
AECL-5244

0^ ^w&x^^- ^

by

J.R. JOHNSON

Chalk River Nuclear Laboratories

Chaik River, Ontario

October 1975



C0MPARTMKN1 MODU.S OF RADIOIODINE IN MAN

by

J.R. JOHNSON

MEDICAL RESEARQI BRANCH
Chalk River Nuclear Laboratories

Chalk River, Ontario
October 1975

AECL-5244



Modelés de compartiments de radio-iode chez l'honune

par

J.R. Johnson

Résumé

Les équations différentielles qui régissent l'écoulement

de l'xode au travers d'un modèle à trois compartiments du

métabolisme de l'iode chez l'honune ont été résolues et les

solutions comparées â celles obtenues au moyen de modèles à

deux compartiments. Les conditions limites utilisées ont été

celles appropriées pour une seule exposition très forte au

radio-iode. L'équation d'excrétion urinaire établie a partir

des solutions obtenues pour le modelé S trois compartiments

comporte un minimum, quatre jours après le temps d'exposition.

Ce minimum peut servir à calculer une valeur maximale pour la

charge de la thyroïde en ayant recours â une seule mesure

de débit d'excrétion urinaire et en conjonction avec cette

valeur il est possible de calculer une fréquence d'échantillon-

nage urinair*2 optimale pour les différentes espèces de radio-

iode.
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COMPARTMENT MODELS OF RADIOIODINE IN MAN

by
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ABSTRACT

The d i f f e r e n t i a l equations governing the flow of iodine
through a three -compartment model of iodine metabolism in man have
been solved and the so lu t ions compared t o those obtained from two-
compartment *!»dels. The boundary condi t ions used were those appro-
p r i a t e for a s ingle acute exposure to radioiodine . The urinary
excret ion equation derived from the so lu t ions to the three-compart-
ment model exhib i t s a minimun a t four days af te r the exposure time.
This minimum can be used to ca lcula te a maximum value for thyroid
burden using a s ing le ur inary excret ion r a t e measurement, and in
conjunction with t h i s va lue , an optimum urinary sampling frequencv
for the dif ferent radioiodines can be ca lcu la ted .
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COMPARTMENT MODELS OF RAD1OIODINE I!» MAS

by

J.R. JOHNSOH

INTRODUCTION

Conpartneiua! analysis , as applied to biological systems, is a

aethod of analysing the flow of a particular material through a

complex systen by dividing it into a group of N interconnected

subsystems, or compartments. Each of these compartments has, at

aost, 2(8-1) routes by which the saterial can be transferred be-

tveen compartments, and a snail number (usually 0 or 1) of routes

by which the material can enter or leave the system. This method

has mathematical siaplicity if the assumptions are made that material

flow in each route is proportional to the asaount of material in the

compartment the material is leaving, and that material can only flow

one way in any given route.

The flow of material through the system can then be described by

a set of ordinary differential equations

(1)

where y. (t) is the amount of the material in compartment i at time

t, x (t) is the rate of input into compartment i from outside the

systea, a,, is the rate constant (^ij) for material flow from j to

i, and a,, is defined as the negative sum of all rate constants for

aaterial leaving compartment i, that is
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The set of equations (1) has general solutions given by

N
C,t

where b and C. are functions of the X and the x (t).

The total rate of material entering the system is

N

x(t) =

and that leaving the system

JLdy.(t)
E(t) £ J

1=1

It follows from the form of equation (2) that for any system that

can be described in this manner, solutions can be found to any degree

of accuracy required, simply by increasing the ntsober of compartments

used to describe the system. In practice however, the usefulness of

this methodology is limited to systems that can be described ad-

equately by a small number of compartments for which the rate constants

can be determined, either directly or indirectly.

The metabolism of iodine in man has been described by a three-cora-
2

partment model . These compartments are

1) Inorganic compartment, consisting of all extra-thyroidal

iodine that is not bound to thyroid-produced organic

molecules and which may be excreted or taken up by the

thyroid for conversion into organic iodine.

