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A quantum field theory is usually described in terras of fields 
acting on a Hilbert space or in terms of some effective substitute such as the 
Wightman functions or Green's functions of the fields . Such a description 
should be regarded as incomplete unless supplemented by conditions which specify 
how the observables are constructed from the fields . In practice these 
conditions take the form of a principle of gauge invariance so that the 
observables are just the gauge-invariant functions of the fields ,We are left 
with the problem of deciding which symmetries of the theory correspond to gauge 
transformations , There are arguments which lead one to conclude that certain 
symmetries must be gauge transformations . The principle of locality teiLs one 
that space like separated observables should commute and the particle spectrum 
of the theory may force one to postulate certain superlection rules to "explain" 
the stability of these particles . On the other hand it seems that any internal 
symmetry may be treated as a gauge symmetry without the resulting theory being 
in any - ?y inconsistent . It may even be the case that all internal symmetries 
should be treated as gauge transformations . One may illustrate this point by 
considering the isospin group in strong interaction physics , For hhe isospin 
group to be an exact symmetry one must neglect electromagnetic interactions 
However in the absence of electromagnetic interactions there is no way of 
measuring the local electric charge , The consequent reduction in the number of 
observables may be summed up by saying that the isospin gr-'ip is actually a 
gauge group in strong interaction physics . 

Since by definition gauge transformations act trivially on any 
observable , they cannot be given a direct physical interpretation in the way 
that space-time translations can . One might even be tempted to think that 
gauge invariance has no physical interpretation because the theory can be 
described in terms of the observables alone , However a gauge group •& of the 
the first kind does have an indirect physical interpretation because the 
superselection structure of the theory is governed by the representations of ̂ 10-]* 
In other words it is the "dual object" of •£ which is of direct physical 
significance , However even this interpretation of *Q is valid only when the 
gauge transformations are not spontaneously broken . Under certain hypotheses , 
we shall show here that , as might be expected , a spontaneously brokengauge 

1) One might expect that, in realistic models, the observables should b« 
determined by some self-consistency argument because the interactions present 
should tell us what measurements can be performed within the theory . However s 

in our present state of ignorance we have little choice but to adopt the 
stand point in the text , Compare also the remarks on the isospin group in strong 
strong interaction phy&ics , 
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symmetry does not give rise to superselection rules . 

We begin by listing some of the most familiar examples of spontane

ously broken syt-uneiries in quantum field theory . 

Example a: The free neutral scalar field *f* °f mass zero allows a spontane-
2) 

ously broken symmetry $L*.) -V *V(-"3C'-1 "*" °* • Treating th.\s as a gauge 

symmetry means that the derivatives tfafyux.) generate the observables , 

Example b: Consider the gauge transformations of the vector potential 

A tx> -» A/*t=t^ •** S^AL») , in quantum electrodynamics . If one takes 

AlPO = T.x- so that A^LaO -> ftyyt*) + "r^ w e have a spontaneously broken 

symmetry and the physical photon may be interpreted as the corresponding 

Goldstone boson L 2 J 3 J - From our point of view the interesting thing is 

that we have an example which is unquestionably a spontaneously broken gauge 

symmetry , 

Example c : The tf"- model ; the Lagrangian for uhis model can be written 

£ = «?„ + £*! where cf D = ^ %^ - $(<r+ * j . ;c ï s W + i C ^ f t - t V ^ ] " 4*t*Vir»j 

- - [>x«-1*]2" and ^C = .Cff- . Here > Z > û a n d if ^ < 0 we have 

in the limir: £ -*» O , <<r7 ^ o and tbe Goldscone mode of symmetry is 

realized . The theory is SUt^O x SU(z.) invariant but the symmetry group of 

the vacuum is just the isospin symmetry subgroup , This example has been 

extensively discussed iit the literature ( see [j+"6] ) particularly in the 

case where the ^ - field is absent . It is the most important example for what 

follows because we have a compact gauge group and a non-trivial subgroup as the 

stability subgroup of the vacuum . 

