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ABSTRACT 

Calculations are presented of drift surfaces, particle orbits and 
J invariants (J = Pv nds) for a particular mirror configuration. These 

2 quantities are interesting because the particles with small u(u = itw2 /2B) 
have drift surfaces which are not single valued and have J quantities 
which to lowest order are not invariant and in fact oscillate. The class 
of mirror confinement configuration we treat is known as average-minimum 
|B| in which the field lines are curved away from the plasma in places 
and towards it in others, but on the average are curved away. This 
particular configuration is of interest because it would be technologically 
much easier to build than a baseball or Yin-Yang configuration. 
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1. INTRODUCTION 
This note is motivated by recent discussions about the existence 

and/or necessity of drift surfaces and J invariance in various mirror 
configurations. We present here the calculated orbits, drift surfaces, 
drift velocities and 0 invariants for a particular configuration. These 
quantities we think have interest in the above context because the par-

2 tides with small p( = mv^ /2B) have drift surfaces which are not single 
valued and have 0 quantities which to lowest, order ( = iv„ds) are not 
invariant and oscillate. This work TS part of a forthcoming more compre
hensive discussion on the equilibrium and stability properties of an 
average-minimum 8 mirror configuration. The class of mirror confinement 
configurations known as uvcrage-minimum |B| is one in which the field lines 
are curved away from the plasma in places and towards it in others, but on 
the average they are curved away, and an example is shown in Fig. 1. The 
good curvature is produced by baseball coil (it could have been a Yin-Yang 
Coil or loffe bars) and the mirrorsare produced by elliptical coils. Oue to 
simple geometry, elliptical coils are technologically much easier to build 
than £. baseball coil, particularly for mirror ratios greater than two. The 
connecting region is where the bad curvature occurs and could lead to low 
frequency flute instability 

2. MAGNETIC DESIGN 
The conductor configuration used for orbit calculations has the 

baseball coil represented by a single line current and elliptical mirror 
coils (actually they are rectangular) represented by 11 single line current 
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at each end (Fig. 1). The current strengths are adjusted to give a central 

f i e l d of ^2QkG and a maximum f i e l d of ^80kG at the mirrors in the e l l i p t i c a l 

co i l region. A p r o f i l e of |B| as a function of z fo r r = 0 (dotted curve 

labeled on ax i s - " s imp l i f i ed " , Fig. 2) shows secondary mirrors a t z = + 70cm. 

This may be an undesirable feature due to local trapping of some special 

o r b i t s , but was not important fo r the orb i ts we studied, although i t may 

have introduced extra nonadiabatic e f fec ts . 

This conductor configurat ion was kept simple in order to reduce the 

time for computing o r b i t s , however, a more complete and detai led conductor 

design was calculated in which the baseball co i l was represented by 25 l i ne 

current sources and two extra mirror coi ls were inserted near the baseball 

co i l at each end (Fig. 3) . 

Some |B| surfaces and f i e l d l ines are shown in Fig 3. Note the f i e l d 

l ines have good and bad curvature. This had the benefic ial ef fect of 

el iminat ing the secondary mirrors near the axis r f the machine (Fig. 2 , 

so l i d curve labeled on axis-"improved"). This design did not el iminate 

secondary mirrors along a l l f i e l d l ines (Fig. 2, dashed curve labeled outer 

line-improved) but th is could probably be achieved with fur ther refinements. 

3. PARTICLE ORBITS, ADIABATIC LIMITS 

(31 

The orb i ts were calculated using the guiding center model * ' and i n 

cluded only the vacuum B f i e l d s . The ef fects of the di amagneti sm o f the 

plasma is to reduce the magnetic f i e l d approximately by the factor ^[1 - B 

which probably w i l l not change our results s ign i f i can t l y fo r @ <: 1/2. This 

model assuines the magnetic moment u remains constant, however, i f the o rb i t 

passes through regions in which the f i e l d changes more 202 in a gyro period, 

the par t i c le is a cal led nonadiabatic- In add i t ion , J i s not assumed con

stant and is calculated for each t r ans i t from the integral J = A v„ d£. 

Some orbi ts were also calculated using the more time consuming par t ic le 
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(4) equations of motion ' , which do not assume a constant p and therefo r e 

can be used as a v a l i d i t y check of the guiding center calculat ions. 

