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ABSTRACT 

The effect of impurities on low frequency d r i f t modes of a 

toroidaily-confined plasma is investigated by the gyro-kinetic equation. 

I t is assumed that electrons are in the banana regime and ions in 

the plateau regime. Impurity col l is ion damping is found to be s ign i f i -

cant in the usual trapped electron mode. A new instabi l i ty due to 

the impurities can occur for normal profiles and impurities peaked 

at the center. Quasi-linear considerations show that impurities w i l l 

be driven outward i f such an instabi l i ty occurs. 

I . INTRODUCTION 

Extensive studies have recently appeared on the various aspects 
1 _6 

of dissipative trapped electron modes " due to the possibi l i ty that 

they may be responsible for the anomalous electron transport in present 

or next generation tokamak experiments. Analysis of ORMAK data7 

tends to indicate that shear is not always strong enough to stabil ize 3 
these modes in their pure form. However, this analysis is inconclusive 

since there are cases when half of the plasma column does not satisfy 

the s tabi l i ty cr i ter ion and the other half does. For this reason, we 

want to treat the mode in a more real is t ic way, i . e . , to include the 

effects of impurities. 
•Research sponsored by the U. S. Energy Research and Development 
Administration under contract with the Union Carbide Corporation. 
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The obvious effect of impurities is to increase the electron and 

ion col l is ion frequencies. The main ion collisions can contribute to 

the damping d i rect ly , while electron collisions cannot, since the 

growth rate is a complicated function of eto/ve. However, the increase 

of electron col l is ional i ty can decrease the trapped electron population 

and increase the number of electrons that can resonate with the wave. 

This ef fect has already been treated in Reference 6. 

The more direct way in which impurities enter the dispersion 

relation is through their contribution, as additional ion species, 

to the charge neutral i ty condition. This leads to two important effects. 

F i rs t , the reduction of growth rate due to impurities col l isions. 

This is the same effect found in the trapped ion mode.^ Second, a new 

interval in phase velocities of the modes is introduced. 

For convenience, we consider the case with only one species 

of impurity present. Usually we have the relat ion: Vj < v.. < v^, 

where V j , v̂  and vg are the thermal velocit ies of impurity, main ion 

and electron respectively. Hence, we can distinguish two modes. 

The f i r s t one is the usual trapped electron mode, which occurs when 

the paral lel phase velocity co/k|| (where w is the mode frequency and k|| 

is the paral lel wave number) is between v̂  and vg . I t is modified 

only s l ight ly by the presence of impurities. When to/k|j is between Vj and 

v. we obtain the impurity trapped electron mode similar to the impurity 

d r i f t mode of Reference 8. The impurity trapped electron mode usually 

has a mode frequency less than the electron diamagnetic d r i f t frequency. 

Because of this difference, the trapped electron term is more de-

stabi l iz ing because i ) the universal unstable term is never small even 
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when k^p.. « 1, where k^and p̂  are respectively the perpendicular 

and wave number and ion gyro-radius, and i i ) the electron toroidal 

magnetic d r i f t frequency, can no longer be neglected compared 

with a), so that the Landau resonance associated with greatly 

amplifies the trapped electron terms. 

Effects of impurities on d r i f t waves, coll isionless trapped part icle 

modes and trapped ion ins tab i l i t i es have been previously treated before 
8-10 

by various authors. Dissipative trapped electron modes in the 

presence of impurities have also been discussed br ie f ly by Bhadra.^ 

However, his treatment is local , and f i n i t e Larmor radi i effects are 

neglected. Because of the recent progress in the l inear theory of 5-6 
trapped electron modes, a more complete and improved calculation 

is needed in order to analyze the experimental data in a more 

rea l is t ic way. 

In the following sections, we f i r s t discuss the usual trapped 

electron mode in an impure plasma. Then we w i l l t reat the impurity 

trapped electron mode. The treatment is based on the gyro-kinetic 12 

equation recently derived so that we can easily retain the gyro-

radius effects of main ion and impurity. This is a handier and more 

logical way than starting from the Vlasov equation and integrating 

along the characteristic. Impurities and main ion are assumed to be 

in higher col l isional regimes (plateau or even Pfirsch-Schluter) than 

the electrons so that no signif icant part of those with is 

trapped in the magnetic wel l . Electrons ara assumed to be deep in 

the banana regime so that ni l of those with vjj < y i v j ^ a r e trapped. In 

the following, we assume one species of impurity for convenience. The 

results can readily be generalized to multispecies impurities. 
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I I . USUAL TRAPPED ELECTRON MODE 

We assume a low B toroidal plasma with toroidal coordinates r , 

9 and c, where 8 and c are the angles measured poloidal ly and toro ida l ly . 

