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EXACT SOLUTION TO GELL-MANN-LOW EQUATIONS 

IN A SIMPLE RELATIVIST1C MODEL *

ABSTRACT

We study the exactly soluble relativistic model field theory 

Drooosed by Zachariasen. Renormalization of this model is carried 

out both in the conventional manner, and by choosing the point of 

renormalization at an arbitrary space-like momentum. The Gell-Mann- 

Low equations are then set up for the coupling constant, and the 

exact solution obtained. The asymptotic value of the coupling is 

seen to go to the bare constant. Some implications of the model 

are considered.



I  INTRODUCTION

R eno rm alizatio n  group h a s  been used  in  recent yeaj'H ii; se 

v e ra l  im portant a p p l ic a t io n s , e s p e c ia l ly  i n  proving that Yang- ‘

-j
M ills  tJioories are  a sy m p to tically  fr e e  . The renorm alization

2
&roup method has a ls o  been  employed by A d le r  .in a programme to 

determ ine the f in e  stru cture  co n stan t . The purpose ol' th is  paper  

is  the modest one of s e t t in g  up the re n o rm a liza tio n  group equations  

fo r  a  sample model w h ich  is  e x a c t ly  s o lu b le . The model we employ

3
is  the one due to Z ach ariasen  , and is  s im ila r  to the Lee model 

in  N 6  s e c to r , except fo r  r e l a t i v i s t i c  k in e m a t ic s . D if fe r e n t  for-  

m ufetionw  of the model are  p resented  by Deshpande and Ulurinian ,

5
and e a r l i e r  re feren ces  are  c it e d  t h e r e in . The Gell-Mann-Low equa

tions  fo r  the e f fe c t iv e  co up lin g  constant are  set up by choosing  

the ren o rm alizatio n  p o int  a t  an  a r b it r a r y  space- like momenta. The 

equ atio ns  can be e x a c t ly  so lved , and the e f fe c t iv e  coupling  constant  

is  seen  to in te rp o la te  between the on- sholl coi’p l in g  and the bare  

c o u p lin g  co n sta n t . The model thus provides an  i l lu s t r a t io n  of the 

context of ren o rm alizatio n  group eq u a tio n s . Gur treatment of the 

model p a r a l le ls  the lu c id  paper by  W ilson  ^ o t l ? c  renorm alization  

(;roup. Several im p licatio ns  of the model are co n sid ered . In  p a r t i 

c u lar  we f in d  that f i n i t e  or bare coviplin;’' constant docs not  

lead., to an e igen v alu e  equatio n  fo r  the p h y s ic a l  coupling  as con

jectu red  by A dler  in  quantum electro- dynam ics, The r e lat io n  oJ.‘ the 

ren o rm alizatio n  group to the a r b it r a r y  choice  of the sub stru ctio n  * 

point  in  N /D  mSthod is  a ls o  shown in  context of this  model..



II. CONVENTIONAL RENORMALIZATION OF THE 

ZACHARIASEN MODEL.

The version of the model we shall consider is the one with 

Yui.awa coupling  Q j o  I31JA, ami on.I.y the; I'l'ocess A —> J) i- i ‘. i.s

allow/'ci. Cj’ossiiig is  v io la t e d  by the inode J in t.liafc li —» ]> +  A j s

not a llo w e d . Thus 1313 s c a t t e r in g  am plitude  is  ^ iv o n  by a sum or

bubble d iagram s. The u n re n o n aa lize d  but exact G r e o i /s  l'uuotions

ol‘ the model are thus e a s i l y  c a lc u la te d .

A . Unrenorm alizcd G r e e n 's  F u n c tio n s .

The unrenorm alized  A - particle  propagator is

where is  the bare mass of A p a r t ic l e , and / / I S )  is  the proper

s e l f  ̂ -energy. The p a r t ic le s  are  a l l  assumed s p in le s s , so that 77?s) 

is  a  lo g a r ith m ic a lly  d iv erg en t  in t e g r a l  i f  cut- o f f A  is  not em

p lo y e d . Thus

the proper

so that 77?s)

'/a.
where —  ( / ^ / 6 7 7 " ) £ ( S ~ 0 / S ~ 3 is  the two p a r t ic le  d e n s ity  of states

1
and  we have assumed u n its  such that the mass of b p a r t ic le  is  / 2 .