Example d : The non-linear realization of SU (a.) >: Sutx) which may be 

thought of as derived from example c by imposing the subsidiary condition 

TT* + <ra ̂  j. (see [7 i 8j ) . Although apparently little has changed as 

regards the symmetry of che theory becaise the Lagrangian is still SUtDXSOtO 

invariant and the isospin group is the jtability subgroup of the vacuum % 

it is not clear that the theory admits an SUWxStfO-) symmetry in the 

sense used here . It ia difficult to see how the nor.-linear chiral transfor

mations can give rise to automorphisms of an irreducible field algebra . 

2) This is not the case in a 2-dimensional space-time world 
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We next give a list of assumptions designed to treat the case where the 

observables are defined from the fields by using a principle of gauge invariance» 

1) The field algebra §• is the global algebra of a net Û "*" tft{-^ 

of von Neumann algebras and acts irreducibly on a Hilbert space rt . 

2) There is a strongly continuous unitary representation L."* u*U-J 0 f c n e 

covering group *H of the Foincaré group on 3Ï inducing automorphisms o(L of 

the field algebra , « u l^t^>) — Jt L (^) . There is a unit vector 

j the vacuum vector , invariant under the "Xtf-Î t LÉ,H a n tj 

inducing the vacuum state 

"o of Ï. 

The energy-momentum spectrum is contained in the forward light cone . 

3) O is a cyclic and separating vector for each y(Ô) , (Reeh-Schlieder 

property ) 

4) There is a faithful representation £ -* [3« of a compact group ^ > 

the gauge group , by automorphisms of "J , 

/3q commutes with oi. and tëotïlfûv = jl ' • Further we suppose that 

if F* É §t(9) then *ï-^Ai^F) i s weakly continuous , ' 

5) We as3ume that the field algebra has Sose-Fermi commutation relations . The 

easiest way of expressing this is ro suppose there is a K € *M with k = « 

so that if we set !"+ a £ t F + M v'^ and F- a ^.L^'^C^) 

then 

F; P ; - F ; F + * o 

F_ F! +• FJ F_ = O 

k LS automatically in the centre cf -«i . 

3) We use the term weak topology for a von Neumann algebra co mean the weak 
topology induced by the normal linear forms , This topology is often 
referred to as the ultraweak topology . 
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These assumptions have the following main drawbacks . They are not designed 

to cope with theories like quantum electrodynamics where gauge invariance of 

the second kind and the indefinite metric play a role . Furthermore , when 

deal-'ng with spontaneously broken gauge symmetries there is no reason ,as 

example a) shows , Co suppose that ^ is compact . However , there is as yet 

no indication that the general qualitative conclusion that the superselecrion 

rules are determined solely by the unbroken part of the gauge group of the 

first, kind needs any modification . 

Our assumotion that the observables are defined from the fields by using a 

principle of gauge invariance and that *& is the gauge group of the theory 

may be made precise by saying that the net \9 -> 61(0) of local observables 

is defined by 

Ql£(9) "- {&*£(.©>: fy(M - A > 3 € 1 1'%° is closed 

Since Q, -* ft is locally weakly continuous , GU(3) i s a von Neumann 

algebra . Tc determine the superselection rules of the theory we must identify 

the inequivalent irreducible representations cf the net (X contained in the 

defining représentation on fC ; these are the superselection rules of the 

theory . 

Let ^ c •£ be the stability subgroup of the vacuum state 

^ 0 = i %e i : ^ ° P 3

a ^ 1 ; 

since -Ô = C\ ^ 3 £ ^ | ; %"&&)= ^oL^\ and g -^/a. 

is locally weakly continuous . We shall see that it is only the subgroup <4L 

which gives rise to superselection structure . 

This result does not depend on the full force of the assumptions but only 

on assumption 4) and Lhe cluster property of the vacuum , a standard result 

whose proof we include for completeness . 

