' 

with components 

• i V ' - s i n О cos о ( с '" ' ' - H 1 i f <-'os 0 cos <j ij_ 
' Uir- " г до 

_!_ '' sin 6 J_)C~^J7 (21a) 
s in 0 rttb 

д 
• i V , = - . s i n « s i n c i ( e m 7 7 - H - ) - i ( Q™0™± L 

j _ д 
+

 с<жф L ) e m " ^ ( 2 1 b ) 
г . sin 0 Эф 

a д 
^~ -п. u i £HL£. . * - ^ a 7 - i V = - c o s ( 9 ( e " - H n ) + i 

z f.dif. ° r 3 0 
(21c) 

where 9 and <£ are spherical coordinates of the vector 
г = r (sin$ cosф ,. sin#sinc£, cos0) . 

Operators (21) obey the commutation relations 

.-. .[v \4 :,f\n[$- VV: Г =[V' Л ] '= 0. (22) 

In the nonrelativistic limit they become the usual 
translation generators —i -^щ- . written in the spherical 
coirrdinate system,which is>notab"le for £ ( р*,Л .^because 
of the distinct status there of the modulus of radius-vector 
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Let us now examine what corresponds, in the new rela­
tivistic coordinate space, to amplitude (11) if it is consi­
dered as some potential. Applying the Shapiro transforma­
tion / " / we get 

V ( 0 - e » J _ / ^ L f (Д,г) dA ( » , A ) ( S 2 A ) 2 m 

(2„)3' A o H2—2m2 + 2 m A 0 m + AQ 

^2(«. f..)(». v,. ) - 4 - / d A 

(23) 

f(A,V) 2m 
1 dif 2 dif ( 2 l 7 ) 3 A „ ^ 2 - 2 m 2

+ 2 n , A 0 m + A 0 

4 [ 

4 m 2 - » * 2 Y u t 

и 
У ( г ) . (24) 

To the propagator 
1 1 

л

2 - 2 m 2 + 2 m A 0 ( I

2 _ ( p _ ' k ) 2 

in the t -space there corresponds the relativistic Yukawa 
potential / f , 2 / 

1 c b ( r m 3 | ) 

V n (r ) = J 
Yuk. л 

4i7fm sh(rmrr) 

1 cos( riiia^) 
4irrm зЬ(гштг) 

2 .. i 2 

a = arc cos ( 

2 -. л 2 

2 2 
/i —2m 

2m< 

(25) 

2 . 2 
a^Archf^-I^L). 

2 2m 2 

For y. < 4m 2 in the nonrelativistic limit it reduces to 
the usual Yukawa potential 

V v v ( r ) 

Ink. 
С -* oo 

/I 2 < 4 m 2 

4 i7 r m (26 ) 
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2 ll 

At ц =0 the potential V Y n l (t) is the relaUvistic 
generalization of the Coulomb potential 

V , - , / r ' = T - ^ • c t h n r m . (27) 
(.oulomb Anmt 

Within the nonrelativistic theory potential (12) in the 
configurational representation has the form 

, Л 2 1 г At ' V ( 3 . Л > ( f f V\-> 
= 8 Z~? f * C i i 2 = 

Л = k-p*, 

DOnr^al 
v ... „ , -.. - . 

(2n) (i + Л r 

л 4 " r m 

-» д 
where v = — -

Consequently, transition to the coordinate representa­
tion with the help of the expansion over the Lorentz group 
representations allows one to preserve the obtained in the 
i&onieatum space reiativistic expressions in the form 
of direct reiativistic generalization of quantum-mechanical 
potentials. 

