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ABSTRACT 

The i n t e r a c t i o n of a c o l d e l e c t r o n b e a a - p l a e a a ryste ia i s i n v e s t i g a t e d numer i -
- 1 - 2 

c a l l y i n the r e g i o n of d e n s i t i e s r a t i o •Tt_ / y\, =. 2x10 - 2x10 . The o n e -
D I Г 

••dimensional model of a collisionless plasma is used. The time development of 
the wave with maximal growing rate and its spatial harmonics is studied. The 
plasma effect ia simulated by the direct computation of p.\asma particle trajec­
tories (this being different from the usual plasma simulation by means of a 
dielectric). These calculations show the following eifects of the finite para-' 
meter (<nBJ'%) ' * n e ratio of the plasma energy со the eleotrlc field energy 
is increased, the damping character of field and maorosoopio amplitudes appears 
and the influence of the second harmonic is not negligible for 7\, jYl >. 10~ . 
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1 . IVntODUCnOM 

ТЬ'ге hare bean c o n s i d e r a b l e a e r i e s of papers devoted t o the numer ica l s i -

a u l a t i on o f oo ld e l e o t r o n beam-plasma i n t e r a c t i o n , e . g . (MATSIBORKO e t a l . , 1972; 

O'MEXL e t a l . , 1 9 7 1 | THOMPSON, I 9 7 1 l ЛЛЮИЯТН e t a l . , 1973 об » «ПЛЮИДТН e t a l . , 

1973 /b ) . The a u t h o r s HATSIDOHiO e t a l . , ( 1 9 7 2 ) , o'KEIX e t a l . ( 1 9 7 1 ) , THOMPSON 

( 1 9 7 1 ) пата i n v e s t i g a t e d the time development of the beam-plasma i n s t a b i l i t y , the 

a u t h o r s JUJKJVIRTH a t a l . (1973ОС ) , JUNGsTHTH e t a l . (1973 fl ) have d e a l t wi th 

a s t a t i o n a r y space development o f t h i s i n s t a b i l i t y . The g e n e r a l f e a t u r e of t h e s e 

papers i s the model ot a s i n g l e wave and the assumpt ion of t v e s a m l l n e a s of the 
% If 

parameter ^ в ( n / * l » ) « Í • ** *"• P*P«r o f MA.TSIBORKO e t a l . (1972) the 

weaker c o n d i t i o n -W « 7 has bean assumed, n e v e r t h e l e s s the r e s u l t s of t h e i r 

paper are v a l i d o n l y i n the l i m i t 47 '* « { . I n the a c t u a l e x p e r i m e n t s i t 
- 2 У-4 

l a "Й *** 1ж10~ i henoe the parameter 41 p o s s e s s e s a f i n i t e v a l u e . The 

r e s u l t s of our paper show the e f f e c t s of the f i n i t e parameter 'V , which axe 

n e g l e c t e d i n the papers c o n s i d e r i n g o n l y the l i m i t 'y <-^~ * 

The a p p r o x i m a t i o n o f the s i n g l e wave ( w i t h n e g l e c t i n g of h i g h e r harmonics) 

a p r i o r i does n o t f u l f i l the energy-momentum c o n s e r v a t i o n l a w s . Thus the system 

of the p lasma, the ^«am and of tne s i n g l e wave ( e v e n t u a l l y c a t e l l t e a i n c l u d i n g ) 

l a n o t a c o n s e r v a t i v e o n e . The s y s t e m i s c o n s e r v a t i v e on ly i f h i g h e r harmonics 

a r e i n c l u d e d . As f a r aa the approx imat ion of *7 •£/- 1 i s o o n c e m e d , i t c o n ­

s i s t s i n t h e papers of MATSIBORKO e t a l . ( 1 9 7 2 ) , O ' N E I L e t a l . ( 1 9 7 1 ) , THOMPSON 

( 1 9 7 1 ) . JimOVZRTH e t a l . (1973 <X ) , JUNGirXRTH e t a l . (1973 / S ) i n the two f o l ­

l o w i n g s i m p l i f i c a t i o n s . The f i r s v from then r e p l a o e s the s y s t e m of the plasma 

and the wave by the wave p r o p a g a t i n g i n a d i e l e c t r i c , the second one u s e s only 

the l i n e a r e x p a n s i o n o f the d i e l e c t r i c f u n o t i o n near the plasma f r e q u e n c y . 

