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ROCK MODELING IN TENSOR74, A TWO-DIMENSIONAL LAGRANGIAN 
SHOCK PROPAGATION CODE 

ABSTRACT 

TENS0R74 i s a major r e v i s i o n of TENSOR, a computer code designed to solve s t r e s s 
wave propagation problems in two dimensions. The major physics modif ica t ions in TENSOR74 
are in the area of c o n s t i t u t i v e modeling of s o l i d m a t e r i a l s . The new models, which are 
descr ibed in d e t a i l , take i n t o account pore c o l l a p s e , d u c t i l e and s t r a i n sof tening 
b r i t t l e f a i l u r e , as v e i l as t e n s i l e f a i l u r e with void opening and c l o s u r e . In a d d i t i o n , 
a modified form of l i n e a r a r t i f i c i a l v i s c o s i t y i s desc r ibed . 

INTRODUCTION 

TENSOR74 i s a major modif ica t ion of the TENSOR code which was o r i g i n a l l y conceived 
1 2 

and wr i t t en by Maechen and Sack and l a t e r adapted by Cherry. TENS0R74 provides 
numerical so lu t ions t o problems involv ing the propagat ion of s t r e s s waves in two 
dimensions. The code i s a Lagrangian, e x p l i c i t f i n i t e d i f f e r e n c e , continuum mechanics 
code which can take i n t o account highly non l inea r ma te r i a l behavior . 

This r epor t g ives a b r i e f overview Df the continuum mechanics equations which are 
solved and descr ibes in d e t a i l the rock mechanics model used in TENS0R74. The f i n i t e 
d i f fe rence equ iva len t for the d i f f e r e n t i a l continuum mechanics equa t ions has been t r e a t e d 
in cor.sidefable d e t a i l by o the r s ' " and i s not d iscussed he re . The rock mechanics model 
i s a two-dimensional ve: .on of a model formulated by J , Schatz for S0C73, the one-
dimensional companion code of TENSOR74. ' jeneral d i scuss ion of the philosophy Df 
c o n s t i t u t i v e modeling used in both TENSOR74 and S0C7i may be found in Ref. 3. 

As a convenience t o code u s e r s , Table 1 l i s t s the r e l a t i o n s h i p s between the no ta t ion 
used here in and code va r i ab le s and input parameters . 

SOLLrtTON OF THE INCREMENTALLY ELASTIC PROBLEM 

During each code cyc le , s t r e s s loading i s t r e a t e d i n i t i a l l y as an incremental ly 
e l a s t i c or " h y p o e l a s t i c " process which can be descr ibed by two independent e l a s t i c 
moduli over the range of s t r e s s e s encountered dur ing a s i n g l e time s t e p . The ca lcu la t ed 
s t r e s s e s are I n t e r ad jus ted , i f necessa ry , t o take i n t o account any i n e l a s t i c behavior 
as descr ibed by the c o n s t i t u t i v e model, 

The d e t a i l e d f i n i t e d i f fe rence so lu t ion to t h e incrementa l ly e l a s t i c problem has 
1 2 been d iscussed in cons iderable d e t a i l e lsewhere , ' so only a b r i e f o u t l i n e of the 
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Table 1. Relationship between notation and code variables or mnemonics. 
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solution will be presented. Although TENSOR74 can be used in either plane or cylindrical 
coordinates (r , z, $), the la t te r mode i s most rften used and, consequently, will be the 
one described here. The Tegion to be described in the calculation is discretized into 
a large number of quadrilateral zones in the r-z plane, the z-axis being the symmetry 
axis. The state of the material within each zone is described by a stress tensor (?) and 
a strain tensor (e] which are both separated into their isotropic (P and Q) and deviatoric 
(S and e) components: 

T 0 
rz 

r T 
rz i 

*J 

e rz ° 

tJ 

= -PI * 

s, 
s 
0 0 

S 0 rz 
S rz z 

rz z 
0 0 

CD 

where I i s the identity r.ensor* The pressure or mean stress P and the volumetric strain 
G are then given by 

- f { T t T + T . ) 
J r z <t> 

(2) 

The introduction of the f i r s t invariant quanti t ies , P and @, allocs the ( components to 
be carried implicitly in the solution. The off-diagonal components, T _ and S T , , are of 
course identical , as are E and e 

r t rz 
The calcul^tional procedure 'ollowed in a given cone during each c, cle is shown in 

Fig. 1. In terms of P and the deviatoric s t resses , the conservation laws reduce to the 
coupled equations of motion, 

pu r - - |_(P - S p * | _ S r : * I ( 2 S r • 5 s ) • C B r 

rCP - S J l - s 
3r rz 

* 0&z 
(3) 

hhere u is the velocity, «. is the density, ai ^ g is the gravitational body acceleration. 
The dissipative viscosity terms which are added to each of the stresses to smooth the 
sharp discontinuities characteristic of shock phenomena are not s' 3Mi in the above 
equations. It is the user 's option to include the gravitational terms. When they are 
included, each lone is given an i n i t i a l pressure in an effort to par t ia l ly balance the 
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equat ions of motion t o produce .in i n i t i a l equ i l ib r ium. While t h i s procedure i s incomplete 
because the devicvors arc net a l so i n i t i a l i z e d , i t i s probably adequate for rcany problems. 

ihe a c c e l e r a t i o n s are then i n t e g r a t e d t o v ie ld the v e l o c i t i e s , u and u , - i d the 
r i 

new coordinates, r and t. Prom geometrical considerations, the strain rates can then be 
calculated as 

3r r 3; i r 

l/,i 3 Ur\ 

«rz " ̂  "r * 57 »*) • ^ 

The r e s u l t i n g s t r a i n r a t e s are then used t o c a l c u l a t e the e l a s t i c s t r e s s r a tes using 
j g e n e r a l i s a t i o n of Hooke's law t h a t assumes the m a t e r i a l i s desc r ibab le hv an e l a s t i c 
;>U1K modulus k ajid an e l a s t i c , shear modulus •*- which are c h a r a c t e r i s t i c of the current 
s t a t e of the m a t e r i a l . This i s a "va r i ab l e modulus" nodel in tha t i t assumes a p ressure 
difponJenl k. and a s i m i l a r dependence in (. i f 1 constant Po i s son ' s r a t i o (v) is i issigned. 
This a r i s e s through the r e l a t i o n s h i p from l i n e a r e l a s t i c i t y . 