A group of deuterium ions was started near the center at z =7.96,9 =90°, 

and the i n i t i a l r , u and W (energy) were var ied. At each subsequent 

crossing of the plane z=z the time and pos i t ion were saved and used to 

determine the d r i f t surface and veloci ty v_ tangential to the surface for 

each p a r t i c l e . 

B r ie f l y s ta ted, the results show that mirror trapped par t ic les with 

small r are contained ana those with large r h i t the wa l l s . A lso, those 

par t ic les w i th small p , which therefore penetrate fu r ther down the z axis 

and experience f i e lds with bad curvature, have the most unfavorable v~ . 

With respect to varying r , i t was found that low energy par t i c les 

(W < 20 keV) wi th r Q =5, were adiabat ica l ly contained, whereas those wi th 

r =7 were not. To be more precise, the l a t t e r par t ic les were found to go 

through nonadiabatic regions, which inval idates the i r subsequent calculated 

escape. To correct ly determine theie orb i ts requires solving the equations 

of motion fo r the par t ic les rather than for the guiding centers. Such 

calculations do ver i fy the nonadiabatic loss and in f ac t , predict *• ' non

adiabatic loss fo r par t ic las which in the guiding center calculat ions 

appeared to be confined in sp i te of oassing through nonadiabatic regions. 

On the other hand, par t ic les which appear ad iabat ica l ly trapped i n the 

guiding center calculat ion give the same results wi th the more exact c a l 

culat ions. In the l i gh t of these results we make the conservative rule of 

thumb that any guiding center orb i ts that pass through nonadiabatic 

regions w i l l e v e n j a l l y be l o s t . 

Using the above rule we f ind that fo r W > 20 keV. par t ic les are non-

adiabat ica l ly l o s t fo r r =5. This also depends upon v as well as W, For 

convenience, p i i soi.itimes related to the i n i t i a l conditior. paramenter 
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u = v„/V by the equation. 

Where BQ is the magnetic f i e l d at the i n i t i a l pos i t i on , v., is the i n i t i a l 
2 

para l le l ve loc i ty* and u = 1/2 m v^/B. A lso, u is related to R , the 

mir ror ra t io of the pa r t i c l e by the equation 

R, - (1 - u * ) " \ 3.2 

recal l ing that R < 4 holds for the f ie lds under consideration. In terms 
3 rn — 

of the parameters W and 1 ^ , par t ic les with i n i t i a l posi t ion r =5 that are 

adiabat ical ly contained have a rapidly decreasing maximum R in the energy 

range 20 keV<W < 40 keV, as seen in Fig. 4 . We expect that for r <5 a 

s imi lar bahavior would be found, wi th perhaps a s l i gh t increase in the 

corresponding energies. 

To maintain our conservative b ias , we regard 20 keV as the upper 

l i m i t fo r adiabat ical ly contained par t i c les . 

This l i m i t is due to the steep f i e l d gradiants in the region between 

the baseball co i l and the mirror coi ls (Fig. 2). For a 40 kG f i e l d the 
-S + 

cyclotron period T is 3.28 x 10 sec for D , during which time a 40 keV 

deuteron travels 6.4 cm. I f the f i e l d increases by more than 20% over th is 

distance, the adiabatic l i m i t w i l l be v iolated and th is occurs in our simple 

conf igurat ion. For our improved configuration tt slope has been reduced 

in the region near the z axis but is not much changed fo r the outer " ie ld 

l ines (Fig. 2). 

4. DRIFT SURFACES 

A typical cross section of a d r i f t surface in the plant z =o is 

i l l u s t r a t e d in Fig. S ( in which H=1.5 keV). The most prominent feature of 

this cross section i s that i t is composed of two closed curves which cross 

each other a t 0=0°, 90°, 180'" and 270°. This resu l t is s imi lar to ear l ie r 

calculations of Siambis and Trivelpiece , where they also found the sur-
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faces coming together near those f i e l d l ines that have no to rs ion , as is 

true in our case f o r the f i e l d l ines at 0 " , 90°, 160°, and 270°. A par

t i c l e alternates between one surface and the other on consecutive bounces, 

and each surface can be associated with the sign o f v (some of the con

secutive data points in F ig. 4 are numbered to i l l u s t r a t e t h i s ) . 

