
UCID- 17093 

Lawrence Uvermore Laboratory 

ELECTRON BOUNCE MOOES IN MIRROR PLASMAS 

W. M. Sharp, H. L. Berk, and C. E. Nielsen 

Apr i l 1 , 1976 

WASTE; 
Physics Department, Ohio State Univers i ty , Columbus, Ohio 

Tfti? is gn informal report intended 
prtman'ly for internal or limned 
external distribution, The opinions 
and condutions stated are Those o.' 
the author and may or may flot t» 
those o* the laboratory. 

Prepared fof U,S- Ene-iy Research & 
Development Adrmnistradan undo/ 
contracr Ma. W-7405-Eng48. 

0.STRIBUTI0N OF THiS | o c U M E N T r s m i m m i 



ELECTRON BOUNCE MODES 2N MIRROR PLASMAS 

ABSTRACT 

Electron bounce modes can occiir in mirror plasmas when the spread In the 
bounce frequency is small. This condition is sat is f ied in mirror aevices 
when electrons are p r inc ipa l l y confined by an approximately quadratic e lect ro­
s ta t i c po ten t ia l . These modes are examined by numerically solving an integral 
equation for the perturbed wave potential in a mirror plasma. A long wave­
length rr.ode is found that can be destabil ized by ions because of the loss-cone 
nature of the i r d i s t r i b u t i o n . Threshold densit ies and iv.axinvjTr growth rates 
are calculated using a perturbation method. The theoret ical s t a b i l i t y thresh­
old predictions agree closely with Baseball I I measurements. 
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I n s t a b i l i t i e s in low-density mirror machines such as Baseball I , 
Phcenix I I , and Oara I I have b?en at t r ibuted to electron plasma waves driven 

1 -5 by ion perpendicular energy. According to infinite-medium theory these 
modes have a frequency u = <* ku/kj., where k_j_ and k„ are components of 
the propagation vector, and a is the electron plasma frequency. I f ^ 
is near the ion gyrofrequency ic . , and the ion gyroradius a. is larye 
enough that kj_a. > 1.85, then the free energy of a peaked ion d i s t r i bu t i on 
can be e f fec t i ve ly transferred to the i.'ave. i n s t a b i l i t y occurs i f th is ion 
dr ive predominates over electron Landaj damping. Sirce damping drops o f f 
when the wave phase veloci ty u/k„ exceeds the electron thermal ve loc i ty V , 
u„ ss k,V„ is taken as the condit ion for marginal s t a b i l i t y . Thresholo pe — e 
measurements in Baseball i appeared to support th is descr ip t ion, but in 
Baseball I I (BEII) i n s t a b i l i t y occurred at densit ies we'll below th reo re t i c i l 

.. .. 6 predict ions. 
In th is ie t te . - we propose a mechanism involving electron bounce n;oces 

to explain SBII i n s t a b i l i t y thresholds. Bounce nodes occir when the electron 
Liounce frequency -,. is well enough defined for electrons to re ta in subs:antial 
phase coherence on successive t rans i t s . Col lect ive electron behavior is then 
altogether unl ike i n f i n i t e medium response whenever the spread in bounce 

2 
frequency AGO. sat is f ies it., <>= t~J7u. This coherence condit ion is met in 
typ ical hot- ion mirror plasmas because the electrons are confined p r inc ipa l l y 
by a nearly quadratic e lect rosta t ic po ten t ia l . The bounce modes can ccuple 
to the perpendicular ion notion j us t as electron plasma waves can, and the 
s t a b i l i t y threshold is the density at which ion drive balances electron Landau 
damping. 

The electron modes are treated here by solving &n integral equation for 
the wave potent ial in a bounded mirror plasma, and a perturbation method 
is then used to determine the threshold density. The electron treatment is 

7 4 5 
s imi lar to that of Beasley et al . and d i f fe rs from ear l ie r f l u i d and WKB 
models p r inc ipa l l y in using accurate electron t ra jec to r ies . 

