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ABSTRACT

Calculations are presented of drift surfaces, particle orbits and
J invariants (J = §v“ds) for a particular mivrer configuration. Theso
quantities are interesting because the particles with small u{u = mleIZB)
have drift surfaces which are not single valued and have J quantities
which to lowest order are not invariant and in fact oscillate. The class
of mirror confinement configuration we treat is known as average-minimum
iB{ in which the field Jines are curved away from the plaswa in places
and towards it in others, but on the average are curved away. This
particular configuration is of interest because it would be technologically

much easier to build than a baseball or Yin-Yang configuration.
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1. INTRODUCTION

This note is motivated by recent discussions about the existence
and/or necessity of drift surfaces and J invariance in various mirror
configurations. HWe present here the calculated orbits, drift surfaces,
drift velocities and J invariants for a particular configuration. These
quantities we think have interest in the above context because the par-
ticles with small u( = mv12/2B) have drift surfaces which are not single
vatued and have J quantities which to lowest order { = %v"ds) are not
invariant and oscillate. This work s part of a forthcoming more compre-
hensive discussion on the equilibrium and stability properties of an
average-minimum 8 mirror configuration. The class of mirror confinement
configyrations known as avcrage-minimum [B| is one in which the field lines
are curved away from the plasma in places and towards it in others, but on
the average they are curved away, and an example is shown in Fig. 1. The
good curvature is produced by baseball coil (it couid have been a Yin-Yang
Coil or Ioffe bars) and the mirrorsare produced by elliptical coils, Oue to
simple geometry, elliptical coils are technologically much easier to build
than ¢ basebail coil, particularly for mirror ratios greater than two. The
connecting region is where the bad curvature occurs and could lead to Tow

frecuency fiute instability

2. MAGNETIC DESIGN
The conductor configuration used for orbit calculations has the
baseball coil represented by a single line current and eliiptical mirror

coils (actually they are rectangular) represented by 11 single line current
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at each end {Fig. 1). The current strengths are adjusted to give a central
field of «20kG and a maximum field of v80kG at the mirrors in the elliptical
coil region. A profile of |B] as a function of z for r = 0 (dotted curve
labeled on axis-"simplified", Fig. 2) shows secondary mirrors at z = + 70cm.
This may be an undesirabie feature due to Tocal trapping of some special
crbits, but was not important for the orbits we studied, although it may
have introduced extra nonadiabatic effects.

This conductor configuration was kept simple in order to reduce the
time for computing orbits, however, a more complete and detailed conductor
design was calculated in which the baseball coil was represented by 25 line
current sources and twoe extra mirror coils were inserted near the baseball
coil at each end (Fig. 3).

Some |B| surfaces and field 1ines are shown in Fig 3. Note the field
lines have good and bad curvature. This had the beneficial effect of
eliminating the secondary mirrors near the axis ~f the machine (Fig. 2,
solid curve labeled on axis-"improved”). This design did not eliminate
secondary mirrors along all field lines (Fig. 2, dashed curve Tabeled vuter
line-improved) but this could probably be achieved with further refinements.

3. PARTICLE ORBITS, ADIABATIC LIMITS

The orbits were calculated using the guiding center model (3) and in-
cluded only the vacuum B fields. The effects of the diamagnetism of the
plasma is to reduce the magnetic field approximately by the factcr-qq-:-g
which probably will not change our results significantly for 8 X 1/2. This
model assumes the magnetic moment u remains constant, however, if the orbit
passes through regions in which the field changes more 20% in a ayro period,
the particle is a called nonadiabatic. In addition, J is not assumed con-

stant and is calculated for each trarsit from the integral J = § v, dL.

Some orbits were also calculated using the more time consuming particle
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equations of motion (4), which do not assume a constant v and therefore

can be uysed as a validity check of the guiding center calculations.

A group of deuterium ions was started near the center at zo=7.96.90=90°.

and the initial Yo M and W (energy) were varied. At each subsequent
crassing of the plane =z, the time and position were saved and used to
derermine the drift surface and velocity Vi tangential to the surface for
each particle.

Briefly stated, the results show that mirror trapped particles with
small ry are contained ana those with large "o hit the walls. Also, those
particies with small u, which therefore penetrate further down the z axis
and experience fields with bad curvature, have the most unfavorable vr -

With respect to varying o it was found that low energy particles
(W < 20 keV) with r0=5, were adiabatically contained, whereas those with
r0=7 #ere not. To be more precise, the latter particles were found to go
through nonadiabatic regions, which invalidates their subsequent calculated
escape, To correcily determine these orbits requires solving the equations
of motion for the particiles rather than for the quiding centers. Such
calculations do verify the nonadiabatic less and in fact, predict (5) non-
adiabatic 10ss for particias which in the guiding center calculations
appeared to be confined in spite of nassing through nonadiabatic regions.
On the other hand, particles which appear adiabatically trapped in the
guiding center calculation give the same results with the more exact cal-
culations, In the 1ight of these results we make the conservative rule of
thumb that any guiding center orbits that pass through nonadiabatic
regions will even-ually be lost.