Proposition 1 If F € ï t ten «H^IP) tends weakly to t^if) X 

as x tends spacelike to infinity , 

Proof Suppose first pfet.^ ~ ^ > then, any weak limit peint & of 

o( if)-tj(.F)I as * tends spacelike to infinity commutes with 4 . Hence & is a 

4) In principle there might be other superselection sectors of (% 
not contained in the defining representation on U ; this would mean that u e 

had not used a complete set of fields in the first place . 
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multiple of the identity ; however *-*<>(.&) — 0 so &•= 0 . Hence «xtl") 

tends weakly to «tttF)I • Next suppose that ^{f)"-F and 1er. G- be. u 

weak limit point of dK f_p) as x tends spacelike to infinity . The finit-

Fermi commutation relatione now give 

Cft< * p kCF') G, , F1 £. £ , 

In particular & _ ^ = p ^ n * & = - ̂ C F ) * £ . 

However we now deduce for the weak limit point G that &G- = - G & 

Hence G = 0 and «^(.F) tends weakly to zero . The result now follows t 

general F by writing F ° V̂"*" F_ . 

Notice that in proving the Proposition we have also shown that U £ tj.̂  -

Using * 4 & we can also define another net (5 -*• (BL<9) , setting 

Since W € ^ 0 , l9 -* (8(1?) is also a local net . 

To emphasize che basic simplicity of the argument we begin by assuming 11-

^ is a compact Abelian ^roup . Let Ĝ. denote the dual group ( char s'iv. 

group ) of 4 , and given 0" €• "-& , set 

A 
Since i t is tû, rather than «ô i t s e l f which is of pliysical in teres t we t r<• and 

replace ^ Q by something rela ted to ^ . To th i s end we set 

£ « { o-.c ^ : tUew exists F £ Jr w i t U " 0 C F ) 4 * } . 

The f i r s t resul t establishes the connexion between £ and A a 

Proposition 2 ^ 0 - £ = ' î î É - ' ^ : 0"tqT» i , ^ c E j and conversely 

Proof H J E ^ . o - e l . p i c k F £ | r with u 0 ( F ) + ° 

Then u c(F) a w„(|3aF>) = U „ ( F ) « ^ 1 , so »-(j) s -I and J c J 1 , 

Now suppose o e Z"1" then «0(|» (F )) = " 0 ( F ) , fi f j»*-^. 
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However \L&) la the waakly cloaad linear span of M> %f-W , (see 

Proposition 11) . Thus "«^f^F*) « ^CP") for F t J((9) and 

taking non* limite we deduce that w * ô p ^ * ̂ 0 , ao ^. 3 S' 

To show chat £ » * 4 Q * 2 it aufficea ro ahov that 

£ 1B a subgroup of "̂  ( compare Proposition 10) . However if 

F£ 5^ chen F* £ Ï- , hence o* fi E implies ^ t S 

Also if ( r . r ' Ê Î ) F f e Jo- and F ' 6 ï„< then *Kttt F* 6 ^ , 

However as x cenda spacelike to infinity , H^t?!^') -* «bCF)"otF"') * 

Hence o-f' € X and 2 is a subgroup of *̂  

The next result shows how the net 0 —* (8(t9) nmy be defined using 2 

instead of f̂i 

Proposition 3 ®Cl3) Is the von Neumann algebra generated by u Lia). 

Proof Since £ = ̂  > i W > c <BC«) for <T6 Z 

Given T « 4 B e c M

TtF) = I f ' f) PgtF? ty'S1 where ^ 

is the normalized Haar measure on ^. , Since ^ is Abelian and &U9> 

is weakly closed , F € ÛH9) implies *vCF) Ê &t(9î O *VW) • 

But 2T = *̂ -o , so M ^ C F ^ - Û unless <r € £ , However F is in 

the weakly closed linear span of the Mff(F"l tor «~e -̂  (see 

Proposicion 11 ) , So ©CO) is just the von Neumann algebra generated 

by the S^W) with <T£ 21 

We now show chac we may use the net 19 -* S((9J instead of tS -* QU.O) 

to determine che euperselection scructure . 