The aim of our paper i s the i n v e s t i g a t i o n of the I n t e r a c t i o n of the beam 

w i t h t h e plasma f o r t h e v a l u e * of 4? , which corresponds t o r e a l e x p e r i m e n t s , 

t h e e f f e o t e of h i g h e r harmonios i n o l u d i n g . S i m i l a r l y as i n papers of MATSIBORKO 

e t a l . ( 1 9 7 2 ) , o ' l U I L e t a l . ( 1 9 7 1 ) , THOMPSON ( 1 9 7 1 ) , JUHGVIRTH e t a l . (1973 <X ) , 

ЛЛЮвТКГН e t a l . ( 1 9 7 3 /Ь У t n * « a t e l i t « e a re n e g l e o t e d . The i n f l u e n c e o f f i n i t e -
Vj 1 1 

n e s s o f the parameter "7 i s i n v e s t i g a t e d i n the r e g i o n 1 ,26x10" _ 2 .72x10 
(whioh o o r r e e p o n d s t o 41 ж 2x10 J - 2 x 1 0 ) . 

Va « b a l l t h e r e f o r e d e a l w i t h t h e t ime development of the o o l l i s l o n l e s s i n ­

t e r a c t i o n of the f o l l o w i n g sys tems the o o l d e l e o t r o n beam, the c o l d plasma with 

t h e immobile i o n background, tbe mode w i t h maximum growing r a t e ( f u r t h e r on ly 

b a s l o mod*) a n d . i t s seoond and t h i r d ираое harmonies . The mathemat ica l formula­

t i o n o f t h i s problem 1* f o l l o w i n g » 
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? М^лН *••£•"", thizz 
( i ) 

[Г, 1 ,, Ir ,, , ч <ní.X Ail-brel-llidT-nJ , U-L^UJt)* 

í , (?^;^—>V^ ? -^ i 4(?,Х^-—)-nr.5"(?) 
vhara g, ia tba charge of an eleotron, ff\. ia tha masa of as eleotron, ^ ^ la 
the Haailtonian of a vaxti.a'L*, Kx. im tb* P* r t l° 1* momentum, Гас •*• *** attri­
bution funotione, ^ ^ ara tba unperturbed particle densities, V£ ia tba unper­

turbed beaa Telocity, (Л la toe potential of the electroatatio «tni, t e la the 
wa-rsnuaber of the baaio aode| the index oč e ř лай «< « В danotea plaasa par-
tiolea and beaa particle*, reapeotirely. 

2. BASIC EQUAXIOKS 
Hatbeaatioal formulation 

The following method presented by one of th* authors (Laolna, 1973) «a* ueed 
for the numerical oaloulationa. Tha principle of thla method oonalate In th* to* 
lution of tha motion of beaa and plaaaa particles a* funotlona of tha tim* and 
initial oondltiona, Using thla method for our starting aquations (1) wa gat the 
following set of equations. 

The tiae его lution of tha ooaplax ware amplitudes 66_t* J is given by the 
particle trajeotoriea in tha following wayi 

(«) 
n 

where /V^,, are tba complex density aaplitudas and where tba partiole motion is 
giTon by oanonioal euqations (3) 

v" ЭЭСт -/У ^ 



- 5 -

(3) л » " - " ^ ' » ' э х , 

* Z n-S 
Tba part i c l e I n i t i a l condit ions are determined aa fo l iovat 

*vw. л ; до* ̂ ; до > л; до - ** Гч'^7. 
Tba i n i t i a l oonditions (4) vara dataralnad in «uch a way aa to correspond 

to tba una tab la *mf wi th a small amplituda u; to) developing in tha l i n e a r 

rat ion with tba ват l e a l growing rate fa (0) . The values Si-i (O) , fa (0) f 

< 4 ware obtained froa the express ions, given in tha piper of THOMPSON, (1971). 