This is due to the average d r i f t of t*ie guiding center away from 

a f i e l d l ine over one bounce and in toroidal geometry resul ts i n banana 

o rb i t s fo r trapped par t i c les . Morozov and Solov'ev show that f o r time 

independent f i e lds ana B_-v>B=0, the d r i f t equation has t ra jec tor ies which 
* 

coincide wi th a f i e l d B defined by 

A* = A + E£-Xit B 
— — So — 

* * * » 

where A is the magnetic vector potent ia l (B = VxA ; . For our purposes 

we note that the sign of the second term depends on the sign o f Vn and 

th is can lead to double valued t ra jec tory surfaces, which is consistent 

w i th our calculated resul ts . 

The maximum radial distance £ between surfaces increases wi th increas

ing w (compare Fig, 6 in which w=9 keV wi th Fig, 5) and decreases with 

increasing u '.compare F ig. 7 wi th M g . 6) or er iu ivalent ly, decreasing J . 

Note i i a t in comparing orb i ts of d i f fe rent energies, we consider par t i c les 

with the same e f fec t ive mir -or ra t io ^ ( ^ / a ^ u ) where BQ is the magnetic 

f i e l d at the i n i t i a l pos i t ion . In comparing par t ic les of the same energy, 

Fig. 6 is almost a t the l i m i t of mirror containment (Rm=3.90) whereas Fig. 7 

is fo r a par t i c le confined to the central region (ft =1.04). In the l im i t i ng 

cases, the ra t io of l/pQ [pQ is the larmor radius a t the i n i t i a l posi t ion) 

i s lq fo r both W=l .5 keV and Vl=9 KeV, that i s , l i s proportional to PQ f o r 

the two cases. In the l a t t e r case l is around hal f the maximum radius of 

the d r i f t surface. !• is a measure of the radia7 distance over which the 
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plasma communicates with i t s e l f in one bounce time and as such, is s imi lar 
Q 

to the mixing length discussed by Fowler . 

I t should be noted that .'./p f a l l s o f f quickly wi th decreasing u, 

and for example at u=.6,, for both 1.5keV and IDDkeV, I p -v. 7. (Recall that 

in the l im i t i ng case u=.86) In other wards, those par t ic les with large 9. 

are also t',,c ones easiest to scat ter into the loss cone. 

The shape of the d r i f t surfaces changes a t d i f fe ren t z planes. For 

example a t z =8 {F ig . 8) the same surface as seen in F ig. 5 is reduced by 

6 cm in width along y axis and increased by 6 cm in width along the x ax is . 

These changes are consistent w i th the B f i e l d geometry. 

We note that |B| is almost constant i n the i n i t i a l z plane over the 

region of the surfaces. Tc the degree that th is i s t r ue , the dependence of 

the d r i f t surface upon the i n i t i a l posit ion of the pa r t i c l e is removed and 

star t ing the pa r t i c le at any point on the surface would generate the same 

surface. 

5. AOIABATIC INVARIANT 

The quantity 1= v„ d l , where 3,- and fc+ are the o r b i t turning 
'i-

poin ts , is found to vary from bounce to bounce for a given o r b i t . A typ ical 

p lo t of I vs n (bounce number) is shown in F ig. 9 f o r the case W=1.5 keV 

which corresponds to the d r i f t surface of F ig . 5. Each n can be related to 

i t s posi t ion on the d r i f t surface and th is correlates the posi t ion of maxi

mum and minimum radia l separation between surfaces wi th the maximum and min i 

mum var ia t ion of I . Odd and even points are connected separately (F ig . 9) 

to show the bahavior of I over each surface. The pointwise sum of the two 

curves would give a curve wi th A l v i , The quanti ty J ~ 4 v„ d i is equal to 

the sum of 2 consecutive I 's and departs from being constant as v., increases, 

which is consistent with the theoret ical ordering that <jj_/w B « 1 . where ui_ 

is the d r i f t frequency and <j n is the bounce frequency (Note the point wise 
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sum of the two curves corresponds to J fo r v T =o). The so l i d curve in 

Fig. 9 showing J (actual ly J/2 fo r ease of p la t t ing) vs. n gives a maxi-

mun AJ/J of 0.009. For the case W=9 keV, maximum iJ /J=0.04. 

As has been shown by Hast ie, Taylor and Haas the longitudinal invar

iant can be. put in the form J = J 0 + — J . Where Jo - 9 v„ ds and the p r i n -

cipal part o f 0, = -o " f Jt„- 7 J ° • H e r e 5 i s t n e distance along a f i e l t i 
o 

l i ne from a turning point s V_ is the guiding center d r i f t ve loc i t y , 

q=|v„ | and a is e i ther ^ 1 , depending on the d i rec t ion being para l le l or a n t i -

para l le l to the d i rect ion of B. The main point here i s tha t our numerical 

results are consistent with th is form since our calculat ion of J neglects 

J-, and our resul tant AJ i s consistent wi th the form o f J , . 