Next, we pass to the nucleon form factors. Let us define 
the three-dimensional distribution in reiativistic configu­
rational representation via the expression 

F(r) = - i _ / f (Д , h F( 4 2) ! * -

t = ( k - p ) 2 = 2ra(m-Д ,)). 
(28) 

The transformation inverse to (28) is 
F ( A 2 ) = / f * ( £ , r ) F ( r ) d r (29) 

and, due to the equality t/ * 2 =0, resulting from (7), 
has the property: Д =o 
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F(0) » / F ( r ) d r ' . (30) 

In the phenomenologival description their shape is often 
approximated by the following expression (the Clementel-
Villi formula !>' ): 

F ( t ) , c ( l - v a . t v _ i i ) , ( 3 1 ) 
1 ' i 1 - _ 1 _ -

„2 

where/J | are the vector-mesori masses md a,c, a. ,b -
constants defined from experiment. ' 

The part of form factors (31) dependent on i is re-
2 

duced to the form of relativistic propagator ii —i—'— 
i n2.-f 

In the relativistic configuration^ representation to this 
part there corresponds a set of "elativistic Yukawa poten­
tials (25). 

F( \") . S / b . V .̂ ( r ) . (32) 

It follows from (25) that the effective range of form-
factor (32) essentially depends on the mass of vector 
meson which defines the nucleon structure, for ц < 4 m , 
i.e., below the threshold of nucleon-antinucleon pair pro­
duction, the factor ! diminishes the radius of 

s h ( r m 17) 

the cloud of light particles with increasing their masses, 
i.e., when 11 2 -. 4m 2 . The radius of .the, gloudjOi heavy 
particles with masses above the production threshold 
of NN-pair, i.e., ^ 2 > 4 m 2 ' j is considerably, smaller and 
ii decreases e? ponentially, by the e

- " " r r -law, with 
. . . - . -•: ' , .. . -'. *cos ('Pm-'a'i1')n* •-increasing r, due to the factor Ц^,,-.-. -:• 

sh(rmir J '1' "' " 
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Unlike the nonrelativistic Yukawa potential — 
the dimensions of the cloud of heavy particles are defi­
ned just by the nucleon mass *' n and not by the mass 
of exhanged particle. 

4. The relativistic configuration representation intro­
duced above makes it possible to describe form factors 
in the coordinate space. In particular, the particle inva­
riant mean-square radius <rj* > defined usually by the 
formula 

I 2 F(t)= F(0) ,. i _ ^ r 0 > t + ... (33) 

where 
6 ' о 

5F(t) 

<r„> = 6 (34) 
0 F(0) 

will be connected with the squared distance in relativistic 
configurationa) representation. Note that the quantity 
< г I •> , as defined by (33) may be interpreted, with the 
use of Fourier transform (1), as the nucleon mean-squared 
radius only in the Breit frame, and in all other frames 
of reference <rg> has no direct relation to the space 
distribution (if it i s defined as the form factor Fourier 
transform). The determination of the spatial distribution 
of the form factor through expansion over the Lorentz 
group representation» (28) is not connected with the Breit 
frame and allows us to describe the r -space distribution 
in an arbitrary frame of reference. To find the relation 
between <TQ> and r 2 , we consider howCasimir opera­
tor (15) operates on thg form' factor .The Casimir operator 
of the Lorentz group С = tf ̂ -iif , where (for transforma­
tion (28)) 

*' This fact was prompted to the author by V.G.Kady-
shevslcy. 
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. 2 - 2 з 

\ „ - \ = m , 
in the nonrelativistic limit reduces to the Casimir operator 
of the motion group of the three-dimensional Euclidean 
p -space (i-S—)2 (q =p-k*) . The eigenvalues of the 

<Ч 
operatorfj_^_ j 2 are given by the squared nonrelativistic 

dq 
coordinates r 2 which, from the group standpoint, 
enumerate the unitary representations of the translation 
group of the three-dimnesional Euclidean p-space, realized 
by the functions e ' ̂ r** .The nonrelativistic operator 
(iJ_ 2 

jrt is the Laplace operator in the three-dimensional 
Euclidean space and in the spherical coordinates <f = 
= q (sinrt cos^i, sin У sin Ф , cosO ) has the form 

( dq ] ' 77" Ч -»4 — ( 3 5 ) 

( л О ,Ф ~ U i e Laplace operator on sphere). 
_ Analogously, in the spherical coordinates Л 0= m ch x ; 
Л = m shy (sin0cosф,sine?sin ф , cosO ) (the hyperbolic 
angle x is named "rapidity" in the Lobachevsky geo­
metry) Casimir operator (15) has the form of the Laplace 
operator on hyperboloid: 