Tba aoaentua of tha plasua W and that of tha barm Ш} are given as f o l ­

lows: i' ,, 

<Й'- jr ftcvux:, fa4-$ULK,tuK. 
Similarly the plasaa k i n e t i c energy И/» and tba baaa Mnet io energy W^ both 

in the i n i t i a l plasaa frame ( i . e . in tne laboratory frame) are given i n the f o l -
V 

lowing wayi 1 J ( r - i* 

Ч * Tu fft' «• $<*.+№, <'К-{ 7 С . 
Tba sxpreealon ""is d*t#rainaa tba sBearing energy of tba beam. The a leo tr io 

f i e l d energy la given aa fo l lows 

w.' -tw! \ne-4-iCu" ICTvr) nt1
 v « n ; £<« ific n •Я. 

file:///ne-4-iCu


Tha sat of aquation* (2)-(U) ta azpraaaad In a uaaful diawnaionlaaa fora by мала 
of eiailarity lava (L4C1NA, 1971). Tha ralation hetwaan tha diaenalonleae (deahad) 
quant It lea and tha dlatanaional quantitlaa la «Ivan by tha following tranaf oraation 

vn = m! m , e - e' 'el , *i»-n? ""•«. 

l5) v.^v,?1 х.-^—.-г - m* *' 
|elC*."0* > (^4.)^ 

\ 

Ггов this tranaforaatioc It foliovat 

(6) e'=-4, w.'-yi S"'> п в - 7 . '̂* * 

«hioh wae uaed in aquation* (2 ) - ( i i ) . 

Tha tranaforaation (5) appear* -тагу uaaful due to tha fac t that an arbitrary 

phyaioal quantity and alao ш arbitrary aquation for pbyaioal quaotttiea ara 

Invariant with raapaot to tha tranafonat ion ( 5 ) . Thte aaana that for tha trane-

foraation of an arbitrary phyaioal quantity or an aquation va naad not uaa tba 

tranaforaation ( 5 ) , but i t l a auff ioiant to carry out tha noramllaation with 

reapeot to tba aquation ( 6 ) . Further, due to tba above aentionad tranaforaatlon 

our raaulta are Invariant v i t h raapaot to tha otaoloa of tba baaa ve loc i ty and 

tha plaaaa danalty. 

Tha aat of aquation* ( 2 ) , ( 3 ) , (k) haa baan aolvad nuaerloal ly ualng tha 

ooaputar IBM 370/133. Ualng tha ar t ioe *q*. (2)-C>) obtain a 

uaaful fora for tho ooaputor oaloulat looa. Tha advantage oonaiata in tba роев abi ­

l i t y of tha uaa of tha aora pra o la a auaerical aathoda for а рае a integral* in 

Sq. (2) and thue thla aethod aubatantlal ly reduce* tha nuabar ot numerical par-

t io laa . (By tba numerical partlolaa «a dafina hara par t i c l e* , tba trajectory of 

vhioh are пвовваагу to compute l a order to obtain tha deairad aoouraoy.) Thla 

differ» from the maavrioal axperiaent* ( e . g . NORSE e t a l . , 1969) and from the 

aethod of o'NEiL e t a l . (1971), where the auaatlon over phyaioal p a r t i d e a la 

carried out; thue i t ia not poaalole to reduoe tha nuaber of partiolaa by neana 

of DtaaarloaX prooedura. 

Ia our equation* ( 2 ) - ( « ) tha plaaua quantItlea are re la ted to the laboratory 

fraa* «here** the be**, quant 1 t i e a ara related to the i n i t i a l baaa fraa*. 

Ia what follow* v* . h a l l ««it the daaha. above the dla*n*ionl*a* quant1tie*. 
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Tha niMiarloal prooadura 

The t l a » I n t e g r a t i o n of tha c a n o n i c a l Bqa. ( 3 ) baa been o a r r i e d out by веахе 

o f Runge^Lutte a e t h o d w i t h acouraoy h. . The S iapeon aathod haa been uaed f o r 

tba apaoe I n t e g r a t i o n In Eq. ( г ) , d i f f e r i n g f r o a tha a i s p l e aua of p a r t i c l e uaed 

by O ' K I L a t a l . ( 1 9 7 1 ) . Tha e n e r g y aoaentua c o n s e r v a t i o n lewa have been checked 

In order t o be aura about tha aoouraoy of the oa louXat ion . Using the Simpaon 

aa thod I t waa a u f f l o l e n t t o o a l c u l a t e the t r a j e c t o r i e s of only 100 numerica l p a r -

t i o l e a In the oaae of a l a p l e mode approx imat ion and 300 numerica l p a r t i c l e s in 

the oaae o f t h r e e modea a p p r o x l a a t i o n ( t h e baa i с n o d e , the i t o o n d , the t h i r d har -

a o n i o ) . 