6. TANGENTIAL DRIFT VELOCITY v r 

As was already s ta ted, v T is determined from the time and posi t ion of 

consecutive crossings of the plane z = z . This guarantees that each v T is 

the average d r i f t ve loc i ty over a bounce path. As in the previous sect ion, 

separating odd and even crossings can generate separate v T f o r each of the 

two d r i f t surfaces ( i n which case v T is an average over 2 bounces). v T is 

found to vary over a surface ana a typ ical case ( for w=9 keV, Rm

=3-9) is 

i l l u s t r a t e d in which v T i s p lo t ted as a funct ion of i t s ang.lar posi t ion fl 

along one of the surfaces (Fig. 10) f o r z =0. We note that the maximum 

var ia t ion i n v T is ^ '$5% peak to peak and the peaks occurs near the regions 

8 = 45, 135, 225, 305. A very s imi la r curve displaced by 90° can be p lo t ted 

fo r ths other surface, as i l l u s t r a t e d in Fig. 10 by x ' s , which are Vj points 

from the other surface p lot ted a t 0-90° from the i r actual pos i t ion . As 

expected, at d i f fe ren t z planes v» d i f f e r s . The main ef fect as one moves 

away from the mid plane ; =o i s for the var ia t ion of v- over a surface to 

increase, with the general shape of the curves staying s imi la r . For our 

purposes we shall use the maximum v T in the plane z =o when comparing 
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d i f fe ren t cases. 

As we vary u , keeping a l l other i n i t i a l conditions f i x e d , we f i nd fo r 

large u (small u) Vj is f a i r l y constant, and in the stable d i rect ion (+Vy) 

with respect to low frenquency f l u t e modes. At some c r i t i c a l y , v T changes 

sign and f o r smaller y ( larger u) v T i s i n the unstable d i rect ion with res

pect to f l u t i n g . This is as expected because large u orb i ts are confined 

to the central region where the f i e l d has good curvature and small \i o rb i ts 

can pentrate closer to mi r ro rs , where there are regions of bad curvature. 

For the case W=1.D keV we p lot Vj vs , u fo r rQ=3 an'] 5 (F ig . 11). Note the 

s im i l a r i t y of both curves, par t i cu la r l y where they cross the axis v T =o. 

Curves of s imi lar shape are generated over the energy range of in terest and 

in f ac t at W-100 keV the c r i t i c a l u value (u=u ) at which v_=o is s t i l l the 

same. Natural ly the magnitude of v T increases with increasing W and to a 

good approximation increases proport ional ly to W as expected. 
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riGURE CAPTIONS 

Fig. i Average minimum |B| co i l configuration 

Fig. 2 Magnetic f i e l d strength on axis and on an outer f i e l d l i ne 

(Dotted l i ne - s imp l i f ied conf igurat ion, Sol id l i ne -

improved design) 

Fig, 3 Field lines and |B| contours 

Fig. 4 Haximum RM (Par t ic le mirror ra t io ) for adiabatic confinement 

vs. W (par t i c le energy) 

F ig. 5 Guiding center d r i f t surface in the plane z=o fo r part ic les 

With RM=3.9?, W=1.5fceV, 4./S = 14 

Fig. 6 Guiding center d r i f t surface in the plane 2=0 for pa r t i r l es 

with RM=3.90. W=9keV, Uo = 14 

Fig. 7 Guiding center d r i f t surface in the plane 2=0 for part ic les 

witn RM=1.04, W=9keV 

Fig. a Guiding center d r i f t surface in the plane z=3 cm. fo r par t ic les 

with RM=3.97, W=1.5keV 
i 

Fig. 9 I (=/v„ dl) and J ( = ( I n

 + t n + i ) / 2 ) vs. n (bounce number) fo r 

par t ic les wi th RM=3.97, W=1.5keV 

Fig. 10 v T (tangential d r i f t veloci ty) vs. 0 (angular posit ion on d r i f t 

surface) fo r par t ic les with RM=3.90, H=9keV 

Fig. 11 v-j- ( tangential d r i f t veloci ty) vs. u (= v,,/ ) fo r par t ic les with 

W=1.5keV, Ro=i> and Ro-3 (Ro = i n i t i a l radial posit ion of pa r t i c le ) 
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