.. , 3k (l • Zv\ 

lii addi t ion^ the bulk modulus may a l so depend on the previous s t a t e of the p a t e r i a l , as 

d iscussed below. The i so t rop ic and d e v i a t o r i c s t r e s s r a t e s are then given by, 

f = .11 

r = 2ue 
r 

^ 2S k. r ; r : 

S^ = 2ue z - 2S -r : r : 

s = 2ue * (S - (5) rz r» i r n. 

where the factor 
,3u 3u 

= 1/2 (du i aum \ 



is an ajjgi.iar ve loc i ty KJIJ ch cor rec t s for the ri,giU body motion of the zone during the 
time s t e p . The f i n i t e d i f fe rence equat ions a c t u a l l y used in the code carry an add i t iona l 
higher order r o t a t i o n terra not shown in the above d i f f e r e n t i a l equa t ions . 

liquations (5) apply tu s o l i d ma te r i a l s Kliich are capable of support ing shear s t r e s s . 
The re levant express ions for f l u i d s are obtained as a spec i a l ca^e by s e t t i n g the shear 

modulus t o zero . The modeling of gradual pha?e t r a n s i t i o n s between the s o l i d and f luid * 
s t a t e i s achieved through the a r t i f i c e of using an e f fec t ive shear modulus 

the re U a i s the shear modulus for the s o l i d , t . i s t h e s p e c i f i c i n t e r n a l energy of fusion, 
and [i i s the cur ren t spec i f i c i n t e r n a l energy. 

The next sec t ion d i scusses the moucl assumed in determining the bulk modulus and 
therefore the p res su re i n t e g r a t i o n . A l a t e r sec t ion d i scusses the i n t e g r a t i o n and 
modificat ion of the d e v i a t o r i c equa t i ons . 

PRESSURE INTLGRATICN 

In gen e ra l , t he pressure Ki l l be a function of both i n t e r n a l energy and spec i f i c 
volume; and severa l f luid models in TV.NSQK74 take t h i s dependence in to account. The 
pressure in so l i d rock, however, i s assumed t o have no dependence on in t e rna l energy. 
The model used in determining The e f f ec t i ve bulk modulus for e a r t h ma te r i a l s is intended 
to take i n t o account two s p e c i f i c e f f e c t s . The f i r s t i s the permanent loss of p o r o s i t y 
which occurs as the s t r eng th or the mater ia l bonds is exceeded. The second is the void 
volume which i s produced concomitant to t e n s i l e f a i l u r e . 

A given mate r i a l i s assumed t o he desc r ihab le in terms of two pressure-volunc 
r e l a t i o n s h i p s , such as those labeled A and 8 in Fig. 2. These r e l a t i o n s arc given to the 
code i s t c b l e s of pressure versus the excess compression C* which i s def ined as 

e(P) = £- a 
"0 

- &P- - i >•• 
= 0 

This e f f ec t i ve modulus i s t o be used in a l l express ions in t h i s repor t except those 
defining the damage parameter G, Equations ;2U) and (24) . 

The t r a d i t i o n a l n o t a t i o n , u o r mu, has been discarded in favor of c t o avoid p o s s i M e 
confusion i>ith the shear modulus u. 
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Excess compression {C = p / p - - 1) 

F i g , 2 . Pressure-vo lume mouel . 



v he re V i s the s p e c i f i c volume at Y = 0 . Ln these t e rms , the bulk modulus i s given by 

hherc & i s i h e slope of the cur ren t t r a j ec to ry in P-£ space. 
The p r e s c r i p t i o n foJ lowed in determining ct, and therefore k > i s i l l u s t r a t e d in Fig. 

The mater ie l is. taken t o load along a path termed the v i r g i n loading path (A). The 

subsequent unloading behavior depends on the maximum compression C experienced by the 
mate r i a l r e l a t i v e to two experimental points £ and Qn. If C has not exceeded r, then 
no permanent compaction can take p lace because the i n t e r n a l s t r e s s e s have not exceeded * 
the pore wall s t rength and allowed pore col lapse to occur . I f the maximum compression 
", has exceeded ? ? , then a l l pores have presumably co l l apsed ; and the mate r i a l must 
unload aJong the path B for completely crushed m a t e r i a l . In p r i n c i p l e , the crushed path 
would be the loading and unloading path for pure nonporous matrix m a t e r i a l . The 
i n t e r c e p t i;_ i s the maximum permanent corpactior. and i s approximately equal t o the gas-
f i l l e d poros i ty of the ma te r i a l , 

Kh^i Q i s g r e a t e r than £. but does not yet exce:d ; n , then the ma te r i a l i s only 
p a r ' i a l l y compacted and must unload along a path between the crushe-! and v i rg in loading 
curves . If the p a r t i a l pore co l lapse ".ere permanent, the appropr ia te unluadin.fi path 
fcuuld have t o be cons i s t en t with the unloading behavior of the fu l ly crushed matr ix 
m a t e r i a l . That i s to say, p a r t i a l l y crushed mate r i a l v-ouJd have to unload along path 
C in f i g , 2, which i s p a r a l l e l t o the crushed path B and wi l l i n t e r s e c t the £ axis dt 

However, p a r t i a l l y compacted mater ia l usua l ly e x h i b i t s e l a s t i c recovery of some 
p o r o s i t y , iresumably because many of the pore walls have not been s t r e s s e d t o f a i l u r e . 
This meaiis tha t the mater ia l muse unload along some pa th U which l i e s t o the lef t of C. 
The spec i f i ca t ion of t h i s path i s accomplished as fol lows. The r e s i d u a l p o r o s i t v , which 
is the in t e rcep t :a of n v i th the ; a x i s , urn be deduced from laboratory data and r r 
expressed as a polynomial, 

< W = *s(v * V*' - V 3 ) n i ^ i h • w 

In p r a c t i c e , the slope of cu r / e A between the or ig in and £. i s u sua l ly s e l ec t ed to 
y ie ld the correc t sonic v e l o c i t y for low amplitude s i g n a l s . 
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where the sum or the A. coefficients must be uuitv to guarantee that c ic ) = c The 
1 ' r 2 3' 

quantity x i s related to thfc maximum compression ar-d is expressed as a fraction 

X ( E ) = ^ r- < 1 . (Q! 

