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!• Introduction 

Different renormalization approaches are used in quantum 
field theory for the perturbation theory calculations! All thone 
approaches are certainly equivalent, providing the same values OJ 
the observable quantities. However at the intermediate sta,",e oi 
the calculations a certain dependence on the «normalization 
scheme does exist, in particular, in the case of renormalization 
group functions (anomalous dimensions and Oell-Uann-Low functions). 
It la of interest to find out the explicit form of this dependen­
ce and derive the relations, connecting the parameters 01 renor­
malization group equations in different schemes. 

This is made in Sees. II and III of the present paper. Then, 
in Sec. IV the advantages of the renormalization scheme proposed 
by 4 Hooft ' ' is briefly discussed and the most convenient way 
to perform the renormalization croup calculations is pointed out. 

It should be noted that only the asymptotic ю п л of renorma­
lization group equations ia of interest in this paper, so that 
all masses can be put equal to zero from the very beginning. The 
legitimacy of this step iB not obvious even for all momenta ten-

/?/ 
ding to infinity ' " . However the calculations in any e i T e n order 
of perturbation theory cannot forbid it,while tnere existean examp­
le (asymptotically iree theories) where this step is justified. 
So that one can expect the relations derived below are applicab­
le to a suificiently large class of theories. 

I am grateful to D.V. Shirkov for interest in thie work and 
stimulating criticism. 
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i l . uenormalization [;rSHE_S2iiSiiS22-£2E_U21!:S2H!!5iiS2i.ii£2l2 
rimctions_and -invariant_<char^ea i 

In this section we consider the Graen functions Г(^т,,я) 
calculated with a l l masses put equal to zero and normalized bj' the 
condition Г I— Ol-d. when the radiative corrections are absent. 
All independent momentum aretmenta of / are aosumed to be propor­
tional to K~ with the coefficients implicitly included into the 

, The dimensional parameter N characterizes the 
subtraction procedure. <Ve Bhall call the renormalization scheme 
i.!ie X -scheme, if the condition 

is obeyed. In this case the function Г i s written ae Prhi 9/ > 
since the parnmeter Л i s here identical with the subtraction 
point A . If the Green functions are not normalized and Г(1,9]~ 
=• р(я)ф£ then i t wil l be the M-scheme. The following schemes 
be Ion,; to this class: i ) ' t Hoof t ' в renonualization approach, he­
re м beim; the "unit of шавв") i i ) the Feynman cut-off, where 
мг i s /1 or, for instance, i i i ) the following subtraction procedu­
re : the subtraction points \>L are proportional to \ ,Д-=а-Д* the 
external momenta K; equal £кг / but ff. ф$.щ 

Coneider the derivation of renormalization group equations 
in the y4 -scheme, All required relations can be obtained from the 
condition of the multiplicative renonnalization of Sreen functi­
ons: 

In the case of invariant charges we have 
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The normalization condit ion i e llfd, 9 . J = f / V ' w h e r e ?($/~$ 
only in the / -scheme. >Ve find from (2) 

Using the notation #=-^-r , t -~Ьт we obtain the functional 

equation of renormalization group 

Differentiat ing eq, (3 ) with respect to т and then putting i -J 

r e s u l t s in the d i f f e r e n t i a l equation of OVBiannikov type' '" ' ' ' 

(*h -Ptyh)z(4)" 
*d "9 

It i s eaey to show that plflj ~ л"><? г'/jf f i x e d . Coneequently 
the Qell-Uann-Low function BfyJ determines the change u r f l under 

renormalization group transformations. 

Differentiat ing e q . ( 3 ) with respect to X and pi'.tting then 

~i—X y ie lds the d i f f e r e n t i a l equation in the Lie form '*>?' 

where _f /oAe/r = Wjf/ ' "" recount of the normalization con­

d i t ion or, a the e q s . ( 4 ) and (5) are equivalent . However the func­

t ions в and -f- are i d e n t i c a l only in the / | -scheme. Otherwise» 

we can expand both s ides of the equality 

<f (b) 
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in powers oi О and find that two .first terms of В and -f- ooinoida 
while the higher terms are generally different. Indeed, i t i s 
easy to realize that an expansion of В ал<3 4- begins with the or­
der of 0 while that of Ц Ьец1пв with the order of 9. 
Thus ffyjm ву* + g£ + <l^ + ... . 

ffy'Wf+ *** + *#*+- ' 
fty- g + Aq'+В ft... • 

Then eq.(6) to Й*-order looks as follows 

= «tf + fiAe + ejfj* +(2Ав + 3aB+cjy . 

Hence i t immediately follows that 
a = a , в=Т, с = ё + аА*+ aB- SA . 