Theorem 4 xp -a is compact Abelian , &" =» <8~ . 

Proof :It suffice* co ahow by proposition 3 chat if r £ £ t h e n 3L^ftT. 

However if F̂ frfif chen FrfxCCft-Ctand as x tends spaceiike to infinity Fo^(£)^+ FHtG*). 

Picking w^CC^ + o we conclude chat F fi ÛL" as required . 

Ac chis point we drop che hypothesis chat <£, is Abelian and reprove che 

last three results for the case of an arbitrary compact group <& . Instead 

of dealing with characters , o- will now denote an arbitrary finice-
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dimensional continuous unitary representation of Q on a Hilbert space ^o- . 

The notion of an operator of £ transforming like a character is replaced 

by that of a multiplet of operators transforming like the basis vectors of HJJ. , 

The precise definitions and a few elementary results on the harmonic analysis 

of the action of compact groups on von Neumann algebras are given in the 

appendix . The set £ of characters is replaced by a subspace Kp *• <̂r 

for each V . We define 

^ - "„U/) - K-
The statement chat sfi = £ is now replaced, by 

^Proposition^ ^ r £ ^ . ^ ^ t f o r a U t é K r and all ̂  1 -

Proof Let ^ £ *Qb and £ € J then by Eq(5) of the Appendix 

Hence <Wa> (r = b- for all t é VC<j- and all $ Ê *$<=• * Now suppose 

<j £ ^ and O-(Q) t = (*- for all t» € K T and all J- then 

if if e V 

However since }L$) is t n e weakly closed linear span of \JJJ.&)HV. (see 

Proposition 11) , we deduce w 0CF)= H>(fH^
F )^ f o r F € ï f t ,J o r by 

norm continuity io0ofi~ = w e . Thus .̂fi *^ 0 as required . 

The statement that 2 = *^B is now replaced by 

Proposition 6 k„_ - { tfi H T : <nj? tr « k, ^ 1 M 

Proof In view of Propositions.'5 and 10 and Eq(6) it suffices to show that 

K 5 .= i< < r and K»K,= IÇ» r . 
However J ? - J - so « • - , <o0 £ f?* ) = « 0 ( ï r ) = < * ( ï r * ) = ^ ' 

Now i f P t f ^ j & £ ^f= Chen FA^Cg^C <t,r«-c • A s x t e n t l s 

spacelike to inf in i ty H ( [ « " i t ê ) ) - » " O Q T ) ® ««£§-) 

But ^f®£ being a finite-dimensional vector space i s weakly closed 

th i s « 0 ( F ) ® H , C & ) e K ? a € , so k F s i E 3 KjOK'x 
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Proposition 7 S(.t9) is the von Neumann algebra generated by U fj.0) KT. 

Proof Let ™*X£)~( fai.p)4fj$ where /* 0 is the normalized 

Haar measure of ^*.0 . Since $LO) i s the weakly closed l inear span 

of U f^ t î JHr a n d **Q * s weakly continuous , <B((9J is the weakly1 l inear span 

If F £ ^119)", t£ U^. then f ^ j f ^ = f ^ J ) t. 

Hence »V ( ï LÛÏ Hrï = $U#) K«- from which the result follows . 

We can now extend Theorem k to the non-Abelian case . 

Theorem 8 &•' = ® " . 

Proof Given fc £ IC^ let tr - "o(.§^ with § e V? . Let £"£ | T 

chen F ^ G ) £ 6L . However as x tends spacelike to infinity , ^^xCQr) -*• FtréQ." 

The result now follows from Proposition 7 . 

Hence we have reduced the problem of computing the superselection sectors 

to the case where "ac is the gauge gnup and the vacuum state is gauge 

invariant . Here we define 

and verify that \ ~> V" (.j,) gives a strongly continuous unitary 

representation of *^ a , such chat (3»,(.F) = IAJÎFIAJ)"' 

This situation has been dealt with in £l ; Section tllj ; applying these 

results here one shows that CX" = (&~ * VIA J 

so that we may decompose the defining representation TT(S » ^ of (3( on 3<-

into irreducible components by decomposing the representation 1/" of -â 0 . 