It is then necessary to require that D l ie to the left of C and intersect the ; axis at 
t . If the recovered porosity ft * t ) is assumed to be restored as a lineaT functio 
of P, then the following relationship for a along path D is easily derivable, 

1 1 V - C r 
CTTPT = cTW + ~P ' t l 0 ] 

c n 
where a i s the slope of C at pressure P, and P is the pressure corresponding to the 
naxirrjrc compression C , Since a i s determined, the effective bulk modulus k is known 
and the pressure integration can be accomplished. 

The preceding discussion concerned a model for the behavior of microscopic voids 
normally contained within rock or soil materials, A second type of void must also be 
taken itito account in the pressure calculation. These are voids formed by the opening 
of cracks in the rock during tensile fai lure. TENS0R74 does not l i te ra l ly create crackeu 
zones, but i t simulates the effect of cracks in a continuum. The occurrence of tensile 
failure during unloading causes the material to follow a path to the left of the normal 
unloading path. This behavirr is modeled in TENSOR74 by adding a pressure correction 
SP to the pressure when tensile relaxation is occurring. This can happen during both 
loading <aid unloading. Similarly, when voids close, a ^oiTectinn 5P is subtracted. The 
'•? cslr-ilat ion will be described in detail when tensi le failure is discussed. For new, 
i t will be sufficient to say that &? is indicative of the void volume produced by tensile 
failure. Th£ voids are taken to increase at a rate determined by the bulk modulus \ or 
equivalently the slope a, so that the total void volume is giveii by 

._ ifr - 5P 
Sv = I -SW-* ' t J 1 ) 

t 

in practice, o. is assumed to be approximately constant during tf..isile failure so that 
this particular summation is simplified tc 

litr-nite or negative slopes are not forbidden by Hq. CIO). Should such " value be 
calculated, i t is replaced by the slope of a straight line drawn between t r a and r,T. 
Although setting the slope to o.c might seem to be more appropriate, such a procedure 
could cause unintentional bulking by unloading to the left uf the origin, depending on 
the shape of path B. 

- 9 -



I C " t - *P C) . (12) 

and a "void pressure" P is accumulated instead of c . Void openings fror. tensile 
failure add to this suuDaati'..; »oid closures subtract. 

The net change in pressure during one cycle then consists of three separate 
contributions 

4P = 004 « 6r - oT 

the re 64 = p-56t/p i s the incremental volume change. The f i r s t t en t i s the simple 
incrementa l ly e l a s t i c c o n t r i b u t i o n . The second t e r n con t r ibu te s only during ten«< la 
f a i l u r e , and the t h i r d term con t r ibu te s only during leading or re loading provided there 
are vo ids . 

Tiie form of 6P duri4.2 loading must be such t h a t tfP i s small when P _ or ; t is l a r g e , 
allowing the voids t o c lose without r e s i s t a n c e . In f a c t , i f the inater ial i s r.Dt allowed 

to butt . , i? oust be zero u n t i l the voids are clcsei. A form for 5P which does allow 
c 

' " • Ik ing is 

Y"Tc£-7F" l o a d i n 8 ( d p =• 0 ) 

B v 
!13) 

0 w.loading (<5P < 0) , 

where <; en te r s as a c h a r a c t e r i s t i c value for the expansion. This iortr. y i ; I d s the 
following l i m i t s foT 6P during loading i f the 6P c o n t r i b u t i r n is ignored , 

f 0 r v - -
P„ /« 

69 = •i e a d ; P - a ;„ 
V O 

ad? P •* 0 , 
v 

co r rec t extreme l i m i t s are obta ined. The quan t i t y ; R i s an input parajnecer to the code 
and i s r e s e t to 6 ; i f i t f a l l s below t h i s va lue . This a r t i f i c e ullows the void c losure 
t o be spread over a minimum of about f ive tinte s teps in the i n t e r e s t ol e i i n i n o t i n g 
numerical n o i s e . 

As f i l ial comments on the pressure c a l c u l a t i o n , i t should f i r s t be noted tha t no 
rate-dependent e f f ec t s are incorporated in the presen t pressure i n t e g r a t i o n . Secondly t 

as discussed in the next s e c t i o n , no ilila;anc>' i s considered in the present node] of 
shear f a i l u r e . Should d i l a t a n c y be considered at a l a t e r d a t e , i t could be t r e a t e d in 

-10-



soninwhac the same fashion as the vo.*d volume. Th i rd ly , the technique for accounting for 
voids i s not unique. Maenchen :i".J Sack in t l v i r o r i g ina l versioi . of the itNSOR code 
accounted for ^ ( d i r e c t l y ins? -UJ of 1̂  . F i n a l l y , the void c losure i s independent of ti-e 
o r i e n t a t i o n of the t e n s i l e f a i l u r e which produced the vo ids . The scheme of Maenchen 
and iiack a l so took t i i i s o r i e n t a t i o n i n t o account . In fu ture models, t h t i r approach i>r a 
g e n e r a l i s a t i o n A i t i s p r e f e r a b l e . 

