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Basio eguations and numeriocal results, desaridimg ths nonlinear iatersactica
of & weak modulated eleotron bean with & single statiomary ome-disensional wave,
ezoited im a 00ld mmgnetioc field ‘ree plasms, are preseated and disowsed. Thw
sffoet of all possible irreversible processes (o.g. plassa turbmlemos) acoom-
panying this intersotion is simulated by a ocustant dtoottvo oollision fre-
quency Vﬂ of plasua eleotroms. Starting from the mnomlimear Poisson egquatiom,
expressions for the eaplitude and phase of the beam-exoited wave are derived
and then solved mumeriocally, together with the equations of ths beea elsotrons
motion. The results are ocompared with those of the time model, Remmriable
differences dsteoctabls experimentally are established,



1. INFTRODUCTION

Both theoretiocal and experimental aoctivities, deveted to beam~plasus systems,
exhibit remarkable revivifioation in the last few ysars. This is comnected with
the disoevered rels of the sirongly nomlinear effect of the beam partioles tra;-
ping into the potemtial wells of & sirgls quasimonochromatio wave, exoited by an
initially oeld electron beam (e.g. 0'Neil end Viafrey (1972); Shapiro and Shev-
oemko (1971); PAfL1 ot al. (1971)). Por simplioity remsome theo=atioians prefer
time $o opasial models. Although these two models oftem have a lot of common
features, vo shall demonstrate that there may bde also remariable differences
betwesn thew. The spatial wodel is obviocusly the appropriate one for the descrip-
tion amd sxplanatios of experimental data measured om faoilities with a permanent
injectien of a pre-modulated electrcon beas into the interaction regiomn. These
experimsnts are mot 80 frequeant as expérimsnts in wvhioh waves are spontsnsocusly
eXeited from the thermal noise level by an unmodulated beam. They have, however,
at loast eme significant advantage from the physical point of view, by providing
anre precise and more reproducible experimsntal resulte. It is therefore worth
disoussing the specifio features of the spatial problems more in detail,

‘Limiting owr attemtion only to the simpleet model able o perform this task
we otwudy an ome~dimemsicmal wave ”‘L = ) wvith & stationary ampli®ude EOU-) and
fixed frequency ld" (aifferent in general from the electron plasma frequenocy wP )y
ezocited in o magnetis field free, oold, but generally "ooliisionsl” plasma. (To
sxplain the total lose of emergy of the eleotrom beam lesaving the interaction
region, observed as & ruls in real expérimental facilities, the wave absorption
has $0 be respeocted in gemeral). The ocorresponding collisiom frequenocy ”e;; , of
ocourse, need not be nsoswsarily Jsternined by binary collisions only. The time
development of the instability in a dense plasma with dominant binary collisions
h P28Y) ( “'L is the linsar growth rate has been studied recently by Iwvanov et
al. (1972). Alse if binary ocollisions are negligible, however, some weakly non-
1inear proocesses (like jarametric instabilities) may produce s turbulent atate
s plasas and ean be thus ’espoieidle for the absorptiom of the beam~generatec
wave energy ia a etatinmary state. For times shorter then the charactaristic tiwe
of am eoffeotive beam-¢xeited wave enwrgy tramoformation dw to weakly nonlinear
interactions, the spootansous exoitation of the wave is practiocally non-diesipa~
tive ( v,_“zo ). $inse in this oase plassn »igen-modes have s serc group velo-
eify, solutions of the time medel have 0o relation to the prodiem under investi.-
eation, If, however, a statiomary resime is esiablished 4in a system with & moou-
lated deam, the timm m.&- of the interaction from the point of view of plasme
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electrons is significantly longer apnd variows weakly ncalinear processes may be
fully developed. The absorption of the Leam-excited wave is then hardly negligible
in general.