2) Thyroid compartment, consisting of all iodine in the thyroid.

3) Organic compartment, consisting of all extra-thyroidal

iodine bound to thyroid-produced organic molecules and

capable of being excreted or being converted back to

inorganic iodine.



-3-

This three compartment model is described in more detail below,

and the solutions of the differential equations (solved usin^

boundary conditions appropriate to a single instantaneous input

of radioactive iodine into the inorganic compartment) are compared

to two simplified models, each consisting of two compartments. I'm-

equations derived from one of these simplified models are similar

to the retention and excretion equations recommended by the Intc-r-
3

national Comraission on Radiological Protection (ICRP), which are

also compared to the solutions of the three-compartment model.

The decay of radioiodine has not been included in the followinc

equations. It can be included simply by multipl\ing all solutions

by exp(-X t), where A is the appropriate decay constant for the

radioactive iodine being considered.

2. SOLUTIONS TO THE MODELS' DIFFERENTIAL EQUATIONS

A. The Three Compartment Model

The three-compartment model used is shown in Figure 1.

Excretion by exhalation and perspiration, and in faeces have

been ignored in this model as these routes represent at most
2

a few percent of the total excretion and their inclusion would

not change the solutions appreciably. The values of the rate

constants given itt Table 1 were calculated from the values from

Table 3 of reference 2. They are "illustrative values for

normal persons"; that is, they are raid-range values for persons

having a normal thyroid function found by measuring the steady-

state values for stable iodine in persons whose iodine intake

was maintained at a constant value.

The differential equations for this model are

Inorganic compartment

dl(t) = -(Xj+X^ l(t) + X4O(t) -!- X(t) (5)
dt



Thyroidal compartment

(6)

(7)

dT(t) = XxI(t) -

Organic compartment

dO(t) = X T(t) -
dt

' X3

- (X

Urinary Excretion Rate

Eu(t) - X(t) -

- x2i(t)

dl
dt

T(t)

5+x4)o(t)

- dT - dO
dt dt

+ X O(t) (8)

The analytical solutions (see Appendix) to these equations,

using the constants from Table 1 and the boundary conditions

X(t) = 0

KO) = Ic
T(0) = 0(0) = 0

KO) = IQ (9)

are

I(t) = I [ 1.000 e~2-85t - 9.86 x 10"4 e"0'

+° 9.45 x ID"4 e-0-00586tl

T(t) = l X o . 3 2 7 e"2-8^ + 0.0175

•+ 0.310 e-°-0 0 5 8 6 t] (11)

0(t) = l fo .0010 e- 2 ' 8 5 t - 0.0517 e"0 '0609*

0.0507 e u - U U J o g t (12)

jl.Eu(t) = I I 1.92 e~*'o:n: - 2.15 x 10"

+ 2.O7xlO-3 e-°-00586t] (13)

B. Two-Compartment Models

Two possible two-compartment models that can be used to approximate
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the three-compartment model are shown in figures 2 and 3.

1. Short-Tera Model

This aodel Is constructed by ignoring the organic

compartnent. Its differential equations are

dt( t ) - -<A +A ) I ( t ) + A (l-p)T(t) + X(t)
dt * l J

dT(t) - -A.T(t) + A l ( t ) (15)

Eu(t) - A2l(t) + pA3T(t) (16)

where p - A5/(X4+A5>

The analytical solutions to these equations, using the

boundary conditions (9) and the constants from Table 1

are

(17)

[ -0.00609t -2.85t |-. JT(t) - 0.326Io I e -"-»» u—_ e ' * O J C | (18)

[l.92.-2-85V 2.0.10-V0-0060"]E (t) - I j l . 92e—"-"> 2 .0x10"^" ' " I (19)
u ° [ J