IIHLT1LK SHEAK FAILURE 

The ductiU- shear f a i l u r e used in TENS0R7»t i s e s s e n t i a l l y an e l a s t i c - p e r f e c t l y 
p l a s t i c model in Kliicli the d e v i a t o r i c s t a t e of the ma te r i a l i s cons t ra ined not t o exceed 

some f a i l u r e su r f ace . In gene ra l , t i n s su r r ace would be a function of s t r e s s t ensor 
7 

i n v a r i a n t s corresponding t o the assumption tha t the mate r i a l i s i n i t i a l l y i s o t r o p i c . 
In terms of the s t r e s s d e v i a t o r s , t h ree such i n v a r i a n t ? are 

P - - I , / 3 = - i { T r < T 2 *Tf 

1 = d « = ( S Z * S 2 . S S + S 2 ) 1 / 2 

21i \ r 2 r z r z / 

llv " [ C S r * V ( S r z - S r S z ) ] 1 / 5 • < U J 

l>ata for rock t u t o r i a l s i n d i c a t e s t h a t the d u c t i l e f a i l u r e surface can often be adequately 
descr ibed in terras of P and 1 alone or equ iva l en t ly p and Y which :.s defined t o be 

- G.Sbb i . (IS) 

Y i s p ropor t iona l t o the oc tahedra l shear s t r e s s and it equal t o the .maximum shear 
SLl"ess ( a . - o O / 2 i f c.̂  equals o , as would occur under un iax ia l loading. 

However, in the realm of b r i t t l e f a i l u r e (which occurs a t lower p ressures than 
d u c t i l e f a i l u r e ) , compression^ ex tens ion , and to r s ion da ta often cannot be reconci led 

3 8 i n to a s i n g l e f a i l u r e surface by employing only Two of the i n v a r i a n t s . ' However, the 

ddta can often be reduced to a s ing le surface defined in terms of Y end the quan t i t y . 

\ l / 3 W (16) 

Here, we follow the usual convention in descr ib ing the p r i n c i p a l s t r e s s e s ; t h a t 
> 0 in compression, and ttiat 
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which reduces t o P s P + Y/3 = [c + O / 2 when o,, equals c_. In the d u c t i l e region, the 
second term in negHb Ll>Jef so t ha t both b r i t t l e and d u c t i l e f a i l u r e surfaces w i l l be 
descr ibed in terms of only Y and P" as indicated in I ' ig. 3, The shape of the f a i l u r e 

o 
surfyces i s s i n j l a r t o t ha t of a modified Prager-I-'ruckcr y i e ld c r i t e r i o n . " The d e t a i l s 
of the b r i t t l e f a i l u r e model w i l l be considered in the next s e c t i e n . 

In V-P space, mater ia l which i s shocked h i l l load along a path of slope 3]'proxir.ately 
[l - Cv), corresponding t o un iax ia l s t r a i n loading. I f the loading or subsequent 
re loadings along other pa ths cause the f a i l u r e surface t o be i n t e r s e c t e d in the d u c t i l e 
r-egio-i, the n a t e r i a i i s sa id t o have experienced d u c t i l e f a i l u r e and the s t r e s? s t a t e i s 
forced to remain on the f a i l u r e surface u n t i l such time as the s t r e s s e s subs ide . 

Lei us suppose tha t the \ i t e g r a t i o n of tht* incrementa l ly e l a s t i c problem (Eq. fS)J 
Cave so lu t ions S , S . and S which in turn gave a value Y u-hich l i e s above the 
f a i l u r e surface K at some P. The f i na l s t a t e on the surface i s obta ined by performing 
no adjustment on F and by adjusting each of the d e v i a t o r i c s t r e s s e s as follows 

S. » S. - ( i = r, z, r--) . 
1 i Y 

This , of course- r e s u l t s in a value of Y = K as d e s i r e d . 
The above s t r e p s adjustment, caused by f a i l u r e , i s most c e r t a i n l y accompanied by 

damage to the n a t e r i a i . One measure of th? damage i s a quan t i ty termed the i n e l a s t i c 
or f a i l u r e - a s s o c i a t e d s t r a i n which i s defined as 

The absolute value i s takei. because the i n t e g r a l of t h i s quan t i t y i s intended to be a 
.'iteasure of the magnitude of incoherent s t r a i n experienced by the m a t e r i a l . 

= Sfe 
t H 

'Vht above formulation for duc t i l e f a i l u re does not appear e x p l i c i t l y in 1LNS0R74. 
l iather , the d u c t i l e problem i s formulated as a s p e c i a l case of b r i t t l e f a i l u r e ,-uid 
s t r e s s r e l axa t ion as discussed below. 

An equiva len t parameter d i f f e r i n g from t h i s by about 15^ cculd Have been defined in 
tev. • of V ins tead of I . 
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Mean normal stress (P) 

F i£ . 3 . Shear f a i l u r e su r f aces , 



BRITTLE SilEA.K FAILURE 

The concept of b r i t t l e f a i l u r e employed in TENSOK7J i s depicted in F ig . 3 and assumes 
tha t the s t rength of v i rg in (unfa i iedj ma te r i a l can he charac te r ized by a curve K in 
V-P space which can he defined by labora tory d a t a , usua l ly t r i a x i a l . The unconfined 
compression t e s t , for example, wi l l def ine one point alonr. a 45° l i ne from the o r ig in . 
If the n a t e r i a l has t e n s i l e s t r e n g t h , K.. wi l l i n t e r s e c t the P a>is at a r.egative value 
of P. The desc r ip t ion of each s t r eng th curve i s equivalent t o a Mohr f a i l u r e c r i t e r i o n , 
provided the slope i s less than u n i t y . 