The toroidal and poloidal mode numbers sat isfy IqCrg) = m, where q ( r ) 

i s the safety factor and rQ is the radial location of the rational 

surface of in terest . 

The equilibrium distr ibut ion functions are assumed to be Maxwellians: 

Fe> F̂  and F j . The subscripts e , i and I denote electron, main ion and 

impurity respectively. 

The perturbed ion and impurity distr ibut ion functions f^ and f j 
12 

can be shown to sat isfy 

The e lect rostat ic perturbation is assumed to be <j> = $ ( r , 6)exp(- iwt-

+im6), where 6 has only slow 6 dependence compared with exp(im9). 

(a) - (oD6 + iV|| n. -V )gg - (u - Fg<exp(iLg)>= i vg gg (1) 
6 

B = i , I 

where 

f, F B + gB e x p (- i LB }' 

L f i = kv,/ft f i cos<j),(j) being the gyrophrase angle, B 8 
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cTb an Nb / 2 v* x c o s 0 
w*g = k L i B 1 r * WDB = \V I ! + T J I D T • p • P 

a An Tg 
= 8 iln N ' B 

Z„eB 
k = ; , o 0 = r ' "B M3C ' 

Jq and J-j are the Bessel functions. Note that the form we wrote down 
12 

for <(j>exp(iLg)>is val id only in the so-called prime coordinates. 

The magnetic d r i f t frequencies in Eq. (1) w i l l be neglected *a ter . 

However, u>jje for the trapped electrons w i l l be retained. There are two 

reasons to j u s t i f y th is . F i rs t , in present experiments Tg is much less 

than T . Secondly, since ions and impurities are in plcteau regime, 

the cos 6-dependence of tu^ tends to average to zero, due to f ree-

streaming or col l is ional randomization in the poloidal direction. Only 

those electrons trapped in the unfavorable curvature of the tokamak 

f i e l d w i l l have nonzero average and have signif icant ef fect on the 

mode. A Bhatnagar-Gross-Krook (BGK) col l is ion model is used in Eq. (1 ) . 

This model is val id in the l imi t of small , but not accurate enough 
12 when kQp. is of order one and larger. However, to include any 0 I 

rea l is t i c col l is ion model in the treatment w i l l lead to immense 

complication, which would render the attempt worthless. 

Equ. (1) contains the f i n i t e gyro-radius effects of the ions and 

impurities. I t is straightforward to obtain the perturbed densities 

N. from Eq. (1 ) : 
P 
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? s . fgfi , L - "*B)ZeeF8 1 I ,2 . , , v 2 1 . 
^ " " T6 J " + " Vll ^ 1 0 0 ' 1 ' ̂  

where JQ and J1 have the argument and kjj = (m - lq) /Rq. 
2 2 2 In the l i m i t bg = (k p g ) « 1, with pg = T ^ / M ^ , we have 

J [ [ w _ ^ ( l + V 2 ) j Z( ? e) (2) 

+ W*B Z ( V } V 

where =(u + iVg)/k v^ , = 1 / / tT j /^exp(-x2 )dx/x-? is the plasma 

dispersion function, and v^ = (2Tg/Mg)^ 2 is the thermal ve loc i ty . 

Since w » v^, we obtain the following when Vj < v.. < < vg : 

Nft Zfte f iv / = 8 J i. { 1 . ( 3 
Ng 1 w a) v o> 

- V / 

" V 

+ (i • v l * 

For the electron par t , i t is a well-known r e s u l t 3 , 4 that i f we assume 

a f l u t e - l i k e perturbed potent ia l , then 

e e e 

+ j o . . * , ^ R l ] . 
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with 

M . . 8 n - " 2 ? v2dv e-"2 f " 2 - t l 
V 2J "-1 C.2 )0 1 - uDe/u + iv^jj/S™ \ 1 J 

B 

iL 
and a^ being the n zero of JQ(x). Equations (3) and (4), and the 

charge neutrality condition leads to the dispersion relation: 

, . [ ( ! - - ne ^ A,] + i [ ( l + n e ^ R l ] ( 5 ) 

I J n e . + ^ JVje. M 
• 1.1 \ u V n B W w V n e u > 

where cxg= Zg Ng/Ng. r n g - (a Ah i y a r ) ' 1 , and r T g = (3 Jin Tg/dr)"1. 