C=N 2-M 2= I - 4 - 2 ~ ^ ' . f - - ^ f _ . (36) 
mZ dx2 m 2 dx m 2sh 2x-

Owing to the spherical symmetry F(t) = F [2m (1-ch x ) 1 
and even to the dependence on the variable x o n using 
(36), we get: 

l C F [ 2 m 2 ( l - c h x ) ] ! | 
X = » 

6 <9F(t) 
m 2 d x 2 ^ = 0 

F(0) 
6 ( s h x , c9F(t) 

X ' dt 1 6 d H t ) 1 

F(0) F(0) 

18 



where we have employed the relation - ^ • — - ( — i _1! 

following from t = J m 2 ( l - c h \ ) = - lir"sh -\ _\ Expression 
(37) coincides with definition of mean-square radius (34) 
Thus, conventional definition of the mean-square radius 
(34) may be given the group theoretical interpretation 
in t e r m s of the Casimir^ operator of the Lorentz group. 

The eigenvalues of С a r e given by (17), Therefore, 
if the spatial distribution of from factors is determined 
with the help of transformation (28), the nucleon mean-
square radius is expressed, using F(r1 . as follows 

! С F( \" i f \ -=- . (> 
"( ^ L - j <• r 2 ) F ( r ) d r ' 

Fff» f F ( t ) dr 

(38) 

So, the nucleon s ize in t e r m s of the relat ivist ic configu-
rational representat ion is described by the 

2 h 2 ч 
X = -" , +r2 , 0 < г - •« . (39) 

m^ с z 

'I ' 2 2 
It was pointed in ' that X and r have the same non-
relat ivis t ic l imit , namely, the squared modulus of nonrela-
tivistic coordinate, so both of them can pretend to be the 
relat ivist ic generalization of coordinate. The lower value 
of X is limited from below by square of the nucleon 
Compton wave length 

*> Unlike (17), in (38) the constants "h and с a r e again 
introduced. 
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that is consistent with a result by Newton and Wigner ' 
conserning impossible localization .of a relat ivist ic pa r ­
ticle with an accuracy better than дгс -• Consequantly, 
if one assumes that the mean-square radius is defined 
by (34) then, as follows from (37), (38), the coordinate 

r descr ibes the nucleon s t ruc ture at dis tances la rger than 
the nucleon Compton wave length. 

The quantity X 2 = ( J l _ ) 2

 t r

2 - is the relat ivist ic 
mc 

invariant as it is the eigenvalue of the invariant Cas imir 
operator of the Lorentz group. Thus, the transit ion to the 
relat ivist ic configurational representat ion allows one to 
connect invariant definition of '-r--> (34) with the spatial 
distribution in any reference frame. 

Due to the spherical symmetry of the function F(t)=F(\ /. 
with part ial expansion (18) taken into account, t ransfor­
mations (28) and (29) can be rewri t ten as 

F ( r ) . - L - J s u i r n ' y . F ( \ 2 ) s h 2

x d x . (40) 
2 И r m sh x 

','2\ л- г sin rm у с . - , . 2 

where 

F ( A 2 ) a 4 g J sin rmy F ( r ) r < ! d r ( 4 1 ) 

rm shx 

t u Л о л L i 2 m 2 • X a Arch —- = Ar ch ( 
(42) m 2 m 2 

F o r the quantity 

, H X . U F ( A 2 ) ^ X ( 4 3 ) 

eqs. (40), (41) take the form of usual t ramsformat ion 
with the spher ical zero-oder Bessel function 

'о л гш\ 
ft,),. I / _S»1IS12C_ Ф ( x ) x*dx (44) 

IT,1 ""X 
.H \ - )=4 f f / SiHIfHX- F ( r ) r 2 d r . (45) 

rm у 
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However, in these t ransformations, unlike nonrelativistn-
Euclidean case, the ri lativistic coordinate is conjugate not 
to the modulus ol vector of momentum transfer but to the 