Further one shows chat there is a \-A correspondence f -9 TT^ between 

equivalence classes of irreducible continuous unitary representations of t â o 

and equivalence classes of irreducible representations of ÔL which are 

subrepresentations of TT . The multiplicity of IT in ir is equal co 

the dimension of *C . 

This has solved the problem of computing the sectors in the case of 

sponcaneously broken gauge symmetries provided the gauge group A *-s compact , 

tn certain cases , for example if A is locally compact Abelian and if we 
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know chat each $U9) ia generated as a von Neumann algebra by those 

elements which transform like characters under *<L , our arguments still 

allow us to conclude that (St ~ " , This remark applies in particular to 

the free neutral scalar field of mass zero , example a) , where the Weyl 

operators transform like characters under che gauge group . 

Because we are dealing with spontaneously broken gauge symmetries there is 

no associated degeneracy of the vacuum state as a staca over che observable 

algebra and one may r.sk what intrinsic features 01 che observable algebra 

correspond co che spontaneously broken pare of the gauge synunecry . 

A partial answer is provided by noting that che observable net (9 -* CLIO) 

allows a non-trivial extension 13 -* fitl5/ which still satisfies locality . 

Consequently , when J3L ~^c "^ > the observable algebra does not satisfy 

duality in the vacuum representation i^i tr0{.ÔUl9)) If. ~^it6ULlS> >) 

C at least for sufficiently large *P ) .As duality is che characteris

tic assumption of the approach to superselection structure based on the 

observable algebra given in [,9 J - this approach must be modified somewhat 

to allow for the possibility of spontaneously broken gauge symmecries . 

We shall noc accempt this in detail here but confine ourselves to deriving 

che structural arsumptions which tray be used to replace duality . 

Proposition 9 a) <9U(SV = CHIP*J~ . « 

Proof a) is just a special case of. b) ; we take iS, = 0X and recall that 

(S3(15/") is by definition the C K - algebra spanned by all SCi9) 

with (9 c (S, .To prove b) it suffices , by proposition 7 , to show chac 

for all <r, 1,09) Kv <= { fttt9,') rt &((£)&". 

However , i.f F ( J [$) and I» e Ky, w e may pick a G-£ U J--K9) 

with coe(.Gr) - (» and hence there is a sequence { «^J such that 

xi tends spacelike co infinicy and such chac FV^.C^O' e ft^') /I S (•&',' • 

Taking che limit as t -» *o we deduce chat F *^C&") ** F t c i ^ ^ ' V t ^ ^ V ' 

The evidence , such as it is [ 1 ; Section IVJ , suggests that 

(9 -* (B((S) will satisfy dualicy in che vacuum sector 

5) Of course che connexion between spontaneously broken symmetry and zero 
mass particles is equally valid for gauge symmetries . 
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Now by proposition 9 a) above , we deduce from this that 

Since ire is a faithful representation of S , we may use this equation 

to identify t$ ~* (&(.(&) if we are given the observable net CP -9 t9(.(.($) . 

Thus we replace the duality assumption of £9.3 by the two assumptions on the 

vacuum representation of OL 

a) tf-* filtS)* dKi(9';f is a local neL » 

b) if CP c (9/ A i$i then 01(9) c £ Ali9 (') n ^ ^ K -

Condition a) gives a net I?-" M) satisfying duality and b) guarantees 

that a representation ir satisfying the selection criterion 1,1 of £9 3 

may be extended in a canonical way to a representation IT of (È on the 

same H Libert space satisfying thr selection criterion with CB in place of Of., 

The su perselection structure is then determined as in [_9~] in terms of 

equivalence classes of localized morphisms of fi .As example a) shows , there 

may be many inequivalent localized morphisms ( even automorphisms ) of OO 

which do not correspond to different sectors of OL • these become 

equwa'eut when extended to localized iiorphisms of (6 

\!e close with the remark that the situation in Statistical Mechanics is 

quite different ~rom that in Quantum Field The" y . Although we may prove 

Theorem 8 as abovj if we assume $= is a factor { corresponding physically 

to a pure phase ) the results of |_1 ; Section IIlJ no longer apply . Instead one 