Using the above rule we find that for W > 20 keV. particles are non-
adigbatically lost for r0=5. This also depends upon u as well} as W, For

convenience, u 15 S0i.atimes related to the initial conditior paramenter
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u = v./V by the equation.

6= (- B—gi)”z , 3.1
Where B0 is the magnetic field at the initial position, v. is the initial
parallel velocity, and u = 1/2 m VE/B- Also, u is related to Ry the
mirror ratio of the particle by the equation
Ro= (1 -ud), 3.2
recalling that R < 4 holds for the fields under consideration. In terms
of the parameters W and Rm, particies with initial position ro=5 that are
adiabatically contained have a rapidly decreasing maxfmunm Rm in the energy
range 20 keV<W < 40 keV, as seep in Fig. 4 . We expect that for rocs a
similar bahavior would be found, with perhaps a slight inzrease in the
corresponding energies.

To maintain our conservative bias, we regard 20 keV as the upper
limit for adiabatically contained particles.

Tnis 1imit is due to the steep field gradiants in the region between
the baseball coil and the mirror cofls (Fig. 2). For a 40 kG fieid the
cyclocron period T is 3.28 x 10'8 sec for D*. during which time a 40 kev
deuteron travels 6.4 an. If the field increases by more than 20% aver this
distance, the adiabatic 1imit will be violated and this occurs in our simple
configuration. For our improved configuration tt slope has been reduced
in the regicn near the z axis but is not much changed for the outer “feld
lines {Fig. 2).

4, DRIFT SURFACES

A typical cross section of a drift surface in the plane zp=o is
illustrated in Fig. 5 (in which W=1.5 ke¥). The most prominent feature of
this cross section is that it is composed of two c)osed curves which c¢ross
each other at 9=0°, 90°, 180 and 270°. This result is simiilar to earlier

calculations of Siambis and Trivelpieces. where they alsgo found the sur-




f faces coming together near those field lines that have no torsion, as is
trye in our case for the field lines at 0%, 90°, 180°, and 270°. A par-

ticle alternates between one surface and the other on consecutive bounces,

and each surface can be associated with the sign of v, {some of the con-
secutive data paints in Fig. 4 are numbered to illustrate this).

This is due to the average drift of the quiding center away from
a field line over one bounce and in toroidal geometry results in banana

8 that for time

orbits far trapped partic]ez. Morozov and Solay'ev show

independent fields anq B-VxB=0, the drift equation has trajectories which
E

coincide with a field B defined by

AT s B

where Afis the magnetic vector potential (B*= VxA*). For ocur purposes

we note that the sign of the second term depends on the sign of v. and

this can lead to double valued trajectory surfaces, which 15 consistent
with our calculated results.

The maximum radial distance 2 between surfaces increases with increas-
ing W (compare Fig, 6 in which w=9 key with Fig, 5) and decreases with
increasing u fcompare Fig. 7 with fig. &) or enuivalently, decreasing J.
Note viat in comparing orbits of different enerpies, we consicer particles
with the same effective mir-or ratio Rm(=“/ﬂn”] where B is the magnetic
field at the initial positien. In comparing particles of the same energy,
Fig. 6 is almost at the 1imit of mirror containment (Rm=3.90] whereas Fig. 7
is for a particle confined to the central region (&n=}.04). In the Jimiting
cases, the ratio of 2/o, (po is the larmor radius at the initial position)}
is 14 for both W=1.5 keV and W=3 KeV, that is, ¢ is proportional to Py far
the two cases. In the latter case £ is around half the maximum radius of

the drivt surface. £ is a medsure of the radial distance over which the



plasma communicates with itself in one bounce time and as such, i5 similar
to the mixing length discussed by Fow]erg.

It should be noted that 1/90 falls ofr quickly with decreasing u,
anc for example at u=.%, for both 1.5keV and 10DkeV, & Py v 1. (Recall that
in the limiting case u=.86) In other words, those particles with large %
are also the nnes easiest to scatter into the loss cone.

The shape of the drift surfaces changes at different Z, planes. For
example at zp=8 {Fig. 8) the same surface as seen in Fig. 5 is reduced by
6 can in width along y axis and increased by 6 cm in width along the x axis.
These changes are consistent with the B field geometry.