So one can observe that in a single-charge theory a certain can­
cellation takes place in the two-loop approximation, which re­
sults in 8^8 • The cancellations of such a type have been 
flret indicated in paper ' ' . Mote that one can reconstruct -f out 
or 8 in any given order of perturbation theory using the functi­
on 0/o/calculated up to a previoua order. 

It appears to be convenient to introduce an "eifective co-
-•1/—I upling ccnstant" ' 2' >^X,g/ = y (H(*>!ll)' w l l ich obeys the norma­

lization condition \(^-1й)=Я a n d the equations of the Lie and 
Ovsiannikov types / 

Recall the relation (2) for Qreen's functions Г(^,я/ • >'e use 
the normalization condition /'p, 9/ =/W/ t o obtain the func­
tional equation for f(X Q] 
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* r(4),k{t,9jl-rfi,9Jr(i,}{t,ijl. in 
Similarly to a previouB case diiierentiatinij; eq.(7) with reapeot 
to i and then putting •£ =j? yielde the Oveiannikov equation 

The Lie equation here reads 

M 
where 

However a more convenient I'orm of the Lie equation is 

*£ -л / / г ( / А - Vr(?(*,i>J. "•> 
Prom eqj(10) one reedily realizes that the functions jfr , V̂  and 
¥p coincide in the J( -scheme and are diiTerent in the A-scheme 
beginning Ггош the two-loop level* Dow let us generalize the abo­
ve reeults to the multi-charge case, taking the theory with two 
coupling constants as an example* Let the invariant charj.es 

_ _ ^ A ^ , V and 1 / i tf.A/be normalized by ]ffttftU= Чч('3*^)» 
Ь(1,рЧ=Уи(ч%11. Then the relatione 

determine normalized runctlot.a £ (X q Uj an I sb(& 9, I»J 

The invariant charges Q and f| satisi'y the Oveiannikov equations 

7 

http://charj.es


and the Lie equations 

* h t/*.?' kJ~fi &'•!•u> r / V- ^ • (12) 

w h e r e ,• , , 

The runotione f and В are related by 

The imictions J and |i satisfy the equation (11) while in aq,(12) 
lor theae functions one must replace -fl / I by So &t, 
Let us WTite now the two-oharge equations ior a certain Oreen 
function ffx^/./normalized ЬУ Г/J, 9, ^)-pf§i Ц The Ovsianni-

kov equation reads 

- tJ*.L)2- +/J*.L /ir/x 0 Z/WJ 
(14) (*Ъ -?/?• L% -ь(ь L&+r4 Ф6;. ti-°-

The Lie equation may be written in two different forms, 

where %^l'-Sr&>rf4.k)Ld 
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IIIi__Oomgariaon_or_dii£erant_reTjoroalization_gchemeBi 

So far,we have dealt only with the Green functioas of the 
same renormaliaation schema. iVa shall now investigate the con­
nection between the different approaches» Namely le t us compare 
the X -scheme with some M-scheme. 

/ .2 
Making the re-subtractions at the point / in the Green func­

tion r(^~it!fj • according to the R-operation, we obtain^ 
through the finite renorcalization, the Green function of ^-scheme, 

fl(-Tii3/ • I h e subscript X emphasizes the difference between 
the functional forme of /"'and/J in addition to the change of their 
I'iret arguments. Consequently, 

where О and 2 can be expressed uniquely in terms of 9 , y and \ . 
For the invariant charge we have 

The connection between the functions of two schemes ia explicit ly 
given by 

Jha)-T*(*>rill> rkjj-РШ(*. 9fyl 
How one can write down the Lie equations in both schemes and see 
that they are identical , i . e . , t he functions -f and i^ldo not vary 
from one scheme to another. This i s valid for the multi-oharge 
саво as well. Taking into account the coincidence of В and -f 
(as well as of J^and Tf ) in the /| -scheme we can ca l l the iorrau-
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lao of the type (u), (10) "conversion formulas". These formulae 
uonneut the renorwaliaation tjroup functions of the Ovniannikov 
equation obtained with the иве of different renormalization pres­
criptions. Kote in this connection that the form (9a) of lie equ-
ution iius the advantage of exoluding the ncnolization function 
9(9/Ггоы the definition of Уг(Я) • Therefore the momentum depen­
dence oi the invariant charge 7Г 1в of no importance for studying 
tho aB,vr,iptotic behaviour of the siven Green funotion. It should 
ue noted that \{*Л) varies from one scheme to another, so that 
•iltliou,:li beinu tne normalised function, it does not coincide with 
the normalized invariant charge of the A -ocheme. Hence the func­
tion ^ Л/iepends on the renormalization prescriptions used, while 

V£(<?/does not. However the calculation of the latter function 
is more complicated. 