Fur ther , mater ia l t h a t has f a i l e d in the b r i t t l e mode i s assumed t o s t r a i n soften 
and to be c h a r a c t e r ^ e d by a loner s t r eng th envelope K that depends on the amount of 
damage the mate r i a l has undergone. The damage E I S defined in some fashion analogous t o 
£ . In p a r t i c u l a r , i t i s assumed that for some l imi t ing v;Uue E ( 1 of the damage parameter 
the n a t e r i a l has completely f a i l e d . I t w i l l then possess i t s lowest poss ib l e s t r eng th 
K f which a r i s e s only froti the i n t e r l o c k i r g of the frng:.ients under p r e s s u r e . Such a 
mate r i a l would possess no t e n s i l e s t r e n g t h , and K,. should pass through the o r i g i n . 

A f i n a l cons t r a in t on U , K, and X i s t ha t the ; j u s t jo in at the t r a n s i t i o n (.PR!i) 
in to the d u c t i l e region, in ef fec t r equ i r ing tha t t he re by no sharp d i s c o n t i n u i t y ir. 
the s t r eng th d e s c r i p t i o n s between the b r i t t l e and d u c t i l e r eg ions . Figure 3 dep ic t s 
curves s a t i s f y i n g these c o n s t r a i n t s . 

In terms of X and K t h e locat ion cf the e f f e c t i v e f a i l u r e surface at a given P 
i s taken to he 

K - (.K - K,) - c < t . 
v l v r £„ 0 

(17) 
£ 1 <C ' 

whore a l l q u a n t i t i e s are t o be evaluated at P. This form assumes tha t the e f f e c t i v e 
f a i l u r e surface i s a l i n e a r function of E . Other fonr.s which a l lov a more gradual onset 
or ierminat ion could ceTtainly be j u s t i f i e d . 

It i s next necessary t o descr ibe how the J e v i a t o r i c s t r e s s e s are to be relaxed in 
r e l a t i o n t o the e f f e c t i v e f a i l u r e surface K. One option would he t o sinrply "pi" '" the 
mate r i a l t o K as in the case of d u c t i l e f a i l u r e . V.'e, however, use a v i s c o c l a s t i c model, 
which allows some r a t e dependence t o be taken i n t o account. The fctodel used for b r i t t l e 
f a i l u r e i s t ha t of a simple Maxwell so l i d in shear . This in ef fec t neons tha t s t r e s s 
adjustment behaves as a viscous t e n t in the s t r e s s r a t e Uqs. ( 5 ) . The form used in the 
code i s 
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rq.-Hi)] Y > K 

Y < K 

Ci = r , z , rz ) , (18) 

where it is the tirae step, 'I'US model produces a dasping which increases as Y exceeds 
K, and which is tero when Y and K coincide. The quantity 1, called the Maxwel] relaxation 
time, is the characteristic time over which the stress relaxation is to take place. 

Tt should he noted that i f T i s taken to be St, then this equation reduces to the 
relaxation equation for ductile fai lure. Accordingly, i t is possible to develop an 
art if ice which allows the unified treatirent of both b r i t t l e and ductile relaxation. This 
is accomplished by defining. 

V i - o y y i 

i t as a lower bound , 
(19] 

where T is the input relaxation time. This relation produces an effective relaxation 
tiuie which reduces to 6t in the ductile region, which is Tfl when Kf 5= 0, and which 
possesses a smooth transit ion between the two l imits . 

The net effect of the above formulation fEq. (IS)] i s to allow Y to overshoot the 
failure surface K in the b r i t t l e region under rapid loading conditions (thus producing 
a "rate hardening"), and to gradually force the overshoot to vanish as the ductile 
transition is approached. This is done in the interests of using an elastic-perfectly 
plast ic model of ductile HOK. It may i.elJ he that rate dependence in the ductile reyiun 
is also desirable, in which case Lq. (19) should be modified or discarded. 

We need finally to fully specify the calculation of the failure associated strain 
£ for al l shear failure. 

« c - ^ l « l | 

S T * CO) 

which is consistent with 6c as defined for the ductile region [Li|. (lbaj] when : = - t . 
P 

The shear failure model as described above docs not tai.e into uixount shear-ivlunc 
interactions (dilatancy and shear enhanced compaction). This would require a flow rule 
that adjusts P as well as Y. Once such a flow rule is adequately defined, it can IT 
incorporated ..' the code in much the same manner as is the SI* adjustment descri'ep.' 
below. The current model also neglects ductile strain hardening in which the strength 
increases with the s t rain. 



TENSILE FAlLURI'. 

Tensile relaxation is described in the principal stress coordinate system [in which 
the off-diagonal component T vanishes; . This system is obtained by a rotation in the 
r-z plane of 

1 -1 / 2 S ^ 
•• - - T a n * 2 " " ' I S - S 

which r e s u l t s in p r i n c i p a l s t r e s s e s of 

y - - p + l { S r + S x t D SP" V 2 + » s r / ] 1 / 2 | 

T- - -P - S - S . (21) 

I f any of these are p o s i t i v e , the i i a t e r i a l i s in t ens ion . T , i s always in the $ d i r e c t i o n 
and i s commonly r e f e r r ed t o as the hoop ; r e s s . As T. > T- by d e f i n i t i o n , T- i s the 
most compressive of t h e two and i s d i r ec t ed perpendicu la r t o the shock f r o n t . T i s the 
maximum p r i n c i p a l s t r e s s in the r - z plane but may be less then T , and, by d e f a u l t , l i e s 
p a r a l l e l t o the shock front in coinpressivc shock loading. The t e n s i l e s t a t e s t y p i c a l l y 
encountered are those in which two of the p r i n c i p a l s t r e s s e s are t e n s i l e and the t h i r d 
i s compressive. In Y-P space , these s t a t e s l i e t o the lef t of the dashed l ine of uni ty 
s lope depicted in l : ig . 3 . 