Thers existe another difference bstween tiwe and spatial models alsc 4Alsowe-
sed in the present paper. The exoitation of a vave with tim frequenoy u,, aif=
ferent numedchmtmumm(w:u’)murmuwm
systea Ly an approgriste pre-modulation of the bean. Direoct influemoe of a finite
tempsrature of plavea eleotrons resulting in & mon-sero group velooity of the
excite plasma eigen-modes, is neglected, on tae other hand, for the following
reasons 1
8) It bas been demvustrated from the oollisionless magwtio~field fres hot plasms

model by Shapiro, Shevohenko (1972) and 0°Neil, Vinfrey (1972) that the same
systea of dimspsionless squations desorides the ezcitation of the most ums~
table medes Doth im the time and spatial model, the astusl phyvical guansities
differing only by a comstant n’c.l.iac factor,

b) The teaperature of plasma slectroms msasured by e.g. Swmks and Jumgvirth
(1975h) 1 significantly lower them it would be neoesgary fer the group velo=
oity of the exoited wave {0 become oomparable with the beam velooity vb »
the observed valw of the linsar spatial growth rate to be explicadls by the
plasaa teaperature effeot only. Also other relatioms detween the measured
characteristiocs of the interaction differ significantly froam shose predioted
from the ocollisionless hot plassa model,

2. BASIC IQUATIONS

The intensity of the wave electrio field, £ (i t)e- %:f having & stasiocmary

wmpiitude £, (2) , may be written as
-'(Ik (x)da' -, b
(2.1) E(x,t) ReE, e *° wt)
in the region, wvhere « single strong one~-dimensiocnal wave 1s ezoited by the deas
pre=mvdulated at a frequency (J" . k,u)u the real part of the wave veotor
k(l) apd

- [xm dx'

(2.2) E,(J)EE;(D)e j % (x)e ["l kesy,

(vithous any 1oes of generality we further choose o.g, iE;(p)(O ).



Ow aim is *0 detesrmine k(!) y and the development of the distir.i. oz
function of beam eleotrons. Assumiag that the unperturbed density of --e _1.i&ally
cold electron beam nbu sufficiently low if compared with the plasms dehsiiy
"l' s that the unperturbed beam velooity m; excoeds sufficiestly tae thermal
velocity of plasma eleotrons "V,’- an? simuleting all possible weakly .oniinear

prooesses by introducing a constant Ve{f ; the Poisson equation me; - : I3u. .5~

ten as
, ;‘(—%’z-{ﬂ(vﬂz') f,—:r
’ IPAN 4
(2.)) 5,.(“%)1:_.(0)3}' -lfe‘_)”f e‘d"' flb(.!,f,.’(t
wherte
3
(2.4) Jheryskon - £ A B
ke p ()= 1 DWW+ 1)

is the linesr pleasma dielectric constant and fb (2, £) the actual besm dueisy

For the mamserical ocalculation it ie comvenient to subs .itute a set of equa.
besm-shests, succeeding each other after the samse time interval 27"//\/6.)0 , for
the wnperturbed dbess, If, further, the equation of oontinmuity

J P
(3-5) ——Z-EL + —a—z“ (1’; (l/‘) Pb (!‘,'é))‘o

is respeoted and

&osw—w’ «w, . Vep << Wb
1s assumed to be valid, the eg. (2.3) gets the form
]
28w +1y Emleln, ~; ¥ ~Re [dhz'jde
(2.6) _.——-——IE-IE,(;)‘-__LL’}!_.LZ_ e % 3
- Wy Nwy  je1 |

vhers
(2.7 ¢ 24, (Y --’;_;-),

t, (%) being the transit time of the j-th sheet through a given Z -piuae.
'n:. summation on the right-hand side of eq. (2.6) is performed over all N
clusters that enter the interaction region during the same period of the .xcjitac
wave,

By introduoing the dimensiomless wariable

W,z
(2.8) z-2 2t A—=
T5"% v
and the dimepeiouless phase und amplitude of the excited wave

L. Ok Lk
o ‘u.(z)' % AUM‘-'
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(2.10) F(.L) g/_’_ﬁ_n%):ﬁ' }ilmcﬁf%:)*"

the real and imaginary part of eq. (2.]) lead to the squaticue

Ay P
(z.21) e F(z)---,;jém (gn- pt)

N

2 49
(2.12) —EEF(Q) - N2, w00 Q)

where
'Y 1
9 U’. ‘.} [ 5 i W
(2.13) P4 lﬁ—L__- p A s 22 P .. ‘e (')d.’
Y 2]8wivr ! o 2.u‘f wt Al ;{/" /47 .