We take magnetic f i e l d strength B to vary quadratical ly wit-i distance s 
along a f lux l ine up to a maximum value s_,„ and require the plasma potential 

max 
* to be a nondecreasing function for s > 0. For the electrons a thermalized 
distribution that vanishes continuously at the loss surface is chosen. In 
terms of the total energy E and magnetic moment y of electrons, the 
distribution function is F„{E,u) = (uB m. v + u - E) exp (-E/T ) for 
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£ * '^Bm,„ + v„.„ and zero otherwise. Here, B and £ are maximum valu-as — max max . max- max 
of B and potential energy v = -eO, and T = j m V is the piean electron thermal 
energy. The EBII ion distribution is represented by F.(s,v„v,) = 

2 l — 
N(S)FJ_(V_JF„(V„) , where v^ and v„ are the local velocity components. The 
functions used for Fj_ model two typical situations. A low-density plasma 
decays principally by charge exchange with the background gas, so the 

? 
i n i t i a l l y monoenergetic ion d is t r ibu t ion remains peaked about <v;>. A delta 

2 2 2 ~~ 
function <-_L(V_J = c{>,-_,_ - <v1>) is then appropriate. At higher densit ies 
ion-ion co l l i s ions can spread the d i s t r i bu t i on during the plasma l i f e t i m e , arc 

2 2 2 2 
th is e f fec t is accounted for by choosing F.jvj_) = Vj_ exp (-2v,/<v^>). 

2 ~* 2 A l i o , a thermalized para l le l d is t r ibu t ion F„(v„) = exp (-v„/2<v„>) and 2 7 Gaussian number density N(s) = N(0) exp (-5 / I ) are used. 
An integral equation for the wave potential is obtained in the jsual way 

from Poisson's equation and the l inearized Vlasov equation. Since tne 
electrons largely determine the plasma response, the ion density is ignored 
in solving for the unperturbed eigenmodes and is then treated as a perturba­
t ion in the subsequent s tab i l i t y - th resho ld calculat ions. In Poisson's 
equation the para l le l der ivat ive of the Laplacian is neglected because the 
wavelength along f lux l ines is long compared with the perpendicular wave­
length. Writ ing the wave potent ial as ~(s) exp ( ik^x^ - i_t) y ie lds the 
fol lowing integral equation: 

7 ' R +• 

? - » ! ( s ) /•» r* max 'max 
D c m e Jo */uB(s)-h>(s) 

f<" f max max , cF / 
/ dw / dE - r i - r a r f z t t s ) 

Jo v/uB(s)+t,(s) | V ; " 3 E v 

+ iw f d t ' { e [ s + ( t ' ) J + « [ s " ( t ' ) ] [ e x p [ - U t * - t ) ] ) , (1) 

1/2 where ',v„i = (2[E - uB(s) - v(s)]/m } , and electron Debye length >.n is 
2 1/2 defined as (T /2Tie N) = V /•- . The traj.-.ctories of positive and negative e e pe + 

moving particles reaching s at time t are denoted here by s~(t'). For the 
symmetrical unperturbed fields considered, solutions of Eq. (l v are either 
even or odd functions of s, and <;• can be shown to vanish at s . The time 
integral in Eq. (1) is evaluated by representing $ along each electron 
trajectory by a Fourier series in harmonics of u. , given for quadratic 
fields by 
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u b ( E , u ) *\J0 PM 

- l 

Here, s t ( E , u ) i s the e l e c t r o n t u r n i n g p o i n t . The r e s u l t i n g equa t ion f o r 

$ i s 

2 2 ^ B ( s ) 

•De v m 

• E 

e JO 

2 

/"«••• r y max ^max , SF 
/ du dE 4 ~ ^ f ( s ) 

£=0 J - {21 + a)ZJb ' l Tl '£ s c ^ ( 2 i + a H t ] (3) 

where 

r/2w k 

fi = f « b J d t ? [ s ( t ) ] s c [ { 2 i . + c ) c b t ] . 

The symbol sc i n Eq. (3) denotes cos ine f o r even s o l u t i o n s and s ine f o r odd 

ones, and a equals 0 and 1 , r e s p e c t i v e l y , i n the two cases. Fou r i e r 

t r ans fo rn i i ng Eq. (3) over tne l e n g t h o f the plasma then leads to a m a t r i x 

equa t ion t h a t can be so lved n u m e r i c a l l y : 

2 2 
"-KTDeO'm * 
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e n=l - '0 -»y 

-B + . max max 
dE 

1 

Js -if 
0 < / - (21 + O)UJ 2 m * 

F n f J • (4) 

where 0 s u b s c r i p t s l abe l q u a n t i t i e s a t s = 0 , For quad ra t i c f i e l d s , the 

mat r i ces S and T nay be w r i t t e n i n terrcs o f Bessel f u n c t i o n s as 

s c ( k m s ) s c ( k n s ) - P A 

- 4 . 