Assuming the terms involving trapped electrons, col l isions, and 

f in i te gyro-radius are a l l small, and using the equilibrium neutrality 

condition, we obtain 
w * + where |5u| « |w*J . 

6 6 

In the next order equation, after we expand ky around r = r Q , Eq. (5) 

becomes a Weber equation and can be solved by imposing the outgoing 

wave boundary condition. Then the eigenvalue of the solution is Sw, 

and we obtain 
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Im6u 
(8) 

where 

+ n. 

a. e B K TB Z8rnB 

> \ 1 / 2 , r ne, 
M" 

H" = I V b Z H6 L Te ze V n t r T S ) J • 

M = (M1 M")1/2» L~' = rq'/Rq2. 

Eq. (6) looks almost the same as the result given in Ref. 5, except 

for the ion and impurity col l is ion stabi l izat ion terms. The temperature 

gradient term due to the trapped electrons is exactly the same as in 

Ref. 5 , whereas a l l the other terms are s l ight ly changed due to the 

presence of the impurities. 

In general, M1 and M" are positive even though r n e O / r ^ + 1/^jg) 

can have e i ther sign, because TD/T ZQ is much less than unity. There p e p 
may exist some remote possib i l i t ies that M'/M" is negative. In that 
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case, magnetic shear w i l l contribute to the real part of u> instead 

of the imaginary part and there w i l l be no more shear stabi l izat ion. 

Eq. (6) in the l im i t kp^ <<1 has been used to determine the 

the impurity col l is ion term overwhelms a l l other terms, so that the 

plasma is stable everywhere. 

When the parallel phase velocity of the mode is between the ion 

and impurity thermal velocit ies, we have the impurity trapped electron 

mode. Eq. (3) is s t i l l valid for the impurities. For the ions, the 

BGK model in Eq. (1) is no longer as satisfying. Following Ref. 6, 

we use a pitch angle col l is ion model for the ion, which is jus t i f ied 

by the presence of the impurities. The ion equation can be written as 

s tab i l i ty of typical ORMAK discharge parameters. I t is found7 that 

I I I . IMPURITY TRAPPED ELECTRON MODE 

Treating only the case of small kp., we get 

where 

• - * : i ^ 1 l ^ ** i K 1 k p - (7) 
0) - . 

by the same method used in Ref. 6. 
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The charge neutral i ty condition then becomes 

• • c * > , / 2 4 a 2 - (8) 

+ i i <(> 
W, 

e "to "1 
+ 1- -rr- R 

- - o , [ t 7 * " n t 

+ "i "rf [" to to V to 

to. 
+ «I T7 1 1 - i r d + V Y* 

\ 
25' I 

b | * 

Only the adiabatic responses in Eq. (8) are lowest-order quantities; 

hence, i t implies 

to = 
1 otIa)*e V 

1 + «i V T i rnI 
+ 6to (9) 

with Su> much smaller than the f i r s t right-hand term. 
.i 

The terms R^, Rg and N̂  are treated as perturbations in the next 
i 

order equation. In calculating the contribution from N^, a technique 

similar to that in Ref. 6 is used. The part of 6to due to N.. is 

T ai + 0 ° / + 0 ° 9 

o + v > - i 7T» f * * • e -<x 

where x = r - rp, is the lowest-order radial eigen solution, 
+ 00 

The integral j dx N- can be reduced to the form: 
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I = - / dx exp ia - b/x - ox' 

~ / d2L exp (ia - b)/x 

- fcn xQ/(a2 + b 2 ) 1 / 2 , 

2 3, where a « u Lgp/k, b = v v Z p \ s / 6k , a = 1|k] ( T j / M j J ^ / l L j p j W , and 

XQ = ( c / i ) " ^ 2 . Neglecting the slow p-dependence in the logarithm, 

and inserting the most probable value of p, i . e . , v T \ we obtain the 

following growth rate due to the ions: 

to i- = / 2 a . u
1 / 2 (in y~ 1 / 2) 1 + a . r a x r n . ^ 2> 

(10) 

where p = M̂  | L |-cotj/ZHjjr r |< 1 + a.-r), and t = T
e / T r Equation (10) 

is similar to the well-known result of electron-wave Landau resonance 

in slab geometry. However, we should recognize that i t is an asymptotic 

result for y < < 1. For u > .1, we should replace tha right-hand side 

of Eq. (10) by zero. The exact value of y, when \x ^ 1 involves very 

complicated calculation, and i t is not clear whether the perturbative 

method makes sense in this case. Taking into account a l l the other 

terms, the total growth rate of this mode is : 

T /zlrnl 
t=r v ? 