In the code, the c r i t e r i o n for i n i t i a t i o n of ter .>i le f a i l u r e i s token tu St the rsasie 
as t h a t for shear f a i l u r e , although tho r e l axa t ion technique i s d i f f e r e n t . This 
un i f ied s h e a r - t e n s i l e f a i l u r e c r i t e r i o n corresponds to the not ion that t e n s i l e f a i l u r e 
must be preceded by the c rea t ion of cracks l-v large s t r e s s d e v i a t o r s . OIILO a crack has 
occurred for any reason* i t i s then free tu open i f there : s t ensu -n . Along with the 
opening of Che trracj., t e n s i l e strt-5.-* r e l axa t ion c c t u r s . All p r i n c i p a l s t r e s s e s which 
are t e n s i l e are allowed to r e l a x . Unlike shear f a i l u r e , u' *hich the n j i e r i a l s t rength 
is gradual ly reduced t o i e r o , the r . a i e r i a l Ivhaves under t e n s i l e f a i l u r e as i f i t s 
t e n s i l e s t r eng th Ita*: heen ins tan taneous ly sei tu ; e r o when the f a i l u re surface is f i r s t 
reached. A l t e rna t ives t o t h i s appro Act; are discussed l a t e r . 

1 he re laxa t ion oode-i for t e n s i l e f a i lu re is again "a».en to io a '-aj-ve 11 ••- J t J . y.-* 
that the t e n s i l e p r i n c i p a l s t r e s s e s arv adjusted as j ' o l l ^ s : 

Thr convention (VI toned in def ining ." is :-.^: l i i r r . ' u j ; 11* : Ju ; <. -i 
Censii»r,, and "I, _̂  T . . and T. l i e * in the : d t r r o t i ^ i , 



T. > 0 
- ' (i = i , : . 3) L :2 ) 
T. < 0 

1 

in which the t i l d e i n d i c a t e s the old value from Eq. ( 2 1 ] . Usually T Is very c lose t o t 
[liq. (19)] because nost tension occurs near P = n a t which K f = 0 . The r e l axa t ion time 
for tens ion ann shear have been taken to be the saray for lack of compelling reasons why 
they should not be. 

I t i s next necessary t o f ind the new values of S , S , and S corresponding t o the 
t e n s i l e - r e l a x e d p r i n c i p a l s t r e s s e s . I f i t i s assumed t b a t the opening of t e n s i l e cracks 
as modeled by the above r e l a x a t i o n does not r o t a t e the p r i n c i p a l coordinate system, then 
the t ransformat ion Eqs. ( J l ) can be inver ted t o y i e l d , 

::}--C-^H-^)<«* 
S r : \ Z J S i n 2 * • 

During the r e l a x a t i o n , the t r a ce of the s t r e s s t ensor i s a l t e r e d , so t h a t the 
pressure and o ther i n v a r i a n t s must a lso be ad jus ted . The express ion for the pressure 
co r rec t ion is 

cP - V - f 

(231 
- i y 6T 

where c l . i s the ammir.i by which each of the t ens ions was ad jus t ed . This i s the f i n a l 
co r rec t ion to the p ressure c a l c u l a t i o n . 

[it-cause t e n s i l e f a i l u r e a l so a l t e r s the second d e v i a t o r i c i n v a r i a n t , the f inal 
s tep in the t e n s i l e f a i l u r e scheme i s t o increment the accumulated damage. In add i t i on , 
he add :i ten;: which r ep resen t s the volumetr ic s t r a i n a s soc ia t ed with crack opening. 
i h j s , 

6< - i r " ' * f l 6 p

t i • C 2 4 ) 

win re each term i s determined by comparing the old and new values for I or P , 
r e > p e : t i v e l y . 

I lit- foregoing has been a d e s c r i p t i o n of the primary t e n s i l e f a i l u r e model used in 
u.SSi'i "J , The model is intended t o be a i s o t r o p i c cmtinuum nKx'.el and consequently 
descr ibe* inci'-.erent breakage. That i s , the p lanes of s epa ra t ion ox f rac tu re are assumed 
ii be randomly o r i e n t e d . Such u model i s e a s i l y de fens ib l e in a one-dimensional code. 
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however, tlie des i rab i l i t y of ais i s o t r o p i c model in a two-dimensional code i^ nucs t i enable 
because t t n s i le f a i l u r e should include a n t s o t ropy v i a al igned craefce. Tor exairple, 
suppose T > i , and tha t T . i s p r imar i ly respons ib le for d r iv ing the mater ia l t o f a i l u r e . 
I n t u i t i v e l y , one t.ouJd expect that the fracture p lane would j e pe rpend icu la r to T . A 
desc r ip t ion of t h i s phenomenon would requ i re tha t T. be allowed to r e l a x , and t h a t tl.? 
mater ia l m.iintain i t s surength in thf T d i r e c t i o n . One Kay t o achieve such :m ef fec t 
vould be t o t e s t each t e n s i l e p r i n c i p l e s t r e s s independently aga ins t a s ing le t e n s i l e 
s t r eng th l i m i t . Only those t ens ions exceeding the l imit would then he rolnxoti. Once 
t e n s i l e f a i l u r e occurs in a given d i r e c t i o n , the st rength in tha t d i r e c t i o n i s a l l - ' . cd 
to drop to zero e i t h e r gradual ly or itinedi a t e l y . S"uch a node 1 was enployed by 'laencben 
and Sacl in t h e i r o r i g i n a l vers ion of tbe TEKSOR code. 

An a l t e r n a t i v e method which p rese rves the uni f ied s h e a r - t e n s i l e f a i l u r e c r i t e r i o n 
was formulated in a spec ia l vers ion of TKN50R74. In t h i s model, '.wo t e n s i l e re lax. i : ion 
scheiws were employed. 