T n . l ^ b J 0 ]$rsc(k ms}sc[(2;. + a ) , b t ] 

Taking k = [n + (c - 1}/2] ^/s r. = u in Eq. (5) is convenient because the 
n i- ax 

basis functions set [in + (c - l)/2' 1 . rs/s ] sat is fy the par i ty and 
endpoint constraints on <. The imaginary part, of Eq. (4) resul t ing from 
the s ingu lar i ty is neglected in lowest order when solving for 0 > since 

m 
for marginally stable nodes it has the samp magnitude as the ion term which 
has been assumed small. 

For the idealized c.ase in which the magneti- force on electrons is 
negligible, the eigenvalues of Eq. (4) for even t f^rm a family of curves 
shown in Fig. 1, with the longest wavelength solution'for a particular 

2 Z eiyenfrequency being associated with the largest value of k^},. -. Odd 
solutions have eigenvalue curves that resemble those in Fi>,. 1. The long 
wavelength even solutions far the shorter wavelength modes ace of particular 
interest because for given ̂  and k_,_ these can became unstable at the 
lowest plasma densities. An approximate analytic solution of Eq. i-) shows 
the important qualitative features of this node. When ; is represented by 
the lowest-order Fourier component and the magnetic force on electrons is 
neglected, Eq. (4) reduces for eveti ; to 

14 exp t-v) I C M + -3-= 2 V-M " e x p (~2vi ' ] Z 2 ZJL I T .2 
K j - 0 OeO ~ v t^s b max , , ,.. - , „ . 

D 

(6) 
2 2 2 2 where v r TT V /8u,.s . This analyt ic resul t i s p lot ted as a dashed l i ne e b max 

in F ig. 1 . 
A mirror field affects the electron bounce modes principally by spreading 

the bounce frequency and weakening the resonances. The eigenvalue curves in 
Fig. 2 show the variation of the longest wavelennth even mode with B m / 6 n > 1. 

max u 
S tab i l i t y thresholds are calculated by the fol lowing perturbation 

procedure. The equation for c. is integrated over a f lux surface to give a 
functional of the form ,"{k,u) = I ds j ds 'k (s ,s ' ,!*•)<!•(:;)«(&') = 0. The kernel K 
is s p l i t into an unperturbed part KQ with real eigenfunctions o Q and 
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eigenf regencies u-v, and a perturbing part K, that includes the imaginary 
response terms. A linear Taylor expansion then gives 

J d s j d s ^ C s . s ' , ^ ) ^ ) ^ ' ) r ( k i ^ } 

j ds Ids-
SD = (7) 

If the perturbing ion and electron terms tn the kernel are called respectively 
K, and K?, the condition for marginal stability is that the corresponding 
imaginary frequency shifts have the same magnitude: 

I4r(k.^ 0)] 
IB) 

The procedure is val id so long as K, and K̂  are small compared with K n. 
For the chosen d is t r ibu t ion functions, the appropriate ion and electron 

d iss ipat ive terms are 

Iir-d ) - rf— L n . V e 1 d » ( s ] + i dv„ -
0 n::-™ J0 0 JO 

/

smax 

.Tax 
' * (s ' ) exp - 1 ^ - "ciO 

s ^ ' ? 2

+ (s - s T 
4t; 12L 2 

IT 

19) 
and 

2 2 / 

UV ' / 1--U . 

(10) 

where 

n Jo "av? n W i 

The non-negative solutions of L, = {Zi + o W t E . i O are denoted here by K, , and 
L is a magnetic f i e l d scale length 
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d v - 1 / 2 

2 ds 2 

Since the ion term is strongly peaked around u. - L. i C , only the n = 1 
term in the sum contributes s ign i f i can t l y , and other terms may be neglected. 
To calculate the s t a b i l i t y threshold for a par t icu lar eigenfrequency, the 
kr,, s a t i s f y i n g Eq. {£) is f i r s t found numerically, and plasma density is 

2 2 then obtained using the value of KiV-n.n associated with the eigenmode. 
The sharp peaking of the ion term ensures that the minimum threshold w i l l 
occur when the eigenfreuuency sat is f ies u a ~ .« on some f lux surface in 
the plasma. In BBI I , -. varies about 15'. r a d i a l l y , and the niniir.urci 
threshold density found for i±. wi th in th is range should correspond to the 
experimentally observed threshold for s i r i l a r plasma parameters. 