can show; that vL ~ & is also a factor so that gauge symmetries do not 

give rise to superselection sectors in Statistical Mechanics t 

APPENDIX 

We collect here the few elementary results on the harmonic analysis of the 

action of compact groups on von Naumann algebras which are used in the next , 

Let cr be a finite-dimensional continuous unitary representation of a 

compact group ^ on a Kilbert space Hg. , We dénota by F the conjugate 

representation on the opposite Hiibert space . - H^ . We first establish 

a purely group-cheoretical result needed r Proposition 6 which expresses the 
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duality between a closed subgroup of UJ, and an assignment K of a subapace 

t<\ o rl to each <ï" satisfying the rollowing three properties 

K r - k9 tu 

If t intertwines o- and -c , L e , if t is a bounded linear operator 

mapping H,,, into U ̂  such that i-ri-v) •- x£<p t , ^ £ 3 then 

t^r) = K* • ( 3 ) 

If «f C -^ , then setting K ^ l y = { *r£ H x '• <H^)(T = t, <}Ê ,£} 

we see that <r -* ^C )*- satisfies (1) , (2) and (3) . Conversely if 

\X c 1-1 for each <r then 

is a closed subgroup of *•&. 

Proposition 10 If <r -» Kl C- Hj- satisfies (1),(2) and (3) above 

and ^„ = K-1- then K = ̂ x = fc^ , i.e, ' K,. = { U Hr : »ty4" t j e < M . 

Proof Let J denote the complex linear space of continuous functions on 

*ô. spanned by functions £ of the form ^ cjP "• ̂ k , **t«p G ) 

where tx £ H T , (»•£ 1^^ and a- is some finite-dimensional continuous 

unitary representation . The space -& / ^ 0 of left cosets equipped 

with the quotient topology is compact and we let *&6^/*$o) denote 

the C - algebra of complex continuous functions on J'*^D 

Since an {• £ J satisfies "f c53'ï ^ •£(%} Ie^c-' w e m a ^ c o n s i d e r « a s 

a subspace of "^f/*§&") , Conditions (1) and (2) ensure that J is a 

* -subalgebra of ~^£4/^U) • ̂ o w suppose that «t, j.'e- -4 and that 

for all 3~ 

(t',«,)l,) = tfe-', rtj'. t-) i t-'eilo., 'o-eK,. 

6) This i s jus t a var iant of Theorem (30-47) of £lo3 
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then ircjl U- = r i ^ l r , ké K<j- • Hence f '$' € K^ =• $ a . 

Thus J separates points of ^0$f*$t>) and the Stone-Weierstraes 

Theorem implies that X is dense in ^OQ'^a) , Now suppose vtyc tt c 

for all § G "VU but c v K r then we may suppose that c is orthogonal 

to Ko- • If c.' e Hg_ and ft^l - Cc'(o-<j)<0 , -f e ^-J / -£>) 

Pick b- £ K-c and t' « H-c then 

iffr', - ^ t) -f^) ̂ « 5 ) =Cf,tt) where t = |o-^) c'a «7-r^r'^.y 

and c'silx' denotes the rank one mapping from H-r to Wr

eaking a. £ l-t T to (.t , o.) c . Now t intertwines T and tr 

so by (3) we have tl» Ê K ^ and 0 > t ( ^ = 0 Hence f is 

orthogonal J in t- (-§) but since J is dense in "&(.% 1*%*.) 