The quantities OCL v %y end g, (mutually dependent, of course) have
the following physical meaning x‘ is the aotual spatial growth rste of the
bean-excited wave; ¥,, is the hypotetical spatisl growth rate of the same wave,
but in & collisicnless plasma and X, is the spatial growith rate of a vave
with &a =0 , exoited in the studied system with the common y,ﬁ . It 19
worth msentioning that in the limits

Py *
(2.14%a) Jw -0 = x:_'zd'u / x, —>+o-

3

(2.14v) ))4{ —_rd) =2 n: —_ x; ; xrw_.-,... -

eqe, (2.11) and (2.12) are completely independent om the bess and plasma pars-
meters, In gemeral, however, the relations between 2" %, md X, are rether
compliocated, Ve uss, therefore, another spproach to retain only the indepeandent
parameters, (It proves to be omly a single such paramster d“‘ the linear wvalue
of (uq')) in equations for F(vua PadSE

By using the eqs. (2.13), (2,1ha), it oan be smsily proved that the equatiom
of motion of the J'-th sheet

. . pi
(2.15) % = -‘ig'xtf’—),_ [y ( Ik w)dz'~ w,,é)
[

Say be transformed into the following dimsmeionless form
2

d%. dy; 8 .
(2.16) -;%= Fimp(1+A —f’f) W(tﬁ(v— A )
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Such a transformation is in faot identiocsl with that performed by O0'Keil and
¥Vinfrey (1972). Ve have retained, howsver, also the term proportional to
JAJ%'/duZ and its higher powers on the right-band eide of the sq. {2.16).
Since we werv not pressed to omit such terms even in the equationa (2.11) ana
(2.12), we have thus comserved the principial possibility to cheock up their actu-
al eigmnificance,

The eogs. (2.11), (2.12) and (2.16) form = clossd set that, hi-eVe:, can be
2n;
integrated amslytically in the linear region ]YJ——N* 14< 4 oumly. To get tne
corresponding non-irivial solution

5 (7) - F(’} C’ I' 6‘[_ (2) - (“‘ (0)

(2.17)
2T~ F(a) Iy . 1' 3
fnw = '(h&f)s[("ﬁ)””(# 4 1)+ B ot (2 -f“‘7)]

the following equations bave to be valid. (Their relation to the linear disper-

sion equation is obvious).

L !
(2.168a) r"t = —-{—-é"—'—-‘-

x, (1 *6“:)

L3

(2.135) “‘-l - (“‘ :

lfx;;, (1*(“:)
It followa from the eqe. (2.1)) and (2.18a,b) thst(u‘ € (0,1) 1e a monotonio
funotion of J‘w/ucﬁ , being unity for J‘(d‘o and mero for %ff = 0,

The expression for ‘fl"- (_q) dctermines the boundary oonditions at 2-0

for the mumwrical caloulasions, whereas the relations (2,18a,b) emable us to

exolude the sxoess parameters from eqs. (2,.11) and (2.12), We thus get
PR
>

Tt . 28
@39 Ty Fy NJ% cor (Y () -Bep)
N
(2,200 (8 A - «
(10 w2t F-3 &, s w-A)
Theeo equations are identical with those derived under less restrictive assump~
tioms from the energy womentum conservation laws (Jungwirth, 1973),

By mluuuF(‘u from the last two equations we get the implicit equation

ter A7)
(2.21) .;,le {(f-,a: Yoim (§; (0~ A # 1, co8 (400 - /sc-p)}- 0
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Multiplying eq. (<.19) by '\1-(uf) and eq. (2.20) by 2/“ and susming the

regults, we get

r
i

s 13- () ety -B)f

.t
(2.22) f(4) - 200
U’/“:/\N S

Differsutiatiug the ey. (2,%l1) with respuct to ” snd respeoting ege. (2.21),

WAz

{2.22), we can derive a s.m:lar expression tor (“'C'L) » too

{

N r
Ly A4y . ¢ - ]
(2-23)(&(1)-”(1) BT lzmsm %iv—ﬁcz;)- (l?a‘)cu(”{g) /()
Soms preliminary numeriocal results derived from eqs. (2.16), (2.21-3) have been
reported by Jungwirth, Erlin (1973). In what follows more ovmplets and detailed

data are pressented and discussed.