2 . Long-Term Model

This model i s constructed by ignoring the inorganic

compartment. Its differential equations are

dT(t) - (1-q) A,O(t) - A T(t) + X(t) (20)
dt

dO(t) « -(A +A ) 0 ( t ) •»- A T(t) (21)
dt * 3 J
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E(t) = (qX4+A5)O(t) (22)
u

where q = <7/(A.-t-A )

The solutions to these equations, using the boundary

conditions

T(0) = (l-q)I = _^_L I (23)

0(0) = 0

and the constants of Table 1, are

-O.00582t| /,..
I (24)

0(t) = 0.0515 I

E (t) = 0.0407 0(t) (26)
u

3. ICRP-10 Equations

The equations recommended by the ICRP for use in cases

of acute ("instantaneous") occupational exposure to

radic^.odine are for retention

o/*\ T fn -i -1.98t . n i -O.QO693t I ,,,v
R(t) = I 0.7e + 0.3 e I (27)

° L -»
and for urinary excretion

Y(t) = 1 I 1.4 e"1-98* + 2Xl0' Je"u-"uo : ' JCf (28)
o

1.4 e -3-O.00693tJ

The constants in these equations are those which best

approximated the available data using two-exponential
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functions to describe retention following acute occu-

pational exposures. As such they are not expected to

give the ease results as the three-compartment model or

even the short-terra model, as acute occupational exposures

will seldom result in a significant instantaneous input of

the radioiodine into the inorganic compartment. However,

for times greater than a few days post exposure, the

shapes of the total retention and excretion functions should

be similar to the three-compartment oodel solutions, as-

sureing that the three compartment model adequately describes

the metabolism of iodine in man.

It should be noted that equations 27 and 28 could also be

derived using a two-compartment model consisting of

inorganic and thyrc»idal compartments without an inter-

connecting route, and with 70Z of I going instantaneously

to the inorganic compartment and 30% to the thyroidal

compartment*. The solutions to this model are

I(t) - 0.7 I e"X-98t (29)
o

TU) - 0.3 1 e - ° -
0 0 6 9 3 t (30)

o

and E <t) is given by equation 28.

The solutions to the above models have been plotted in

Figures 4, 5 and 6 to facilitate comparison between them.

* The ICRP did not intend that this interpretation

should be attached to their equations (C.G. Stewart;

private conounication).



XHLaVANCE OF THE MODELS TO RADIATION PROTECTION PROCEDURES

A. General Discussion

The ICRP cons ide r s the t h y r o i d Co be ih>i c r i t i c a l organ
4

tot occupational exposure to soluble radioiodlne . If

soluble radioiodiae is inhaled or ingested the ability

of the thyroid to concentrate and store iodine results

in the dose to the thyroid being a larger fraction of the

allowable dose chan that to any other organ, or to the

whole body. It is therefore the amount of radioiodine

in the thyroid,' and its retention, *vhieh is of primary

interest to those concerned with radiation protection

from radioiodine

Figure 5 compares the !«B©UHX cf radioiodine in the

chyroid (the thyroid "burden")as a function of cioe after

an acute exposure for the four taadels discussed above.

It can be seen that for tises longer than two days post

exposure, there is l i t t le to choose between the models.

The difference in the retentions given by the aodeis is

less than chat expected from the difference in the race

constants between individuals.

It is possible to directly measure the thyroid burden

using a standard Nal(Tl) crystaL and multichannel analyser

system. The limit of detection with such a system will

depend on the Iodine isotope and the characteristics o£ the

measuring system but values less than one one-thousandth

of the maximum permissible thyroid burden for the iodine

radionuclides of practical interest should be readily

measurable. It is not usually convenient to measure a

worker's thyroid burden as a function of time every time he
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1B suspected of being exposed to radiolodlne. What is

usually done Is to set a secondary standard for the

taaxtnant daily urinary excretion of radiolodine and require

that workers submit urine samples for analysis when

exposures are suspected. This secondary standard is s«t

by using some derived or Esasured relationship between

thyroid burden and urinary excretion rate, with a suitable

safety factor, to insure that the thyroid burden is less

than an agreed upon maxisun for any conditions of ex-

posure. This secondary standard is usually called an

action level or investigation level and if it is exceeded,

foilow-up urine analysis, or direct iodine in thyroid

measurements, and often both, are performed to evaluate the

worker's thyroid burden.

