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I. . Introduction

Different renormalization approaches are used in gquantum
rield theory :'or the perturbation theory calculations. All thene
approaches are certainly equivalent, providing the same values o.
the obeervable quantities. However at the intermediate stave o.
the calculations a certnin dependence an the renormalization
scheme does exiet, in particular, in the case o: renarmalization
group Iunctione (anomalous dimensions and Qell-liann-~Low tunctiona).
It is ol interest to sind out the explicit foru oi thie dependen-
ce and derive the relations, connectin;; the parameters o1 renor-
malization group equations in diiferent schemes.

Thig ie made in Secs. II and III ot the present paper. Then,
in Sec. IV the advantages oi' the renormalization ascheme proposed
by 't Hoos't Al im brierly discussed and the most convenient way
to periorm the renormalization group calculations is pointed out.

It should be noted that only the asyuptotic iorm oi renorma-
lization group equations is or interest in this paper, mo that
all magsen can be put equal to zero rrom the very beginning. The
legitimacy or this step i not obvious even 1or all momenta ten-
ding to inl'inity /2/. However the calculations in eny given order
o1 perturbation theory cannot rorbid it,while tnere exisgt an examp-
le (asymptotically iree theories) where thim atep im Justified,
So that one can expect the relations derived below are applicab~-
le to a suisiciently large claps or theoriem.

I am grateirul to D.V. Shirkov for interest in this work and

atimulating criticisn.
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runctions and _invariant chariess

In this section we consider the Graen functions r(-k—:,g/
caleulated with all manees put equal %o zerc and normalized by the
condition /"/-"1:,0/=1 when the radiative corrections are absent.
All independent momentum arguments of r are apsumed to be propor=
ional to K:with the coelficlents implicitly included into the
desinition oy /— « The dimensional parameter /v!ohaructarizes the
subtraction procedurs. de phall call tne ranormalization scheme
vhe /\ ~-scheme, il' the condition

A '/_-t, (7 / =17 (1)
is obeyed. In this case the function / is written ae /‘/}‘%i,qq/ ,
mince the parameter /1l ig here identical with the subtraction
point ,{z « I the Green functions are not normalized and /‘/f,j/-'-'
:/J(g):#_z then it will be theﬂ-achema. The iollowing schemes
belon; to thig clawa: i) 't Hoort's renormalization approach, he-
e M being the "unit of masse"; 1i) the Feymnan cut-01T, where
/11 ie Azor, ror instance, 1ii) the rollowing subtraction procedu-
re: the subtvaction points ,{: are proportional to /\z ,,)Z=ﬂ‘,ﬁ the
external moments K;® equal £:k*y but a(.;!;..

Consider the derivation of renormalization group equations
in the/‘(-scheme. All required relations can be obtained from the

condition of the multiplicative renormslization or Green runcti-

F5 )=z qaifss). o

In the case ol invarisnt charges we have

ons:



— 2 — K‘ 1
(% 4)= 547»J/~
The normalization condition is y’(_‘{"?l= ?/‘79/» where ?/5/:0"
only in the /\ ~gohemes We iind from (2) .
—_Ia" e o7 (L
of)=g(g) 477 ‘;7// 2
Using the notation X=£; R f =/~z

equation of renormaligation group

F(E | (4 9)
x,9)=3(% G Y
y/'ﬂ Jle: 74 '3/ (3)
Diiferentiating eq. {3) with reepect to 15' and then putting; t=4
results in the difterential equation of Oveiannikov type/ 3405/

(x2% -4 &) qlng) =2

where ﬁ/a/%(zl - V/j/ = oozaf,g//x:j
It is easy to show that /8/;/= a—g'i—r/f rixed, Congequently

the Gell-Mann-Low function ﬁ/j/ determines the change \.1'3 under

renormalization group trenarormations.

we obtain the functional

(4)

Dirferentiating eq.{3) with regpect to X and pviting then
-£=X yields the dirferential equation in the Lie tomm /4,54
P 7 /A /

X2 Tl g)=F(30g), o
where 7(/7/5//-_—. y’/;/ « On account or the normalization con~
dition on 9'the eqne.(4) and (5) are equivalent. liowever the I'unce
tions F and f are identical only in the /{ -acheme. Utnerwige
we can expand both gides ot the equality

dz(z[
7{/?/;// - /B/;/ dj

(6)



Lln powers of Q and find that two riret terms ol‘p and f coincide
while the higher terms are generally difierent. Indeed, it is
easy to realize that an expansion oi‘/B and f beging with the or-
der o3 (?zwhne that of ¢ bepine with the order 01‘3.
Thug IB{J/= ay‘+ fj’+cg°+... ,
7[/(7/—‘- ‘?_31 *Z?’+Ea*+... |
9g)= 9+ Agi+Bgle.. »
‘Then eq.{6) to @ -order looke as follu-wa. e
b‘(g’u,qa’ +289%+ %"/ + § (3° +3ag*)+E§’=
= aaz+/1,4¢ + f/g) +(2;4€ +3a28 +c”£¢ .
Hence it immediatelylollows that )
a=a , €= g, c=¢ +ao4’+a3'_l'4~
So one can obgerve that in a single-charge theory a certain can-
cellation takes place in the tiwo-loop approximation, which re-
sulte in e=i- The cancellations of such a type have been
rirgt indicated in paper /6/- Note that one can reconstruct fout
oi‘ﬂ in any given order ol perturbatiocn theory using the functi-
on 7/3/calculatad up to a previous order.
It appeare to be convenient to introduce an "erfective co-
upling ccnagtant® 2/ ?(X,3/=7.1/ifl,a/. which obeys the norma-

lization condition ¥ /1, g /=<? and the equations of the Lis and
Ovsiannikov types