FNUMERICAL RESULTS

Trajectories of 500 besm-partioles per one wave~length bave been caloulated

with the etep A7 = 0,05. Numerical oaloulations have been performed for

M (0) = 0; P{0) = 1/4 (Figs. o) which corresponds to 8 dom’nant efiect of the
negative plasma dieleotric constant - the off-resomance ocase, for C«(D) - '/ri i
¥(0) = 1/6 (Pigs. b) whioh corresponds to the maximum value of the linear spatisl
grovth rate & =% .. . caloulated forwally for & given constamt )J‘# and for
d«.,(o) = 15 P(0) = 1/4 (Figs. o) whioh corresponds to s dominant absorpsion.
Solving the eq. (2.16) the vmlue A = 0,04 of the soaling faotor (relating she
dimsnsioniess and actual parameters of the system) has been used, By this ohoiese
the mmeriocal results are very well appliocable at least to systems with A £

(03 0,08), whioh is the typioal region of operation of beam~plasma systems, To
be thle to compare the dynamios of the intersotion with that of the time model,

also some resulte obtained by Jungwirth, (1974) (Pig. 14) bave been imeluded,
In the latter ocase

ek E(4 vy - 4,08)
(3.1) fié‘-"é / F(C)!’T”;EE’—.—- l/ KL(C')’ J‘r-.- ’

From Figs. 1a~d the oscillating charaoter of the squared wave amplitwds F°
(s014d 1ine} is abvious. These oscillations are, however, far less regular ia the
spatial models than i the temporal ome. If the fundamental wave absorpiien plays



o= impartent role im the imteracticn, the first and partially the second peaks
« ( 9 ) are donimant( Pigs. 1b,0). This can be seem also from the evelu-
tiom of e imtegrel amoumt of casrgy transferred from beam to the sxocited wave
Ah‘g.viy). (@ottes 1ime). The adserption of the fimdamembel wave results
ua-:-o.-ﬂu—nnoe F(g)te sne firet ssrivative of AW, . In the time
preblem the esoillatioms of P(‘l) are simest reguisr Fig. 1d4. The oerresponding
beam emsrgy losses are greperticmsl te F’(ﬂ(P(’)-%ﬁm)dmnot.
therefere, imdiocated in the figere. g

In the off-cescmence ocase with nmegligidle absorption (‘a,_-a ) the averaged
bean emstgy remains slaost wnshanged ia the statievary state. Thus, e interso-
t1en botwesn the beam and the wave is limited o the exchamge of mowsutus ouly.
This preves to be the swfficicat reasem for the wave emplitude and phase to be
spatially depandent functione. To cheok the mmmerical acouracy, weo have ocaloula-
mmm“mmmumm#so.nomw
of this Walue botter them porosnte of the wmperturbed beam energy has
boen determined within the whole imterval of imwestigated 4 £ (0, 9,2). Unlikxe
the firet saximen of [ (1) reached for 7:33 , the second maximm at 96,3
1s se little ezpreseive that we may. comeider F*(3) to ve almest comstant 1neide
muﬁ;#ﬂ‘{‘il . For 9 >7, 3 the squared amplitude starts to grow
agein, the third mesimum being comparsble with the firet ome,

By cowpleting the smmusoript of this paper we have become aoquinted with
the faet that Regashkowva ot al. (197)) bave solved a special example of the wave
oxodtatism wikioh sheuld be invoived in owr off-sresonanceé model. Their dimension-
less cvertinate { 1o related to 4 stmpiy ae § = s . The folloving ape-
odal ohoies of the wave, beam and plasma frequemcics -‘-:f;-x,s;' U;’°'°1
indieates that A s 0,13 bas to be chosem in our approach the same cese to be
ostudieod in otk papeve, Neverthelese, wo have detected signifioant differences
in the weve smplitude evolution, The scmevtat higher valwe of the absolute maxi-
wm o F'(9) x 2,9 and the alncet same valuse of amplitude at the seccnd
and e third mazisus ave typical fer their resulte. Omnly the distances bdetween
the ecssvespending maminn of F"(JL) bave rewained practically wmohanged., Sear-
ohing for reasens of (he mentiomed disevepansios we Surmed our sitention to the
ohedoo of the initial oonditions differens in every omse., In our approach we
bave falwn the pusely growing seifeomsistent solutiem of the limearised prob-
lea ao initial eenditions, the amplitude of the veloe.ty pertwrdation being 0,0)