3 . №ЛШ11С*Х RESULTS 

The computer output 

The f o l l o w i n g q u a n t i t i a a have been ooaputed l a order t o a p p r e c i a t e the g i v e n 

p b y a l o a l model a u f f i o i e n t l y i 

the e l e o t r i o f i e l d e n e r g y of the n - t h aode 

1 Л / - . _ р - t h e t o t a l e l e o t r i o f i e l d energy 

IV» - the p l a a a a k i n e t l o e n e r g y 

W-m - tne beaai k i n e t i c energy 

U/a,5 - the emearing beam k i n e t i c energy ( • t h e r m a l * energy) 

V_, - the phaae T e l o c i t y of the baa i с aode 

В 

the t o t a l p l a a a a momentum, the t o t a l baaa momentum, r e a p e o t i r e l y 

lOy^ - the o o a p l e x f requency of the n - t h mode 

(Aft - the o o a p l e x ampl i tuda of the p o t e n t i a l o f the iv-th aode 

Vm - the a v e r a g e beaa v e l o c i t y 

Ф„Фв 

' > л - the ooaplax amplitude of the nrth moJe of the plaeua density 
N%yt~ t b a ooaplex amplitude of the n-th aode of the beam density 

Vjfdf - the total energy 

* ~,т- - the total momentum. 

To be able to оовраге the influenoe of higher haraonloa, we have computed 
both the oaae of baaio aode only and the oaae of baaio mode and the aeoond and 
the third haraonio* loo lading for varioue valuea of 'И , Aa it is aentioned 
above, the initial oondltione were deteralned In agreement with linear theory. 
In order to a tart the ooaputation in the linea? region we have put (/. (i*0) = 10~ 
for the Initial oonditiona. Thla value la at least two order* of aagnitude lower 
than that of mazlán* value t/^емдц. . 
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Singl* Bod* approximation 
—3 —3 -2 

ТЫ* aodal haa baan ooaputed for tba Ш и м « ж 2x10 | 6x10 j IxlC 
-2 and 2x10 . Th* raTiaa of tba l inear war* paraaetera ia praaantad in tba Tabla I . 

^ 

TUM 

2x10 

3.5981 

-0 .2038 

£пЦ 0. 2917 

6x10 -3 

3.6555 

-О.3110 

C»108 

1x10 i 2x10 
- 2 

3.700* { 3.7917 

1 
-0. 3808 J -О. 5053 + 
0.1»801 I 0.5902 

Tabla I . Linear « r t parameter* 

Tba review of obtained reaulta for * = 2x10 , 6x10 J i> «Iran in tba 

Fig. 1 and Pie*. 2. 

ПК. 1 ( 47 а 2sW3) . Ti. . M . M M Of M/_ . , IV. ,ty , 1Л , V 
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Pig. 2 ( 1) » 6xlO~J). Time variation of W , W , W , V , V 

Tba lnfluenoe of higher baxmocloa for demeltlee 4? • 10*2 and "^ = 2x10~2 

cannot ba neglected in the etrong nonlinear region and hence the a Ingle ware 
approximation la for tba abore mentioned denaitlea lnauffioient. Therefore we 
did not put tba reapeotire reaulta of • ingle «ата approximation eeparately. In 
order to be able to oompare tba eingle ware approximation with that uf higher 
haruonlo»,the oouree of " - . and V. frou the aingle ware modal la plotted 
in the eorreaponding figure for higher haruonioa (Fig. 3). 

Higher hermonioa approximation 

-2 Thla modal hae bean ooaputed for 41 a 1x10 " and 1[ 2x10 » for m = 
и 2x10"'' and "J a 6x10 the lnflueno of higher harmonloa appeare to be nag-
llgibla. The reaulta are plotted in the Plea- Э,Ь for 4£ a 2xl0"2. 
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Plř. 3 ( \ = 2xl0" 2 ) . Tiae variat ion of № - . _ . . , VVy , W} I 

the quantit ies w. E1 
стог)' ''' ' *s ' » 

from the «ingle ware approxioation are 
plotted with a dashed line. 

k. THE DISCUSSIOK OF TUE RESULTS 
.b The effeot.? of finite vnlue* of ^J and of higher harmonio» 