It is clear from exaxaining the shape of the solution

to the three-conpartnent model for urinary excretion rate

(Figure 6) that a two-coispartxaent model, or a two-

exponential phenomenological equation (ICRP-10), cannot

describe urinary excretion of radioiodine for all times

after an exposure. A nsiniiauin of two two-compartment models

is required, each suitable for a different tine region.

If the thyroid burden were to be estimated fron urlnary

excretion data obtained on, say, the sixth day after the

exposure occurred using either the short-tern model or the

ICRP equations, the thyroid burden could easily be under-

estimated by a factor of four, whereas the long-term

model would give a very good e-tlmate of the thyroid burden

(assuming of course that the rate constants used adequately

describe the individual's iodine aetabolisn).
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The most conservative action level that can be deiived for

a single urine sample would be to use the urinary excretion

rate at four days post exposure to calculate the initial

uptake I . This uptake will be a maximum provided the urinary

excretion rate is corrected for radioactive decay and that the

sample is collected soon enough after the exposure that the

excretion rate has not decreased, due to radioactive decay

of the radioiodine and/or due to the third term in equation

13, below the minimum at the fourth day after exposure. This

maximum initial uptake can be used to calculate a maximum

thyroid dose, as demonstrated below.

B. Examples Using 131I

1. Time of Exposure and Initial Body Burden from Two Urine

Samples

Suppose a urine sample was analysed that contained an

amount A of i31I which was in excess of the action

level. A second sample was asked for but due to cir-

cumstances beyond the control of the analyst it vas not

obtained until three days after the first. It was found

to contain an amount B of l 3 1 I , and the decay corrected

ratio of A to B is 10; i.e.

t% = 8.05 days for t31I

From examination of Figure 6, the 1CHP equations would

give an exposure time of approximately 2 days before

sample A was collected and an initial estimate of the
131I total burden of 1 = A exp ~ | /0.03. The three
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cor.partiaent model would give approximately the same

time for the exposure but would estimate I as I -

o~ v^j/O.006, or a factor of five greater than

the ICRP estiaste,

While it would be unusual indeed to base the calculations

of dose to the thyroid on only two urine samples where

snore urinary excretion data and/or direct thyroid burden

measurements oay be easily acquired, it is a common practice

to evaluate the seriousness of an exposure case for

possible future action by using the ICRP equations. Use of

these equations, within a particular time interval, can

easily underestimate the thyroid burden by a factor of five.

Unless the size of a safety factor in the secondary standard

over and above that required to account for the variability

of an individual's rate constant is large enough to include

this factor, or unless the three compartment model is used

to derive the secondary standard, some exposures that should

have been evaluated by direct thyroid measurements could

have been ignored because they have been assumed to be below

a significant level.

2. Maximum Initial Body Burden from a Single Urine Sample

The T»«Ttfmn» initial body burden can be calculated using

a single urine sample under certain conditions. The

urinary excretion rate on day four post exposure is a

minimum; if I', the initial body burden, is calculated
o

assuming the sample was collected on day four, I' will

be the maximum value i"3*, provided that

S expC-Xrt) .
exp(-Ar4)

where X Is the radioactive decay constant.
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That is, if the increase in the urinary excretion rate

for times greater than t»4 days is greater than the

decrease in the amount of material excreted due to radio-

active decay, then up to a time t during which this

is true, I* will be a maximum,
o

Equation 31 can be rewritten as

max
(32)

The values of E (t) are obtained fron the solutions to

the three-compartment model and can be calculated from

equation 13.

For 131I equation 32 becomes

max
4+11.6 In

17 days
125For 12SI (t.» 60 days) t - 120 dayss!