T. = T (. - ^—) ( rap id r e l a x a t i o n ) , 
or . , ^ 

T. = f. (l - ~~-r- ) Ulow r e l axa t i on ) . (2i) 

m a t e r i a l i s heavi ly damaged. As in the previous model, the maximur. p r i n c i p a l s t r e s s which 
i s responsibl-3 for f a i l u r e [ say , T,) would be allowed to Teiax rap id ly according t o the 
f i r s t r e l a t i o n . V would follow the second r e l a t i o n in (-.a. (25) and would r e l ax slifejy 
or r ap id ly according tD the ex ten t to which the ma te r i a l i s damaged. Because of the 
rap id r e l a x a t i o n of T . r e l a t i v e t o T i t may well be that a f t e r ;i lew cycles t h e i r ro les 
are reversed (T. > T.) , This s i t u a t i o n i s handled in the following manner: I f V 
exceeds the e f f e c t i v e f a i l u r e surface K at am given t in* 1 , the r e s t t e n s i l e s t re> at 
t ha t time i s flagged and assigned the r: 'pid reinxj ' t ion in addi t ion t o an? o ther s t r e s s e s 
which may have been p rev ious ly f lagged. In t h i s way, both T_ and T can be relaxed 
quickly i f each was at one time or another the t e n s i l e s t r e s s Kriis.ii d n n c tlit r . i t 'Mial 
above the f a i l u r e su r face . This scheme t a l e s coherent f a i l u r e i n i e account but a l locs 
the p o s s i b i l i t y of incoherent rc lax; i t ion at large darcage l e v e l s . 

lioth t h i s scheme and the one of Maenchett and Sack suf fer a ser ious flaw. The t rue 
p lanes of f a i l u r e should be fixed in the mater ia l coord ina te s . In both of" these schemes, 
the p lanes are fixed ins tead in the p r i n c i p a l coordinate system shich i s free t o r o t a t e 
with respect t o tl\e r a t e r i a l as the applied s t r e s s e s vary u i th t ime. This probler is 
e s p e c i a l l y acute hhen severa l enerp/ sources ..re involved or when re f lec t ii: t *nrtjcs* 
are p r e s e t . 

The version TPN31I1 has been used extent-ively in ~ study of the b l a s t i n g e f f ec t s uf 
long c y l i n d r i c a l charges . • 
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Another ser ious flaw in the t e n s i l e f a i l u r e models d i scussed above i s t h a t , u n l i l e 
tlse shear f a i l u r e n.odel, the ma te r i a l t e n s i l e s t r e n g t h i s immediately se t to zero on 
f a i l u r e , lie cause of t h i s d iscont inuous ; i l t e n a t i o n in behavior , the f i r s t zone in a 
region t o fai '. may be re laxed before adjacent zones arc s t r e s s e d t o f a i l u r e . This 
apparent ly leads t o the propagat ion of f i n g e r - l i k e regions of f a i l u r e which resemble 
f r a c t u r e p l anes , ' While t he re i s some phys ica l r e a l i t y t o these propagat ing 
d i s t u r b a n c e s , »t would be imprudent t c p l ace much credence in tliem without more s tudy . 
Fcr the p r e s e n t , i t would perhaps be more d e s i r a b l e t o follow the shear f a i l u r e procedure 
and ie t the t e n s i l e s t rengt l i be gri dual ly reduced t o zero depending on the damage 
parameter . A model which proper ly solves jot i i t h e i so t ropy problem and the t e n s i l e 
s t r e n g t h problem might involve the replacement of t h e damage parameter by an i n e l a s t i c 
s t r a i n t e n s o r . Both the shear and t e n s i l e r e l a x a t i o n r a t e s could then be governed by 
the ex ten t of damage in the appropr ia te d i r e c t i o n . The r e l a x a t i o n , in t u r n , would 
produce i n e l a s t i c s t r a i n which would be added to the proper components of t h e i n e l a s t i c 
s t r a i n t ensor , 

ARTIFICIAL VISCOSITY, STABILITY, ENERGY 

A r t i f i c i a l v i s c o s i t i e s are used to damp out spur ious o s c i l l a t i o n s . In a l l , six 
such terms which depend on three inpuc c o e f f i c i e n t s C. and one width W are used in 
H1NSOR7.). Four of the s ix v i s c o s i t y terms are Q, Q , Q , and Q which are added 
r e s p e c t i v e l y t o P, T , I" , and T in both the momentum equat ions [Eq. (5)] and a l so in the 
intei-nal energy equa t ion , which is d i scussed l a t e r in t h i s s e c t i o n . 

lhe v i s c o s i t y i; appl ied to the p ressure i s a sun pf tuo te rms , a quadra t ic and a 
voluj;:i't r i c v i s c o s i t y . 

li = C c.LAu)" - P e l * . ( -6) 

r» 3 
lhe f i r s t or quadra t i c t e r n i s a " s t andard" \on Neumann " term d iscussed by Scha t : and 
is p report u n a 1 ti' the squaie of the ve loc i ty d i f fe rence - c across the zone. I f the 
:one is expanding, iiu i s set t o : e r u , 

I oi *hock loading or one-cimensional leading, the second term can be proper ly 
re fe r red t o as a l inea r vi . -cosi ly except vers near the e r ig in ur axis of synmerry. 
i n l i l e "lie i , . iadratic term, t h i s term i s always used independent of the sign nf i ' . The 
J .a r . i . i r r i s t i . length 1 has been found to produce a s h o d width of ab---t five nmes wnen 

"l:ie coilo user a l so i.as the option of using a conventional l inea r v i s cos i t y ins tead of 
tne '.• .ur..ei ri . : v i s c f - i i v , 

OC l i n c a r l - i c o V m " . 

\> wn : t i e . . v i t i c t e r n , iu is set to : r r o i f the ;one i> expanding. If t h i s uption 
is use,'., . . rep .aces the quant i ty 1 'il> in the s t a b i l i t y i.q, US) . 
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3 
L i s about one-tenth of the zone s i z e . This r e l a t i o n s h i p enables the code user to 
s e l ec t the shock width h', usual l ; 1 taken to be about five zone s i z e s . The input width i s 
then converted t o L = l\750 i n t e r n a l l y . This form for the l i n e a r v i s c o s i t y has the 
proper ty of damping the motion 01 'both con t rac t ing and expanding zones, an advantage in 
sphe r i ca l shock expansion problems, but a disadvantage in s p a l l c a l c u l a t i o n s . S p a l l , 
which involves the free expansion of zones near the su r f ace , cannot be modeled accura te ly 
unless the viscous terms are n e g l i g i b l e durii.g expansion. In t h i s case the opt ional 
conventional l i n e a r a r t i f i c i a l v i s c o s i t y should be used. 