v, fer 420,13 85 4 s 0, The expomential growst of F2(7) et lesst for
‘24‘2 10 obviows Fig., 1a. By echuosing & higher value of the initial beam
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velooity perturbatiom v = ‘rb(l. st wt ), ols 0,1 not accomparied by the
appropriate dsasity perturbatiom, the transition from the linser to the nonli-
near region has mot beem schieved in the ease studied by Rogashkova et o, {1973).
{(The region of an imitial exponentisl Zrowth is missing in their results). Sinee
in the off-resomance oase beam and pl;uo velooities are very slose ene amoiher,
slso the further nonlinser stage of intersetiom say be sirongly inf lusanced dy

the dieper modulation of the beam velooity. They are, therefore, worth conpa~
ring also tas beas partiocles velooity distribuitions Fig. 2a, ss well as the

phase (density) eletridbutioms Fig. 24. Vhereas, to:ionn Regashkeva ot al.
(1973), *he beam splits into two clusters sotating in the phase space the bean
distribution being as & rule a deudble hmmped funotion with an expressive ninimwm
st vav, (exoepting 1-:1,51- §4: €,3 where these two peaks fwse tempersrily),
our distribution fwiotions have three mazima (cmov at v = v, ) Af the veleeity
spread of the beam is net teo small. Also the demedidy dletributions inddeats

that im ov.r ocase the portiem of beam sleetroms nsar the bottom of the wave poten~
tial well remains steadily at & relatively high level. Ve may occnclude that for
she Anstabiiity sterting at lower imitisl levels (withinm the region of wvalidity
of thw linear apgproxzimation) the bdeam 4oes not split into twe separste olw-
tore, making thus wmderstandadle the relative suppression of the spatial ceoile
lations of the exocited wave amplitude.

As far as the maximum valus of the astual wave elsotrio field imtensity is
oconoerned, we may get ounly qualitative imformmtion Af 9‘” 0 . (The astwd
value of Yy 1.0, of %, remains updetermined in ouwr appreach and has to be
taken frem experiment), Nevertheless, the numeriocal resultz and sesling eqs.
(2.10}, (3.1) imply that for

(3.2) * >.3%'h

the amplitude of the stationary wave réaches higher values /E,“Q)I’lﬂ'ﬂl S180e
it 1s reasonable to msevme that v.” 44 §o , e inequality (3.2) sheuld be
satisfied ir plasma eigen-modes are ex0ited at not too high pressurep, If,
however, in the off-resonance molu,,;u,b(h,gﬁ), the inequality (3.2) 10 me
more valid, Therefors, lower field intensities are them atteined than in oaess
adequately desorided by the time model,

In Fige. 1 aleo the normalised differemce between $he wumpertwrbed beam Yo
leeity v, amd the instantezeous ghase velesity ‘If;h is pletted. In the off-
~To00NANce ease the phase velooity remaims very elose te v, (they seimeide



-ll e

eamotly im the limear regiom -M‘u(vcg‘f in latter stages of interaction). The
sbecrptien of the wave emergy results in expressive atrupt changes of &« (1)
(rige. 1b,0) ~ which are apparently greater than those in the time probles

(Fig. 14) - superposed om the systematioc {.(7 ) inorease, The abrupt looal shor-
sendng of the wave-lemgth near sach minimwm of the statiomary wave amplitude is
the vesy camse of the excited wmve to grow again downstream in the dissipative
nodel,