this implies that Ç-c , Hence c=0 and this contradiction completes the 

proof -

Now let M be a H-algebra and a —9 û* a representation of ̂  by 

M-autoraorphisms of M . In order to describe elements of M which transforn 

according to the representation 3- j we consider the tensor product M © n^ 

as a space of row matrices with entries in M by picking a basis Vt,t»a.,--- b^ , 

d = tLm 9- of HQ. and expressing Jf £ M ® Ĥ _ in the form jF- £" ̂ <£> t £ i 

F is then regarded as the row matrix F = ̂ F-) . We may define an 

action ( again denoted by fl ) of -ei on M ® U by acting with (%<. on the 

components of JF" , Set 

H r = { FÊ M® iv : ftCn = £<*»>. 3 * 1 1 , 

where £"**(.*) denotes the matrix multiplication of £ ou the right by 

T C O . Another way of looking at M is as the fixed points under the 

action <\ -> fl ® ^(3-) of ^ on M © M ^ 

There are a number oj. elementary operations we may define on the M<p , 

Given f = 5T Fi © l\ t M ® H^. we define F * € M ® He- by 

F * » Z F*;*®fcr; • Clearly if F e H , " F * e M _ 

then we may define F ® g » *T p. £. ® ( £ . © c ) 

and verify that Ffifi. t^ M 

I f <x = 2. &• ® c- s M. 
an e lement of M ^ < W 
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If r =• 5=- then F G- = X F. G-- is a S-invariant element of M , 

If t : H^-v W c intertwines <r and -c and _Fé M^. then Ffc*é M c 

where F"fc denotes the matrix multiplication of Jr on the right by t 

this operation may also be regarded as induced by %®k. on M ® Hg. 

whert I' is the identity autoraorpnisra of M and t : M^ -» H s 

denotes the conjugate inter twiner 

If ••* - T P. ® t, € M # Ur we define for a state uof M 

(4) 

(5) 

c o ( F ) é . H ^ by i3^rï=Z'w(F i)(r i , and see that 
"" i. 

If F ( M ihen — x 

and if t: intertwines T and -c as ab >ve 

u(fft*) = t "(f) <6> 

if F = 27 T. 8t.êf1®lT and b = r ^ j ' i « tV w e define 
i -- i r 

F t = Z 'A LF L e M . (7) 
This is of course nothing but multiplying the row matrix „F on the right by the 

column matrix k . If _F C M ^ we term F£> a tensor of type cr 

Ln M and denote by 

M r H r

s ! f b : f f M f , > -
£ M ( 8 ) 

the set of tensors of type ff" in M . This set depends only on the equivalence 

class of c 

Proposicion 11 Let M be e von Neumann algebra and suppose q. -* to(p ( F)) 

is continuous for each FdM and each rioi-. al state (,o of M then M is the weakly 

closed linear span of U M^. H^. where <r runs over a complete set 

of irreducible continuous unitary representations of ^ , 

Proof : Given b é H define for F é M 

" \ , i > t F > » I (<*t>i», V f » £ p ) <W> 
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Th e integral exists in the weak topology of M , i.e. the topology generated 

by the normal linear forms of M , and an elementary computation shows chat if 

F = L "b.b^®^ > t n e n Fé M • l L follows that 

if fc>' t' £ Ho- a n d {^) = (<rt^h') then J*-f ̂  ( H ^ C j ) e M f f H^ , 

Now lee "V denote the linear space of functions of the form 3 -?• {rt^yd ,fa ) 

with »̂,t £ Hg. and °" any irreducible continuous unitary representation 

V is uniformly dose in "bf-̂ J , This may be proved using the 3 tone -

Weierstrass Theorem C compare the proof of Proposition 10 ) . Hence we m-v 

approximate che Dirac measure ac the identity weakly by functions from V 

In other words there is a net of functions "<* c v such that 

-J 1*1 = Inv, f k,l}>fij)V>>, -fe'tff • 

Taking -F'S) = *° ([*< ( F"0 with u> a normal state of M we see that F is 

the weak limit of the net F^ 3 where 

^ " J ^'«j) P^(f")^*<j) is in che linear span of U Mo- H r . 

Acknowledgement : The author is grateful to R.Stora and K.Symanzik for helpful 

discussions on the <r"~mode! , 
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