Comparing papers of MATSIBORKO et al. (1972), о'МЕИ, at al. (1971) «a* 
THOMPSON (1971) with our results presented in the previous ohapter, the following 
differences appear. First of all we have found the "nonequipartition of energy 
distribution", by whioh we understand the unequal transfer of beam energy to the 
•lectrio field and to the plasma. The finite fl * effaot appears also in the 
damping of maximum value of quantities, osolilatine with the oharaoteristio 
bounoe frequenoy. Further, for denaltiea У) > 1x10" the energy of the eeoond 
harnonio *V- !• n o t negligible in comparison with the energy of the first 
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t I I ' • • 
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tie- b { V * 2xlO-2). Time variation of harmonio field energie» Vj£ 

( TV * 1, 2, 3) plotted in the logarithmic acale. 

haruonio Vv_. ( « f f and »>,. are of the ваше order in the region of the 
,л ж д ± .. л. , , л-2, „_ . . , . „ _ ._ _ „ . 
f l ret minion» for /W a 2x10 ) . The aeoond harmonic e f fec t* a decay of f i e l d 

energ/ In the range of aeoond maximum (thie e f feot being rather atrong for 

^ m 2x l0" 2 ) . 

Konequlpartloity of energy tranafar 
1I% J 

From the approximation -И ' < X i (uaed by MATSIBOTJCO e t a l . (1972) , 

O'NEZL et a l . (1971) and ШШММ0Ю e t a l . (1970)) the equipart io i ty of the beam 

energy traaefer to the e l e o t r i o f i e l d and to the plaeaa f o l i o v é . That meane: 

one half of beam energy la tranjfered to the pleama and the aaoond half to the 

e l e o t r i o f i e l d . The actual energy dletr ibut ion between the plaama and tha f i e l d 

fo l lowing from our reaulta la plotted in f i g* . 1 and 2 for the a ingle wave appro­

ximation and in Fig. 3 for the higher hareionio* approximation. Aa we oan «ее 

from tiiese f igure» , tha r a t i o IV. / K / _ , _ _ , atrongly ohangea i t a value in time 
Г ' BCr«r) 

(eepeoially in the regione of minimum value» of И/ __,)j generally thie ratio ia 
ELIOT) 
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growing witli growing density rat io *] . In the time, when the energy We 

poaaeaaea the uii.rU.oium vmluea the ra t io "f / ™£ роааеааеа maximum raluea fron 
—3 —2 

1.3 for ty = 2x10 up to 1,95 for *} * 2x10 . 
Comparing the time-dependence of r% / |A .̂ with the time-dependence of the 

phaae ve loc i ty Vy, (aee Figa. 1, 2) we can find that t i e time developuent of 

Л/_ / И/с ia atrongly influenced by the change in the instantaneous phaae v e l o ­

c i ty in the s ing le wave oaae. The equipart i t ion energy dlatr ibut ion i s uaually 

derived in the theory for fe.(bJJ~lú~ (which ia val id in the l imit 47 3—9 0 ) . 

Since for f i n i t e value» it Ъ the difference between AC(!t>)and ^j iz not 

n e g l i g i b l e , the aquipart ic i ty of energy diatribution ia v i o l a t e d , aa followa from 

our reaulta. ASTRELXN et a l . (1973) have dealt ala o with the beem-plaaue i n t e r -

act ion for 4) s 2x10 . Dif ferent ly from ua they atarted from the single-wave 

model, however they considered a f i n i t e temperature of the beam and of the plasma. 

They a l so have found the nonequiparticity of energy dlatr ibut ion W- /W- • Tha 

higher value of W / Iv , in their caae, appears to be due to trapped plasma 

p a r t i c l e s . 

The damping of o sc i l l a t i ons 

la i t fol lows from Fig. 2, the o s c i l l a t i o n s of quant i t ies with the charac-

t e r l a t l o frequency of trapped beaa partiolee exhibit damped character. This e f f e c t 

-ppears both in t i e s ing le wave and highrr harmonica approximation; in the l a t t e r 

orj« there ia an addit ional deoay due í.o the lnfluenoe of higher harmonica (as i t 

fol lows from Fig. 3). In thia Chapt. we ahall only deal with tha damping appea­

ring in the s ing le wave apb-oximetion (with the supposed n e g l i g i b l e a f f e c t of 

higher haraonloe ) . 

The maximum valuea of the fol lowing quanti t ies exhibi t the damped charactert 

the f i e l d energy |Д/ , the plasma energy Vvj , tha phase v e l o o l t y | Z 

and th--> average beam ve loo l ty V- . The damping rata reaohes i t s l arges t we-

_3 

lue for W m 6x10 (for the diaousaed aet of parameters 41 ) . As i t f o l ­

iová from thia oase, the damping does not appear to be e n t i r e l y i r r e v e r s i b l e j 

the values of quantit ies in tha fourth maximu» exhibit again growing oharaoter. 