I

s I
[For I33I (t,= 0.87 days) t = 4 days
*•• *i m a x

Therefore for 1 3 1 I , a sampling frequency of one urine sample

every 17 days is sufficient to insure that, if the urinary

excretion rate is below some value, say U , then its
max

initial uptake I , must be below I ,
o max

where

T U e
I = max
max - (33)

and E U(4)/I Q can be obtained from equation 13 or figure 6.



-13-

Thc dose to the thyroid from an initial uptake of 1
max

of radioiodine is
- « •

e ' ^ T ^ f t ) dt (nCi-days)J e T^f

where T (t) is obtained from equation 11 with I
BOX max

replacing

Taax

I

s

. Theno

sax
E (4 ) / I

u o

-0

A
r

.327

+2.85

0
1 X

0175

+0.0609
r

0
1 .X

.310

+0.00586
r-1,For 13JI (X - 0.0861 day )

C xl.41 _ ,„
nax 3.38
3.58xl0-4

1.33xl04 U (uCi-davs)
ssax

for II in MCi/day.

The maxinust dose in rea is

" • K

where 51.2 is the factor for converting from uCi-days to

res if E, the effective energy, is in Hey and o, the mass

of the organ, is in grass. Using values for 131I in the

thyroid fros reference 4, D becoaes

D • 51.2 x 1.33xlO4 U x 0.23 (ran)

- 7.84xl03 U (rem)
max

for U in liCi/day
nax

The quarterly liait on dose to the tbyroid is one-half

the yearly liait of 30 ren, and the 1GRP recoomends an
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Lnvestigacion level of one-tenth the quarterly limit,

or 1.5 rem potential dose. That is to say, if an exposure

to radioiodine could deliver, in 50 years, 1-5 rem to the

thyroid, it should be investigated.

If,

U = 1.5;7.84xl03 MCi/dav = 425 dpm/(days urine) (34)
max '

is not exceeded, this recommended investigation level for
i31I will not be exceeded provided that the urine ample

was obtained within 17 days of the acute uptake.

4. CONCLUSION

The solutions to a three-compartment model of radioiodine in man

have shown that in a particular interval of tine after uptake

the two-compartment model normally used can lead to significant

errors in the prediction of the thyroid burden using urinary

excretion data. Urinary excretion data is invaluable in assessing

exposure to radioiodine in two respects. Firstly it allows one

to estimate the seriousness of the exposure without bringing an

employee "in" for direct thyroid measurements. Secondly it is

often useful in estimating the tine at which the exposure occurred.

That is, if two urine samples a few days apart are obtained, and

the first contains much more radioiodine than the second, one knows

immediately that the exposure occurred at most a few days before

the first sample was obtained: whereas if one were to rely on

direct thyroid measurements to estimate the time that the exposure

occurred, the first thyroid measurement would have to be made

within 24 hours of the exposure, as can be seen by examining Figure

5.

Urinary excretion data should only be used to estimate the maximum

thyroid burden as large errors are possible in the estimation
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oi the actual burden, and direct thyroid burden tseasu resents an-

a staple procedure. Urinary excretion data can be used, however,

to isolate incidences where direct thyroid measurements are warranted.
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TABLE 1

RATE CONSTANTS CALCULATED FROM TABLE 3 OF REFERENCE 2

Route Rate Constant

X. in (Days)

0.93

1.92

0.0087

0.053

0.0050

Half-Life

Days

0.74

0.36

79

13

139

FIGURE 1

THREE-COMPARTMENT MODEL OF IODINE METABOLISM Pi MAN

In(t)
Kt)

Inorganic

T(t)

Thyroidal

Urinary Excretion

O(t)

Organic
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F1GURE

SHORT-TERM APPROXIMATION TO THE THREE -COMPARTMENT MODE:

In(t)
I(t)

Inorganic

i

1

(1-P)

T(t)

Thyroidal

PA3

Urinary Excretion

FIGURE 3

LONG-TERM APPROXIMATION TO THE THREE-COMPARTMENT MODEL

In(t) t

1
T(t)

Thyroidal

(W

0(t)

Organic

X5 q=X£/()

Urinary Excretion

(x l+x2)
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FIGURE 5
THYROID BURDEN
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APPENDIX

The d i f ferent ia l equations for the three cospartraent model of

iodine metabolism are solved below. The method of obtaining

the solutions i s outlined in order that different rate con-

stants may *>*.• subst i tuted for those given in Table 1 and new

solutions ca lcu la ted .