The BB s c a tte r in g  am plitude is  g iv en  by

li. Renorm alization  of the M odel.

through tho mass equation

( H )



Tiiis equation  ynsuror- ti>ut Jiao a  polo at S = t h o  iu > r-onor’ ia- 

li red pm i'n^ato!* ca .11 now be wvjttf'r as

t i l  =  s - / * 2 J~is) (2 5)

J ( J )  -  ^  J  f c i y K s L s - c c ' )

/ "

n o t ic e  that A - * a O  lim it  can now be taken  because j ? o  is  a con

vergent in t e g r a l .

The co nventio nal ren o rm alizatio n  now d e fin e s  a renorm alized  propa-

x
gator  such that the res id u e  at 5=^/* is  u n it y

i
where

yT _  Jk*L
^ 3  S -*/tv

Thus . ,

z "  - i + £ _ [ X £ l £ -
“  t F J  O

The p h y s ic a l  ren orm alized  coupling  constant is

- i

(aio)

I t  is  p o ss ib le  to express in  terms of the coupling  constant ,

7 -  -  /  -  & ■ / / )

* 3 ~ ' rJ  (S-S)1
liquation 2 .9  ensures the bounds 0<! £ 1 , w h ile  Eq 2 .1 1  leads  

to upper bound on C J  . The co nventio nal renorm alized  Green 8 furc-  

tio n  are then ^ i v e n  by

, . ,  ~ r ,  ^  *6'. . 1

( L r  |  (si/.1/ fsLs-ta-l



;,n,i n o  = C ^ / n

a  c ' o n v o v . i o i ' 1  J ' o r m  i o r  T ( h ) w h i c h  s h o w s  t h e  t u i i t a i ' i  t.y < s j c i » l i u * i t o l y  v

T # i  = M a / J X O  (a/<0

w ith

/v m  =. (s , n

p a y  =  / -  Q - ^ 2 f A s '} C a - « i
77”  J  (s-j^')(s~ ^ t d

1 1 1 . UENOllMALIZATIOK AT T11E ARBITRARY POINT*

We sh a ll  now d e f in e  a re n o rm a liza tio n  program fo r  the Zacha-  

r iasen  model w hich  is  u n c o n v o n tia l . The conventional d e f in i t i o n  of 

the p h y s ic a l  m ass, i e . ,

+  7 T ( f \ A ) 6  0

is  reta in ed  as in  the Gell-Mann.-Low approach . We choose the norma

l i z a t i o n  point  at  A  fo r  the renorm alized  G r e e n 's  fu n c t io n s , in-

.  -i- ,

stead  of the inass-shell v alu e  . The Green s fu n c t io n  so obtained  

are  r e la te d  to the renorm alized  fu n c tio n s  in  the co n ven tio n al ap 

proach  by f i n i t e  c o n sta n ts . The ren o rm a liza tio n  group e q u a t io n - r e 

su lts  from comparing renorm alized  theo ries  fo r  two d if f e r e n t  values  

of ^  , and d i f f e r e n t i a l  equations  can then be set  up fo r  the coup

l in g  constants as  in  quantum electro d y nam ics .

The ren orm alized  propagator is  now d e fin e d  through the n o r

m alizatio n s

A * < „
*

from the u nreno rm alized  propagator, we see tiiat

71 r / j. f  ^  - - —  1 '

where we have d e f in e d  M

r  i i C 1  ,

£  = [ l "  + J



fcliG v alu e  of is  r e s tr ic t e d  to bo less  then the lowest throsh- 

2.
hold at s = /»wa = 1 . For ^  > 1 tlio in te g r a l  develops Ai'ia<'j;:b)ary 

p a r t s , and tlic d e f in it io n  of coupling  constant becomes moan in," loss, 

Tiie r e la t io n  between the c o n ven tio n ally  r e n o r m a lize d • fio .id  

and the f i e l d  renorm alized  at is

/ £ ( * >  =  ( Z " f  <*>

it  is  easy  to see from the propagator,

A *  (si =  C 3 '“

An areum ent s im ila r  to W ilson*5, then g iv es  the renorm alized  coup

l in g  constant

i  o 1  _  j :  q  1  @ t )

f c Z ,  =  d  -

we have from  Eq (3 .6 }  two a lte r n a t e  exp ressio n s  fo r  Z3 , depending  

on or -S-»A . We thus f  ind

s  [ i +c ^ r ^ - r - r  ^a = ^  Ll tt Xo'-w-st-J
or 0 ? n

From Jiq ^3*9) > (2.10) and ^2.1l) one can establish Eq ( 3 » b ) j  

thus proving that introduced before is indeen the renormalized 

coupling constant.