Ls a I ^ 
r n l 1 + a i ) 

h , 
linj (11) 

+ n 
ZTr I ' n l 

e crr e I ne (2c) 
1/2 

A1 ( t f ) 
,is 

4 \ I n l ' 1 + a ' T 

aT \ l / 2 
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Eq. (11) te l l s us that shear is only provided by the impurities. 

Although apparently the size of the shear term is not reduced, i t is 

smaller compared with the destabilising trapped electron terms, since 
r n l ^ a l rne 9 r e a ter than one. Ion col l is ion stabi l izat ion 

is missing from our assumed col l is ion model, but i t w i l l appear i f we 

use a hybrid pitch angle and BGK col l is ion model. In any case, judging 

from our experience in last section, i t is not as important as the 

impurity col l is ion. The total effect of the ion pitch angle coll isions 

is tc induce an ion-wave col l isional resonance which gives rise to y . . 

From Eq. (10), we observe that when p « 1, the ion term is destabilizing 

i f 

This condition is also given in Ref. 8. The most interesting terms 

are those due to the trapped electrons. When ^ i r
n i ' ' a i r

n e
 > 0 anc* 

ne > 0, a violent ins tab i l i ty w i l l occur. Unlike the usual trapped 

electron mode, Im A2 and the circulating electron resonance term is 

not multiplied by a small number even when kp i is very small. Hence, 

these two sources of ins tab i l i ty are always present. I f we assume 

r n l 1S same o r c ' e r a s rne' ^ I rnI^a I rne 1S u s u a ^ y muc '1 l a r 9 e r 

than one for the impurity level in present-day tokamaks. Thus, the 

effect of A,, A? and the untrapped electron resonance w i l l be magnified. 
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When r n j is negative, i . e . , when impurities are peaked at the center, 

the resonance associated with the magnetic curvature d r i f t sets in. 

For the deeply-trapped electron, we have 

Since the rat io r n I Z j (1 + oij is of order unity, this resonance 

is more pronounced than that in the usual trapped electron mode. 

The discussion above implies that the condition r n I / r n e > 0, 

ne > 0 is a very unstable situation with respect to the impurity trapped 

electron mode. Hence, the quasi-linear consequence is that impurities 

start to diffuse outward unti l the driving term of the instabi l i ty 

vanishes. This is confirmed by the calculation of the quasi-linear 

diffusion flux for impurities. We have, by integrating the quasi-

linear Vlasov equation over velocity space, 

and 

Substituting NT). for this mode in, we get Ik 

(12) 
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L c u \ 1 / 2 , . 1/ i_s_i L » »- 1 

Whenever the instabi l i ty occurs, the sum of the terms inside the curly 

bracket in Eq. (12) is positive. For the case 3Nj/3r < 0 (peaked at 

the center), the impurity particle f lux is positive (outward). This 

may provide us with an explanation for the experimental fact that so 

far no impurities peaked at the center as predicted by neoclassical 

theory are observed. 

IV. CONCLUSION 

The introduction of impurities in the consideration of trapped 

electron modes leads us to distinguish between two modes: the usual 

trapped electron mode and the impurity trapped electron mode, which are 

basically the usual d r i f t mode and the impurity d r i f t mode, respectively, 

in toroidal geometry. Both modes are studied in great detai l . The 

growth rate of the usual trapped electron mode is given in Eq. (6). 

For ORMAK discharges data, the coll isional damping term due to impurity 

overwhelms a l l other terms and the mode is stabilized. The growth 

rate of the impurity trapped electron mode is given in Eq. (11). 

I f is found that a strong instabi l i ty w i l l occur i f r
n I / ^ n e > 0 and 

ne > 0. Whenever such an instabi l i ty occurs, the quasi-linear impurity 

particle f lux is found to be positive (outward). This may explain the 

lack of impurity peaking at the center as predicted by neoclassical 

theory in most tokamak discharges. 
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