This growing may be oaused by soas slower o a d i l a t i o n prooeaa, not yat known. 

However, the «ingle wave approximation oeases i t s aoouracy behind tha third maxi­

mum due to tha e f feot of higher haraonloa and s a t e l i t e * . Uaually i t i s supposed 

(ВДЙМОИ) at a l . , 1970; MATSTBOJUtO e t a l . , 1972) that auob a damping i s oaused 

by means of a smearing prooeaa in trapped part io lee . Nevertheless , as i t followa 

http://uii.rU.oium
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from tbe t ine behaviour of the beam smearing energy \A/_ , tbia a f fec t la 

lneaf f io ient for the explanation of auob a damping rate . 

I ta lmflmeao* of higher barmonioa 

O ' m i at a l . (1971) пата estimated In the ir paper the energy of the higher 

hamonloa on the asauaptlon *) « 1 . Slnoe they have auppoaed a priori that 

the energy of the higher hewaonlea la n e g l i g i b l e in ooapariaon with the energy of 

th« baeio noma, they пата not oaloulated the amplitudea of higher harmonica s e l f -

-oon i la tent ly . The amplitudea of the higher harmonica hare been determined i n 

their oaae by means of Fourier analys la of the beam density end the influence of 

plasma has been simulated by a d l e l eo tr lo with 6 * l I the backward ef fect of 

the higher harmonios on the part iole motion has been negleoted. 

Ve hare solved the higher harmonios approximation s e l f - c o n s i s t e n t l y j i t 

means that we пате oaloulated their influence on the motion of par t i c l e s and at 

the same time the influenoe of the beam and plasma p a r t i c l e motion on the higher 

haraonioa generation (d i f f erent ly from the simulation of the influence of plasma 

by meana of a d i e l e c t r i o ) . The affeot of higher harmonica ia n e g l i g i b l e for den-

a i t i e e **1 4< iO I and i a not neg l ig ib l e for dens i t i e s W i. 40 as i t can 

be deduced from our r e s u l t » . The influenoe of the higher harmonics i s obrioua 

from Piga. 3 , k. 

The energy lof the -n- tb harmonic ia growing i n time with the i n i t i a l i n ­

crement И- » 71.2.Ky , where fa = the l inear increment (aee Tab. I ) . In the 

pai*r of o'VKZl. at a l . (1971) the I n i t i a l growth ratea for the higher harmonics 

are lower, whioh ia probably due to tbe model of plaama Q€. • г) used there. 

Vherema the difference for the f i r a t maximum between the s ingle ciode and 

higher harmonie* approximation* ia not e s s e n t i a l , oonaiderebl* difference* appear 

for the aeoond maximum. The energy of e l e o t r l o f i e l d in the higher haraonioa 
-2 approximation deoraaaaa aooordlng to the a ingle war* approximation for *] =1x10 

up to 88V and for 4jf » 2x10 already up to k9$. The *aae s i t u a t i o n appears 

for tb* plasma energy and for the average beam ra loo i ty . The atrong influenoe of 
_2 higher haraonlo* In the oa*a Лл » 2x10 i s given by r e l a t i v e l y high value of 

energy of the aeoond and third narmonloa, aa oan be eeen from Fig. k. The energy 

of the aeoond harmonie approaohe* the f i r a t harmonic energy and the r a t i o of tbe 

energy of the third to the f i r a t harmonic radueaa up to one order. 
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The comparison of our raaulta with references 

The comparison of our raaults with corresponding raaul ta , presented in 

oi tad paper» i s given in tba n—11 j Tab. I I . The comparison ia carried out both 

• l t h theoret ical paper» (H1TSIBOHK0 at e l . , 1972| O'KIIL a t e l . , 1971) end with 

experimental paper (APEL, 1967). The compared paper» are referred in the f l r e t 

ooluam of the Table I I . Sinoe in different paper» d i f ferent normaliaation of 

physical quanti t ies haa been used, we hair» oarried out the fo l lowing oommon re nor-

mallsation 

17) W,-2 4-7 % ř-T&i* 

ч .n are phyaioal quant i t ie» recalculated in the COSE 

-2 

where W r . ль and 
system of units. 