Svelutien of he wave ocaloulated in the time and in the spatial dissipative
and .of f-roscnanes wodels has, thus, oertain common features {osoillsting charac-
tor of the wave amplitud+, decreass of the phase velooity). There are, however,
also significent differsmoes whioch it should be possible to distinguish experi-
mensally. (Note e.g. the apparently larger obanges in the phase welooity estab-
lished in spatial dissipative models or the differences in the distance between
the first amd the seoomd maximm of the wave amplitude. Following Figs. 1b,c,d
thess distanees are related rowghly as 1 3 2/3 1 2 for a eommon value of the
linsar spatial growih rate). Detailed comparisom between numerical and experimen-
tal results hse been perforwed by Sunks and Jungwirth (197h). Very good agree-
mant vith the spatial dissipative model bas been found in the inwvostigated omse
of exoitation of the upper dbranch of eleotron oscillations of a magnetised plas-
28 by & wodulated beam,

To get a more ocomplete insight into the physioal mechanism of the interac-
tion, wo turn nov the attention to the phase-apace diagrams desoribing the beam
evolution, In Figs. Ja,b the dimengionless velooity - -:—ﬁ- and phase rslated
to the wave ( /5 - ‘f, ) of each third beam-sheet are plotted. It is & common
featwre of all single-vave m0dels that beam partioles become sffsctively trapped
by the exsited wvave in the nomlinear region. Also the formation of a heavily
populated bumoh of beam partioles precesding the firet maximum of the wave ampli.-
tude always takes place ( 7= 2,8 1in the off-resonance model Fig. 3e, 72,6
in the diseipative model Fig. 3b)., Purther, however, significant differsnces
in the beam evelutiom coour.

In the time model almost all beem partioles ars isepped by the exolited wuve
and a dondnant part of them performe quasiperiodio oscillations near the bottom
of the potential well (Shapiro, Shevohemko, 1972). This results in quasiperio-
ddeal osoillatieons of the fwndamental wave amplitude. During eaoh period the
woll trapped partioles perform a complete oyole consisting of the decelsrating
and e asoslerating phase, the beam energy varying this complementary to tbui
of the wave,



In the off-resonance case almoat all beam partiocles are trapped by the wave,
too. Since, however, beam particles have to conserve their emergy im averuged,
the momentum transferred by the beam particles decretses with the inoreasing
spread in beam particles velocities and vice verss, lesdiag to cesillativme of
the wave amplituds. As it can be seen from Fig. Ja trepped besa warsicles esoil-
late within the whole petential trep (they are met well trapped in gemeral),
the osoillations of the amplitude being, therefsre, t-rl.n rogular theam in the
time model, Rotasion of trapped particles in the phase spase is charaoterised
byunuoo.hnuuefcnhu:ottbtwmumwwﬁopl-
mltaneeus decsleration of the second half in esch moment.

hum-meznmx(/t-f/ﬂ' ) Pig. 3b ealy the dseslevating phase
of the trapped partioclss cscillations takse plase ot the distance of ous spasial
pericd of the wave amplitude. The abeupt shertsaiag of the waveolength mear
sach minisws of the wvave amplituds retwns namely these perticlss iantc the regiom
of deceleration vhich resvits in a permaneat decrease of emergy of the trapped
partioles, as well as in ap inoreased porticm of the umirapped particles (V/3
approx. ).

k., CONCLUSION

It was the aim of this paper to demcustrate that theoretical resulis conser-
ning the time svolution of the beas~-plasma interection axrv gemetimes Airrelevamt
$o the spatial prodlem, Such sitmation coours Af either thw grewp veloelity of
the wave determined in the absenoe of the beam is far isse than its phase Wile-
olty or Af the beam 1s modulated at an off-cesongnos frequency. In the former
onse energy absorptiom of the exoited wave osused LY veakly nonlimser parametwrie~
=1ike processes may beoome dominant for (he beam-plasms interaciien, whereas ia
the latter the energy transfer is megligidble and the whole imteresties is 1imited
umm«mmumu-puomqm-mmsm-m

Yo have further proved by ocomparing the numeriocal results of all $heee B~
dele (the time~like model, the diseipative medel and the offeresonance ens)
$hat even at a ocommon value of the linesr spetial grovth rass the nenlineas. eve-
lution of the exoited wawve amplitude and pimse, 65 woll ae the beam dymamies
differ significently, It is, of cowrse, poseidls to distingnish theee differen~
008 also experimemially. Moreover, under appropriste senditions cash medel my
beocoms the adequaie ome for desoripiiom of the single stromg wave szoisatien in
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real experimeutal facilities.
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