2 m ~ — t 
" rap id i ty" л = Ar cli ( — 1 corresponding to Ihe 

2 m -

momentum transfer vector \ = k ( - ) p of the Lobachevsky 
space. To a part icle localized in the relat ivist ic г - space , 
i.e. :/r\ t the form factor 

V l i i l 1 т + —!—7\ t i t - 4 m " ) ) 
r . , . \ 2m - 2m -
H i ) = - = — (46) 

s h X V t ( t - 4 n i 2 ) 

corresponds, in accordance with (43). It dec reases , for 
large ' t ' by the law 

fa Il± 
F( t ; - 2m 2 - J 5 (47) 

| t i » 4 m 2 I 1 ' 

The form factor Ф (\ ) = S , x F ( t ) in this case equals 

unity, just a s the constant form factor F( t )« l c o r r e s ­
ponds to the point-like part icle in the usual nonre la t iv is -
tic г - space , introduced by means of the Four ie r t r a n s ­
formation. Making use of (36) and (43) there is readily 
derived the equality 

- I » ! - — - ^ - ! Ф ( х ) - - 5 ! ^ ! ( С - - Ц ) Р ( с ) | = г 2 Ф ( х ) (48) 

from which it follows that definition of the mean-square 
radius (34) in t e r m s of the form factor Ф(х) r e su l t s in 
the quantity 

•mo , _6-l*M| 
£ ~ U m 2 ^ 2 X=° 2 Ц 2 2 

Ф (0) Ф (0) ° m z c z ( 4 9 > 
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Note also that if the standard form factor is normalised 
as F(0)^1 the same holds for Ф(,\) , i.e., Ф(0Ч, =1 

Thus.it can be thought of that just the form factor Ф(у) 
describes, in the momentum space, the nucleon structure 
beyond the ~- , and its distribution in the coordinate 
space is described, in terms of the relativistic configu-
rational representation, by the function F(r) . And, as 
is seen from (44), (45) and (38), one has: 

., 6 -7ГГ !„o /r 2F(r)dr* 
<r2-- . = — . (50) 

Ф(0) /F(r)dr 
Taking various forms of the distribution F(r) we shall 

obtain different form factors F(t) which, however, have 
universal behaviour determined by the common factor 

X 
sh \ F o r instance, taking the next, after the 5 -type, 
simple distribution, i.e., the Gaussian-type distribution, 

a \ - и г 2 

with the use of (44) we get 
2 „2 

Ф ( \ ) = — \ -^ • e '" , 
a 2-

that provides for F(t) the expression 
.. X2 <"2 

F ( t ) - 2 - v - f . 4 - - e '* • a 2 sh \ 

.'6 ' obtained earlier in analogy with the form of non-
relativistic form factor. The asymptotic form for this 
form factor 

2 1 
6 1 - T 

F(t) - —S!i , 
|l|»4n, 2 I «I 

coincides with that for form factors introduced in' ' 
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For studying the asymptotic behaviour it is convenient 
to take the spectral representat ion for form factors. Let 
the spect ra l density of the form factor '1>'\ ) be defined 
through the Laplace transformation: 

(51) lnz ft a ((a2 
—a i 

r d, 

By using (51) and (45) we obtai in 

Ф ( у 1 = L f _ 
» 0 

f (a 2 ) d « 2 , (52) 

that gives for the standard form factors the spec t ra l 
representat ion in " r ap id i t y " ,\, conjugate to ' 

F(0-Fv.x)-4_.I .y"_fi2!V-d e * (53) 
s h x

 r 0 a2 + x

2 

t - - 4 m 2 s h 2

x / 2 -
Trom (51) it is seen that the asymptotical behaviour 

of spec t ra l density P( a2) and, hence, of form factor, is 
defined by the behaviour of F(r) for smal l г . As far as 
spect ra l representat ion (52) has the same form as that in 
nonrelativistic theorv (see , e.g., ref. ' " ), with the 
only difference that ч -О^-?) 2 is replaced by the " r a p i ­
d i ty" squared x2 we shall simply l i s t the final r e su l t s 
for different cases : 

I st case : Let F ( r ' r ~ 0 — • This gives for the form fac­
to r s : 

«(x)l 2 * ^ 2 » ! _ ; F(OI -- = 4 T — . (54) 
x -~ x- x->°° | t |&i i i ^ . 