The scattering amplitude is given by

77*> = £  A * - M  ■

The equivalence of the two renormalization prescriptions can be 

shown after using equation (3»9) and a few algebraic manipulations. 

The scattering amplitude in liquation 3.10 corresponds to N/D am-



( —

p l i t u d e  w i t h  a different. i.;ub:3 1-j •: i cl'. Lo»i point, lor the JJ f u n c t i o n

7 ? j )  =  / k ^ j  /j A o

/y^s) = yAV  (J -X) (^/nwhore 

tu id
a - n  f w  # * v \ 4 i L  . (s-*)J )  (s') -  t+  ^  J { sLa)(s~s-L*')

IV. 1UCN 0M1ALIZ ATI ON GH0U1J.

We now look at form ulae connecting  ren orm alized  f i e l d s  at  

two d i f f e r e n t  valu es  of ^  , say , ^  and ^  . The two sets  of f i e l d s  

are  connected by ren o rm alizatio n  constants

a *= 2 , (V, ?0 A«. <*•'>

therefore

=  ( g ) A *  <*■*>

A *  - * •«

= z ’-3

We fu rth e r  have 1£  .  z . c > . j O f r  ^
it  then fo llo w s  . ,

2. A  ^  (**)
£ Z .*  - / , *  • /

or e q u iv a le n t ly ,

^  =. (*‘7 )

We can now set-up the Gell-Mann-Low equations  fo r  . Note

(A ,7i') = z ?  / z / 1 = (A t Z O &  ^

choosing  5  *  ^  we o btain



'I.Yil: in c  ;ui i n f  in  i f:es.i ria 1 c>>;i. P t  ~  /\ — y  i 1 *.•.

'b£. .  _  $ _  [  ̂ s'> (4- so) 
9 7i rr J(S-X) ( t - S )

T h is  is the Ge.l..l-Maim-Low Equation  lo r  our moclo.l . A 

form i»

dA  K f c  > i r  (*•-/? ')
Tlie .solution is  obvious ^boundary  c o n d itio n  as

is  assumed ^

, I O l - A 1 ) f A''J ^ s> . <>'*)

TT J O ' - M s - X f -

The asym ptotic  v alu e  of as is

/ _/_ _  f _ f“2 £ L —

X-  = t  (sL^ ^
2. I

from Eqs ^ 2 . 1 0 )  and ( 2 .1 1 )  we have ^  I  )

_-a, X
or j - q o  =  ~ 1 0  C the bare coupling  constant )

Z  2.

Note that just  as in  quantum electrod ynam ics , s ince  y* ^  

w hich  fo llo w s  from such a theory can never be asymp-

t o t ic a l ly  f r e e . Same co nclusio n  is  a lso  true fo r  the Lee m odel.



V .  C O N C L U S I O N S .  •

'Die m o d e l  w o  h a v e  c o n s i d e r e d  p r o v i d e s  a srii’ip.le i I l u s t r a 

tion of tlie m e t h o d s  u s e d  in R e n o r m a l i z a t i o n  Gr o u p *  In p a r t i c u l a r  

w<> see that the G e l l - M a n n — L o w  e q u a t i o n  c a n  he s o l v e :  -.jxavtjy ;i:;il 

yi e ld s  n  i -niij'l iii;; vv 11 i < ̂ 11 h i terpo.l a tns hr I wren .w;<! ^
I t  Ls to l)o jutted tlmt since  7^ is  f i n i t e  In  this  thoojy , hoth 

and ^  are sim ultaneo usly  f i n i t e .  AdJer has conjectured  

that f i n i t e  or fijiite  bare charge w i l l  enable  one to set up 

an e igen v alu e  equation  fo r  the physicaJ charge , model is

seen to be a counterexam ple f s in ce  f in it e n e s s  » /  r .  does not 

lead  to e ig e n v alu e  c o n d itio n  fo r  the p h y s ic a l  charge . N everthe

less  the program may succeed in  quantum - electrodynam ics, which  

is  an  extrem ely  com plicated theory .

.The model a lso  provides  an  in t e r e s t in g  connection  be

tween N /D  method and R eno rm alizatio n  Group m ethods. In  a fo r t h 

coming a r t ic l e  we s h a ll  explore the co n stra in ts  oj i N /D  method 

a r i s in g  from asym ptotic  freedom .
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