We note that |B| is almost constant in the initial z plane over the
region of the surfaces., Tc the degree that this s true, the dependence of
the drift surface upon the initial position of the particle is removed and

starting the particle at any point on the surface would generate the same

surface.
5. ADLABATIC INVARIANT
.t
The quantity I= vy 42, where 1- and &+ are the orbit turning

0=

paints, is faund to vary from bounce to bounce for a given orbit. A typical
plot of I vs n (bounce number} is shown in Fig. 9 for the case W=1.5 keV
which corresponds to the drift surface of Fig. 5. Each n can be related to
its position an the drift surface and this correlates the position of maxi-
mun and minimum radial separation between surfaces with the maximum apd mini-
mum variation of I. 0Odd and even paints ave connected separately (Fig. 9)

to show the bahavior of I over eath surface. The pointwise sum of the two
curves would give a curve with Alva, The guantity J = § vu d% is egual to
the sum of 2 consecutive I's and departs from being constant as vr increases,

which is consistent with the theoretical ordering that mD/m B<<'|, where wy

is the drift frequency and wp s the bounce freguency {Note the point wise
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sum of the two curves corresponds to J for vT=o). The solid curve in
Fig. 9 showing J (actually J/2 for ease of platting) vs. n gives a maxi-
mun Ad/d of 0.009. For the case W=9 keV, maximum AJ/J=0.04.

As has been shown by Hastie, Taylor and Haas10 the longitudinal invar-
jant can be put in the :onn J =y + %—J. Where J, = § vu ds and the prin-
cipal part of -JT = -g JSQ% MD' VJo . Here s is the distance along a fielu
line from a turning point 5o xu is the guiding center drift velocity,
9=|va] and o is either + 1, depending on the direction being parallel or anti-
parallel to the girection of B. The main point here is that ocur numerical
results are consistent with this form since our calculation of J neglects
J] and our resyltant AJ is consistent with the form of J].

6. TANGENTIAL DRIFT VELOCITY Vo

As was already stated, vy is determined from the time and position of
consecutive crassings of the plane z = zp. This guarantees that each Vi is
the average drift velocity over a bounce path. As in the pevious section,
separating odd and even crossings can generate separate vr for each of the
two drift surraces (in which case Vi is an average over 2 bounces). vr is
found to vary over a surface ana a typical case (for W=9 kev, Rm=3.9) is
illustrated in which vr is plotted as a function of its ang.lar position @
along one of the surfaces (Fig. 10} for zp=0. We rote that the maximum
variation in Vi is ~ 35¢ peak to peak and the peaks occurs near the regians
@ = 45, 135, 225, 305. A very similar curve displaced by 90° can be plotted
for the other surface, as illustrated in Fig, 10 by x's, which are vr points
from the other surface plotted at 8-90° from their actual position. As
expected, at different zp planes vr differs. The main effect as one moves
away from the mid plane :_=o is for the variation of vy over a surface tp

p
increase, with the general shape of the curves staying similar. Fur our

purposes we shall use the maximur VI in the plane ZP=D when comparing b
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different cases.

As we vary p, keeping all other initial conditions fixed, we find for
Targe p (small u} 2 is fairly constant, and in the stable direction (+vT)
with respect to low frenquency flute modes. At some critical u. vy changes
sign and for smaller u (larger u) vy is in the unstable direction with res-
pect to fluting. This is as expected because Targe u orbits are confined
to the central region where the field has good curvature and small p orbits
can pentrate closer to mirrors, where there are regions of bad curvature.
For the case W=1.5 keV we plot VI VS, U for r0=3 an’d 5 {Fig. 11). Note the
similarity of both curves, particularly where they cross the axis vy=o.
Curves of similar shape are generated over the energy range of interest and
in fact at W-100 keV the critical u value (u=uc) at which vyTo is still the
same. Naturally the magnitude of vr ircreases with increasing W and to a

good approximation increases proportionally ta W as expected.
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i JGURE CAPTIONS

Average minimun |B| coil configuration

Magnetic field strength an axis and on an outer field line
{Dotted line - simplified configuratian, Saiid line -

improved design)

Field lines and |B| contours

Maximum RM (Particle mirror ratin) for adiabatic confinement
vs. W (particle energy)

Guiding center drift surface in the plane 2=0 for particles
with RM=3,97, W=1,5keV, ¢/p = 14

Guiding center drift surface in the plune 2=0 for partirles
with RM=3.90. W=9keV, i/p = 14

Guiding center drift surface in the plane z=0 for particles
witn RM=1.04, W=OkeV

Guiding center drift surface in the plane z=8 cm. for particles
with RM=3.97, W=1.5keV

1 (=fﬁ“ d2) and J (=(I_ *+ L,,4)/2) vs. n (bounce number} for
par;?cles with RM=3,97, W=T.5kev

vr (tangential drift velacity) vs. 2 (angular position on drift
surface) for particles with RM=3,90, W=9keV

vr {tangential drift velocity) vs. u (= v"/v) for particles with

W=1.5keV, Ro=Y% and Ro=3 (Ro = initial radial position of particle)
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