II nd case : F ( r ) | r = 0 -const. This corresponds to: 

O W U = ^ - : F(«) | - £ r - (55) 
г - * - x* x - ~ | t | b i 3 ! i i -

III rd case : rF(r) | _̂  -»<» means: 

ф (у ) | 2 s -£f£L_ ; F ( . ) | - E - — , ( 5 6 ) 
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In all the three cases F(-~ ) = Ф ( « ) = 0 .If *(•«) = 
const, then on subtracting this value we arrive at the 

spectral representation 

• (Хл « c , ) - ! / " ! ^ . (57) 
" 0 a- +\ • 

from which the equation 

r F ( D . * h L 3 ( , ) , i f -LfeVr: d«2

 ( 5 8 ) 

follows. This form of the spatial distribution means that 
in the nucleon center, in the region defined by the Comp-
ton wave length of the nucleon itself, there is the charge 
<3„-Ф(«) . . 

For the total charge (57) results in 

Q = eF(0)=e<S(~) + -£ J l ( a ) d a ^ (59) 
"• 0 a 2 

that allows (57) to be rewritten as 

v 2 » I ( a 2 ) d a 2 

Ф < Х > - Р ( О , - - | - ; — j L - i — . ( 6 0 ) 
0 a ( a +x ) 

It is easily seen from (60) that if in the nucleon center, 
in the region with the size of Compton wave length, there 
is a finite charge, then the spectral density is Ha ) - ——, 

а2-к» a 2 A 

where A > 0. If, there is an infinite charge Q 0 -<», then 
I' (« a ) - const o r ! ( a 2 ) ; ( a 2 ) . It should be emphasi­
zed that, as follows from (53), for any finite Л the stan­
dard form factor F(t) remains finite, i.e., F(~) » 0. 

5. To complete our consideration we formulate briefly 
the results we have obtained. The expressions for car-
rents in terms of elements of the Lobachevsky space allow 
for the spin structur of current and scattering amplitude 
to be shaped into the form of the direct relativistic geomet­
rical generalization of spin structures of analogous quanti­
ties of nonrelativistic quantum mechanics.And the transiti­
on to the relativistic conflgurational representation through 
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the expansion over the Lorentz group unitary representa­
tions permits one to p re se rve the three-dimensional , 
"nonrelat ivis t ic in f o r m " , express ions for relat ivist ic 
quantities in the coordinate space, as well. 

Note that the three-dimensional form of the desc r ip ­
tion both in momentum and in coordinate spaces is inva­
riant and is achieved not by the choice of some special 
reference frame (of the Breit type) but just through the 
use of the Lobachevsky space. The transit ion to the re la ­
tivistic configuratiobal representat ion, in v/hich the mo­
dulus of relat ive coordinate г is relat ivist ic invariant 
and is related to the eigenvalue of the Casimir operator 
of the Lorentz group by (17), makes it possible to in t ro­
duce the invariant description for form factor in the re la ­
tivistic configurational representat ion with the help of the 
distribution function F(r)Ji is in terest ing to note that the 
usual formal definition of the nucleon mean-square raduis 
by formula (34) acqui res the group theoret ical meaning as 
an eigenvalue of the Cas imir operator for the Lorentz group 
(see (37)). Ol the most in teres t a r e the electromagnetic 
form factors of par t i c les . These will be considered in 
a subsequent paper . 

The author wish to s incerely thank V.G.Kadyshevsky 
for fruitful d iscussions and also V.M.Dubovik, A.V.Efre-
mov, S.B.Gerasimov, V.A.Matveev, V.A.Meshcheryakov, 
R.M.Mir-Kasimov and B.N.Valuev for the in teres t in 
the work and discuss ions . 
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