The dev ia to r i c v i s c o s i t i e s are determined from 

Q i = C 2 pcl Q-e± (i = r , i , rz) . [27) 

The r a t i o 2u/a i s intended to produce g r e a t e r damping for highly compressible ma te r i a l s 
or for those with a high shear modulus. 

The f ina l two v i s c o s i t y terms q and q are added, r e s p e c t i v e l y , t o the ts-o 
momentum equations [Eq. (3)] t o cont ro l "hourglass" d i s t o r t i o n . This i s a type of 
o s c i l l a t i o n in which the lone diagonals are t r a n s l a t e d in opposite d i r e c t i o n s , This 
o s c i l l a t i o n a r i s e s because the numerical express ions for the s t r a i n r a t e s are unaffected 
by t h i s type of d i s t o r t i o n . Consequently, the a r t i f i c i a l v i s c o s i t i e s p rev ious ly d iscussed 
wi ] 2 not daiap t h i s mode of o s c i l l a t i o n . As t h i s i s pu re ly numerical phenojnenon, 
expressions for q and q , which depend on a coe f f i c i en t C, , w i l l not be given h e r e . 
Reference 2 contains a complete d i scuss ion . 

The a r t i f i c i a l v i s c o s i t i e s affect the t i r e s t ep through a s t a b i l i t y c r i t e r i o n , 

Cn6D 
•St = — , 7 1 2 * T 7 2 • ( 2 8 ) 

[c* * ^ %) * JCj-CAu) ] u i 

This quan t i ty i s ca lcu la ted for each zone, and the smal les t 6 t found throughout the roesh 
i s used as the time s tep for the next i t e r a t i o n . C. i s the Courant number and &D i s a 
number which i s approximately the smallest zone dimension. Equation (28) i s a 
genera l i za t ion of the s t a b i l i t y condit ion proposed by Von Neumann and Richtnyer . If 

the f i r s t term under the r a d i c a l i s considered a lone , E:q. 12S) represen t s the s t a b i l i t y 
condit ion for the pure hydrodynamic [h)Terbol ic ; equat ion . The l as t two t e r n s correspond 
t o the volumetric and quadra t i c v i s c o s i t i e s , r e s p e c t i v e l y , and force Eq. C8) t o 
represent the s t a b i l i t y condit ion for the diffusion equat ion . This i s done because the 
equat ions of motion (Eq. (3)] reduce t o a diffusion (parabo l i r j equation in the l imit of 
Hrge v i s c o s i t i e s . The s t a b i l i t y requirenents corresponding t o the b r i t t i e anc d u c t i l e 
r e l axa t ion schemes are not p resen t ly r e f l e c t ed in the s t a b i l i t y c a l c u l a t i o n . 

TENSOR?-! problems are often d i s c r e t i 2ed so that sna i l zones are near the energy 
source . The zoning i s then graded t o l a rge r zone s i z e s near the periphery of the 
problem. This i* usual ly done in an ef for t to s imul taneous ; ; obtain .<.>luiiun> n . !« th 
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a finely :cned close-in problem and a cor.rscly zoneu fa--out problem. T!ie fcrr of the 
volumetric viscosity, however, works against such an approach. Fi rs t , for the solution 
to be stable when the shock reaches the larger lones, L (or equivalently K) must he 
chosen to correspond to Hie size of the larger z.ones. This means that the problem is 
highly overdaraped in the region of the small zones where the sheck originates, resulting 
in much smaller i n i t i a l time steps than necessary. 

The above problem does not arise in hydrodynamics codes using a conventional linear 
viscosity formulation because L is in effect chosen for each sutie by keeping C - L/iSD 
constant. In problems with nonuniform zoning, there may be large systematic variations 
in the zone size between two regions at the same distance from the source, lor such 
probleiiis, the variation in a r t i f i c ia l viscosity resulting from a conventional formulation 
can result in systematic motions which may be easily confused with a true problem 
solution. The elimination of spurious zoning effects such as th is i s one of the primary 
advantages of the viscosity formulation used in TENSOR74. 

There exists a compromise between the two methods which is worthy of further 
consideration. This involves simply forcing the code to chon r. L based upon the largest 
lone which is active at a given time. In th is way, al l zones experience the same damping 
at the same time. As the shock wave moves outward, activating more tones, the viscosity 
then increases ever.where as required to give a stable solution for the larger zones. 

Finally, the internal energy equation 

t = -P5 » (IS + S >e • (IS + S )e * IS e (29) 
r : r * z r : n n v 

is integrated ra arrive at the iie»' internal clergy (per original unit volume) for each 
;one, As indicated ca.-lier, the appropriate viscosit ies are added to each stress in 
tq. (29) before the integration. 

FUTURE WORK 

Much work remains t o be done in the rock mechanics modeling of TEXS0R74. In the 
near f u t u r e , we hope to examine the ques t ion of an lso t rqpy and i t s modeling with respec t 
ro shear ?nd tensi le strength and relaxation, dariage, and void closure. The desirabil i ty 
of the present unified shear-tensile failure will also be questioned. In connection 
with the relaxation schemes, i t will be necessary to examine their effect on s tab i l i ty . 
The effect of shear s tress on the compaction of porous material will also be modeled. 

he plan to formulate a new a r t i f i c i a l viscosity tensor in the coordinate system of 
the principal strain rates. This will replace the present formulation - E q s . (2b) and 
U7) . 

In the area of general code developiaent, we plan to improve the convergence rate 
of the existing quasi-static mode of operation, to i it..-mine the present gravity and 
overburden formulatiorti, and to develop new nonrefiecting boundary conditions. 
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