Ve have chosen for the comparison both the flret maximal values of 
whioh the system reaches during its time development and the linear Talues of 
sL(O) , ^"K^J • The corresponding renoraaliaed values given 'ay tne relation 
(7) are given in Tab. II in the columns 2-5; our data are computed for "V «2x10 
The б-th and the 7-th column contain relativa inereaenta (i.e. the ratio of the 
second and of the third harmonic inoremont to the firat harmonio inorement) for 
the beginning of the interaction. The 8-th and the 9-th oolumn present the ratio 

f the 2-nd and of the 3-rd harmonic energy to the energy of tba l*et harmonio | 
all of them are taken for tha firat maximal values of И Л , H ^ g , W p j In tha 
oourae of time, Sinoe there ware mainly graphioaU. resulta In eltad papara to our 
disposal| the values preaented in the Table II possess some degree of inaoouraoy 

References ™С1НЫГ^1НМ 

* 
4,(Q\řM 

>Ло\ 

H/h bfa **№<№* К 
HATSIBOKXO 

O'sTEIL 

1 ,06 j 1 ,05 

1 ,12 ! 1 , 0 1 оло } о,70 1,69 2,52 6 , 3 * w " 3 | 3 , i « i o " 3 

A.VEL 3 ,3«10" 2 | l , 3«10" 3 

OCRS 0,80 j 2 ,9 
1. J > — . —-i 

0,53 j 0,62 
J 

2,00 3,00 6 ,8»10" 2 | б ,8»10 _ 3 

Table I I , Tha comparison of our raaulta with referenoea 
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The d i f f e r e n c e s ° f "%.,»,,.„ » ^ЧМАХ ' 1 (.@)*аа ^ 1 ^ ) between our v a l u e s 

and t h o s e 1л the pápera of lUTSIBORKO a t a l . ( 1 9 7 2 ) , o ' m L e t a l . (1971) are 

o b v i o u s l y due t o the a p p r o x i m a t i o n 1) « . 2 > used i n t h e s e papers . Our r e l a ­

t i v e e n e r g i e s VJr, I W+. " у . / ^ f c , * r e i n £ 0 < > d a g r e e u e n t w i t h the e x p e r i m e n t a l 

r e s u l t s of APEL ( 1 9 6 7 ) . 

In the paper of 0*N£IL e t a l . ( 1 9 7 1 ) t h e compar i son of the haruonie e n e r g i e s 

w i t h the e x p e r i m e n t a l v a l u e s of APEL ( 1 9 6 7 ) i s c a r r i e d o u t , t o o . Let us n o t e , 

however , that I n the paper o f o'NEIL e t a l . ( 1 9 7 1 ) the approx imat ion У « A 

% has been u s e d , whereas i n the paper of APEL ( 1 9 6 7 ) the q u a n t i t y •* e q u a l s 

a p p r o x i m a t e l y *J s 0 . 2 6 ( f o r W = 0 . 0 1 8 ) . 

5 . C0MCLUS10N 

T h i s paper p r e s e n t s t h e o r e t i c a l r e s u l t s of the n o n l i n e a r beac-p lasma i n t e r ­

a c t i o n i n the r e g i o n of the parameter 11 mTLjn , o l o s e l y r e l a t e d t o e x p e r i m e n t a l 

v a l u e * . 

Froi* the g i v e n r e s u l t s i t f o l l o w s t h a t 

i n the r e g i o n 0 < *] < 10 the approx imat ion b a s e d on the model of the l i n e a r 

d i e l e c t r i c (MATS0BORK0 e t a l . , 19721 О'NEIL e t a l . , 

1971) i s v a l i d , 

In t b * r e g i o n 10 <~ V new e f f e c t * appear (the n o n e q u i p a r t i o i t y of energy 

d i s t r i b u t i o n and t h e damped c h a r a c t e r of the o s c i l ­

l a t i o n * ) and 

I n t h e r e g i o n 10 < "ft t h e r e are f u r t h e r e f f e c t s caused by h i g h e r harmo­

n i c a , 

* , * The** new e f f e o t * , oaused by the f i n i t e n e a s o f V , w i l l o b v i o u s l y appear 

l a t b * o a s e of dense b e a c s ( e g . i n r e l a t i v i e t i c beams whioh are u s u a l l y working 

I n t b * h i g h e r d e n s i t y r e g i o n ) . 
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