Apart АГО!» the conversion formulas presented above one can 
obtain the relations between two difierent M -schemes, for instan­
ce between 't liooft'a scheme and the /|-cut-off method, borne of 
theue .ormulas are ^Lven below: 

where 0 is to be determined from t?/,{9*J'=f/i(s}/- Analo/jous 
relations are established in paper ' '. 

The formulas of such a type may be applied also to the asymp­
totic form of the Oallan-Symanzik equations ' b ' . These equations 
are independent of renormalization (jroup equations "' and ие1опц 
to the class of И -schemes. At first si(Sht there is no distlnc-
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tion between the asymptotic Callan-Symanzik equations and the 
Oveiannikov ones. But It should not be forgotten that tnese two 
kinde oi equations are Batisi'ied by the different Green i'unotions. 
Indeed, in the Callan-Symanzik approach we do not use the dimen­
sional parameter euch ав 't Hooft's "unit oi' mass" M or the 
suDtraction point 1 , во that an argument X here means £. . 

The asymptotic iorm o1' the Oallan-Symanzik equations 1в ыввос!-
ated with / K ' / ^ W * . The corresponding conversion formula o. ty­
pe (6) was derived by Adler ' 1 0'. However in »t liooit's echeme 
there exist no equations which are independent oi «normalization 
group ones во, in fact, the Oallan-Symanzik equations become an 
identity. 

Using the described technique one can derive the conversion 
formulas for any given theory. In the ргевс. of ^auge fieldB 
we must renormalize all gauge parameters ae well. It results in 
the occurence of new equations with extra renormalization group 
functions. Clearly one can try to employ the conversion formulas 
to remove the discrepancies in many-loop calculations in the dif­
ferent papers. 

The calculations carried out in ' '' may be regarded as an 
illustration of such a case. In that paper the model *f in six di­
mensions was treated and the two-loop expression of the remormali-
zatlona of propagators was obtained both in 't Hooft's and in /I -
-scheme. Ueing the conversion formula (10) one can easily check 
the consistency of. these results. 

The following fact should be noted. In the X -scheme the eubt-
raction point X depends on the ratios of external momenta. It iB 
a direct consequence of normalizability of the invariant charges 
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and the Green functions. Hence the В -functions of the rf -scheme 
and the -f -^unction 01 the Lie equation in all renornalization 
acliemeD have HIBO such a dependence. Conversely, 't Hooft's "unit 

.4 
о] таен" H and l'eynman cut-off /| have no dependence on the 
ratioc of external momenta. Therefore such a dependence does not 
enter into the Ovsiannikov equations in these schemes so that the­
ir xenormalization yroup functions' are simpler to evaluate than 
ttie 1'unotioiiB of the universal Lie equation. 

IVj Seneral_£r^Bcrigtlon_for_oarriing_out_the_TOn 

In the auove sectiono we have obtained the conversion formulas 
which connect different renormalization approaches. One of the im­
portant properties of these formulas is that we need only the lo-
кег-order information on the normalization functions to reconstruct 
a certain renormalization group function in any given order of per­
turbation theory. Therefore when beginning the calculations in the 
next order we can uee the most convenient method, namely 't Hooft's 
scheme, that ie due to its numerous remarkable features. Атопц 

these there ia, first ol all, an explicit gauge invariance of this 
/12/ 

scheme ' '.Another important property of this approach is the fol­
lowing! all renormalization group functions of the Ovsiannikov 
equations appear to be independent of the ratios of external mo­
menta ' • ', that allows us to put some of the external momenta 
equal to zero. It should be noted that it is only 't Hooft's sche­
me that enables us to make such a simplification without changing 
the results. 
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i?hen the OvHiannikov equations obtained witti tne help o* 
*t ilooi't'a technique are to be solved, bairn; the norual-iEatioi. 
conditions one can represent the solutions o.' tnose equations: 
either as a perturbative Beries in the elective coupling cons­
tants ' ' or in the closed form '•>•'«. However the most conveni­
ent form 01' renorraalization ^roup equations seeme to bo the Lie 
form, so it is attractive to proceed in the followin.; way. 
Starting from the Oveiannikov equations obtained up to a ,:iven 
order and usiuij the normalization ^unctions (calculated up to a 
previous order for the particular momentum dependence of tne 
Green function under consideration) one rinds the Lie equations 
in the вате order of perturbation theory. As it пав been noticed 
in Seo.3, the equations (9) nnd (15) are valid lor an arbitrary 
renormalization scheme, because the function Vi> does not vary 
from one scheme to another. For instance, one can solve these 
equations in the frame of /| -Bcheme, which is attractive due to 
triviality of the normalization conditions. However to simplify 
the calculations one can choose to work with the equations in 
the form (Уа), (15a) that implieB to deal with 't Hooft's scheme. 
In a subsequent paper the described methods will be applied to 
the two-loop calculations. 
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