The d i f fe ren t ia l equation ( ( 5 ) , (6) and (7) with X(t) = 0)

can be writ ten as

dJl - -A3y2 + A y A-2
dt

^ 3 = -(A4+X5)y3 + X3y2 A-3
dt

and they have solut ions

Yi= E btj e^Cjt) A-4

By subst i tu t ing A-4 into A-l, A-2 and A-3, and assuming that

none of the C . are equal, the following 9 equations are ob-

tained ( j= l , 2 and 3)

A-5

b 3 j
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Appendix . .

These nine equations, plus the boundary conditions givtn

in equation 9 which can be re-written as

3

Mo) - £ b
I j = *o

3

O(o)

give !2 equations in 12 unknowns (the b..'s and the C.'s)

which for the above case, can be solvi'<i a* fellows:

Coabinin?; equations A-5 and A-7 gives

bu<vw= v? y
which combined with A-6 gives

with the result that

That i s , the C 's are the solutions to the cubic equation.

,3 , „ J.C + a C + gC *• 5 * 0 A"9_Q



- 24 -

Appendix

with

Substituting

C = x - a/3 A-ll

into A-9 yields

x3 - 3px - 2q = 0 A-12

where

p = -̂  ( f - B) A-13

1 - a6 2 3 x .
= 2 ( T " - 27 a " 6 )

The form of the solutions to A-12 depends on the sign and relative

magnitude of p and q. All reasonable values for the rate

constants of the model will result in values of ce, B and 6 such that

p > 0 and q2 < p 2, as can be shown by substituting numerical

values into A-10 and A-13.

Therefore the solutions to A-12 are

x1 = Hvfr Cos 9

„ u
x, = - ~L + Op)"5 Sin 0 A-14

2

Sin 6
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Appendix . . .

where

Cos"1 (qp~3 / 2)

from which the C. ' s can be calculated.

The b ' s can be expressed in ternis of one another as

b l j = - p i (C. + A ) A-15
A ^ J 5

and, using A-5, A-6 and A-7

b ,b - . = 2j (C.+A )(C.+A +A ) A-1633 v * 3 J

The solutions of the di f ferent ia l equations wil l therefore

be complete if solut ions to the b - . ' s can be found. Three

equations involving only the b ? . ' s can be written using the

boundary conditions given in A-8 and equations A-15 and A-16.

V
3

j « l -J •> J J * ' j = l

These three equations yield solutions for the b ' s of
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b21 = V o (C^A^XC^-C^ A-17

( C 2 + A 4 + . X 5 ) ( C 3 - C 1 ) A-1

A-19

where

D = Cx
2 (C2-C3)+C2

2(C3-C1)+C3
2(C1-C2) A-2O

The solutions represented by equation A-4 can now be

calculated.

Putting the r a t e constants of Table 1 iato equations A-10 yield

a = 2.9167

6 = 0.1910

5 = 0.00100

which in turn yield, from A-13

p = 0.88170

q = 0.82684

The C.'s are therefore calculated to be, using A-ll and A-14

Cx = 2.8499
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C = -0.060S9

-0.005863

It is now a straight-forward procedure to calculate the

b 's using these values for the C 's and equations A-15

to A-19. The results are sunsari2<?d :r. the folio-wine, table.

J

1

2

3

C

- 2 .

- 0 .

- 0 .

85

0609

00586

r ^ ~~~
1.000

-0.000983

0.U0094S

b 2

- 0 .

0 .

0 .

3

327

0175

310

b

G

- 0

0

33

. 0010

.0517

.0507
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