Tne s t a b i l i t y thresholds predicted for the electron bounce modes are 
close to BBII values. The experimental values of the density parameter 

2 2 r -' u ,-n/u- . p in Table 1 were obtained by keeping perpendicular ion 
P 1 U C 1 U n 

temperature constant wnile varying plasma length with an axial liniter. 
With similar fields and plasma parameters, the theoretical thresholds 
calculated using the peaked and broad ian distributions bracket many of the 
experimental values. The lowest BBII thresholds are close to the values 
calculated using the peaked ion distribution, while the higher threshold 
cases match the broad distritution predictions better. This behavior is 
consistent with the expectation thai at the higher threshold densities, 
collisions spread the initially peaked ion distribution. 

Infinite medium wave theory is clearly unable to describe the stability 
of a mirror plasma in which the periodicity of particle orbits is important. 
The agreement of the calculated thresholds with values observed in BBII 
suggest:, that the proposed bounce-.Trade model is more adequate. Current work 
will evtend the comparison to BBI ana other low-density mirror experiments. 

-7-



REFERENCES 

C. C. Damm et al • , in Proceedings of the Third IAEA Conference on Plastr" 
Physics and Controlled Nuclear Fusion Research, Novosibirsk, 1968 
(IAEA, Vienna, 1969) Vol. I I , p. 253. 
C. C. Darran et a l , , Phys. Rev. Let t . 24, 490 (1970). 
L. I . Artemenkov et a l . , in Plasma Physics and Controlled Nuclear .-us Ion 
Research, Culham, 1965 (USAEA, Oak Ridge, 1966) AEC-tr-6760, p. 60. 
J . G. Cordey et a l . , in Proceedings of the Third IAEA Conference on 
Plasma Physics and Controlled Nuclear Fusion Research, Novosibirsk, 
1968 (IAEA, Vienna, 1969) Vol. I I , p. 267. 
H. L. Berk, L. D. Pear lstein, and J. G. Cordey, Phys. f ' , ' ids ;;>, P-SI 
(1972), 
0. A. Anderson et al., in Proceedings of the Fifth IAEA Conference on 
Plasma Physics and Controlled Nuclear Fusion Resea:*cf., Tokyo, 1974 
(IAEA, Vienna, 1975) Vol. I, p. 379. 
C. 0. Beasley, J r . , et a l . , Nucl . Fusion 14, 191 (1974). 
0. H. Foote, Instabi l i ty-Threshold Data fro:Ti Baseball \l Vacuur.-BuilJup 
Experiment, Lawrence Livermore Laboratory, Rept. UC1D-16664 (1974), 

-8 -



Table 1. Experimental and theoretical values of E = (u . . / v n ) in 
Baseball I I for v M X / T = 3.0. 

Theoretical 
T i 

Bmax / B0 vmax i 
Experimental 

c 
e 

(keV) Bmax / B0 vmax i 
Experimental 

c Peaked Broad 
distribution distribution 

0.83 1.26 0.069 0.031 0.029 0.057 
1.64 0.090 0.074 0.047 0.087 
1.9 0.090 0.093 0.049 0.090 
2.2 0.09S 0.104 C.053 0.098 

1.34 1.26 0.049 0.025 0.024 0.045 
1.43 0.C56 0.046 0.030 0.C52 
1.64 0.060 0.070 0.034 0.064 
2.2 0.064 0.105 0.039 0.075 



Fig. 1 . Eigenvalues for even eigenfunctions in a quadratic potential 

•* * W S / W 2 w l t h W T e = 3 '° *nd W 8 0 = *-°- D a s h e d 

l ine is the analyt ic solut ion Eq. (6) . 
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F i g . 2. Ligenvalues fo r ';ven niyenf i 'nct ions w i th B /B ' l . b , 1.7b. ar,d , ' . () , anil . /T .- }.('. 