(2 -#)2fibg)-o o Zeshg) - A6,
Recall the relation (2) for Green's functlong /—/de/ . We use

the normalization condition /—'[1' y/:—ﬂ(j/ to obtain the runc-
tional equation ror /7 X, 2/



" rlnglpbgl = g IrE 3, 2l )

Similarly to a previous case diirierentiatini eq.(7) with respeot

to ¢ and then putting ¥ =7 yields the Oveiannikov equatio:

(3% ~#GJ35 cr)ring) o,
R OR TN T T

()

2
The Lie equation here reads

Xr?r 4 fﬁ,;/= - V;/f/}.;// ,

(4

blla) - %3] = )56/ L5LD

However a more convenient rorm or the Lie equation is

X,%—fuf/x.j/= - ?",:/f/xty// (va)

From eq{10) one rasdily realizes that the functione X,., Y/ and

where

‘_f’; coincide in the J -scheme and are dirferent in the/f—acheme

beginning i'rom the two-loop level. Now let us generalize the sbo-

ve results to the multie-char;e case, taking the theory with two

coupling constants as an example., lLet the invariant char_es

_{7/)(, ‘1.} and I/X' ,L/be normalized by —/1, ,A/= 7 (', /-/,
hﬁ,;.‘§=ﬂ /;,L/. Then {he relations §td 1

Tlig. ) = 95 (gtl, ulvg i)
Blngin) = (50,0, 5ulng, b/

determine normalized runctiora E (’.j: I./ ant ;L/XA;, /-/

ij/‘:{rf'l‘)_;j , Ph {1,‘?, W=k

The invariant chargesg—and F patielr'y the Oveiannikov equations
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1) :
("1 Fa/j ‘/ /34(7./-/:“, /[1;/{; iy, (11)

ond the Lie equations

X2 g‘/x,g,L/ = /g‘rﬁ,g%/. Z/X,g,a//,
x"’fI/)}; W = (36.9.4), iy A// (12)
where _g;éb__//g/il/ %}él/ j[{L_//Xd’
’35’4‘/ /f‘/"" '?Mé/»Z "(74/ '31-4?, /_

The Lunctions # and ﬁ are related by

Al gl alph) = B e bpg),
Rl )= M— b+ Bl 0

fhe runctions } and 3,. aatisfy the equation (11) while in eq.(12)
tor thesa 1uncticms one must replace -fé #,, by ﬁj EBn .
Let us write now the two-charge equations ior a certain Green
tunction rA”gyl./nommlizad by ['K‘{,;, A/=/’¢, M The Oveianni-

kKov equation reads

(6B o i~ Ay * F A g. =0
The Lie equation may be written in two different iorms,

K2 larbogh) = - Y (39,0, Tlog 4

" (14)

(15)
o — 7
X Zul"ﬂ,j, L= - 9‘,’-@/&;, Y ?l./&j./-//!, (158)
where Tg/j‘[‘/g _r‘%—&/’/&;,l./ﬂu and



¥ /7J(j.L/, n(;,:.}/: W (3.4 =
=);'/j,l-/’f(7/j.l1 Lﬂ;&ﬂ —/gl‘/j'/'/_."’zﬁg/;z./-/. )

II11.__Comparison ot diilerent renormalization schemes.

So tar,we havae dealt only with the Green tfunctions or the
same renormalization echeme. We shall now investlgate the oon=-
negtion between the difterent approaches. Namely let us coupare
the A -acheme with some/-iaacheme.

Making tha re-gubtractiong at the point /{ in the Green func-
tion /"/—;,i/ » according to the R-operation, we obtain,
through the finite renormalization, the Green I'unction orl-echeme.

['{[A” j The subgcript A emphasizes the dii'terence between
the functional f'orme of fand /j‘ in addition to the change or their
rirst arguments. Congequently,

, r / 5.9)=2 nea »J /.
wherei and Z can bo expreased uniquely in terms o1f /ﬂmd ,{
For the invariant charo,e we have _ .
Tl58)=01(% 4.

The connection batween the tunctions of two schemee is explicitly

Tl,g)=Fi (. o6a) s rg)=pGJIT (% 903)).

Now one can write down the Lie equations in both schemes and msee

given by

that they are identieal, i.e.,the runctions fmd %do not vary
from one peheme to another. This is valid ror the multi-oharge
casd as well. Taking into account the coincidence of ﬂ and -f

(ag well as of J,/.and % ) in the ,l -gcheme we can call the rormu-
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lag ot the type (v}, (10) “conversion formulas". Theee tormulas
connect the renorialization group tunctiona ot the Ovmiamnikov
equation obtained with the use o different renormalization pres-
criptiona. Note in this connection that the form (Ya) ot Lie equ~
ation iius the advantage or excluding the nc-wmalization I'unotion
q[g}rrum the deiinition or i;’;{g/ . Therel'ore the momentum depen-
dence ol the ilnvariant charge 9‘15 of no importance ior sudyling
the asymptotic behaviour of the jiven Green runction. It should
ue noted that E(X#) varies trom one scheme to dneother, so that
ndthoush being tne norualiged runction, it does not coincide with
tiie normalized inveriant charyge ol the A -pcheme. Hence the [func-
tion t;’,:/ﬂclepemla on the renormalization prescriptions ueed, while
lf’;-/g) does not. However the calculation of the latter iunction
is more complicated.
Apart .ruom the conversion i1ormulas presented avove one can
obtain the relations between two dir'.erent/w -schemes, r'or instan~

L 2 \ .
ce beuveen 't liool't's scheme and the A-cut-on’ mechod. Some o1

thege .ormulpp ure ~iven Lelow:

PR e A A
I AT

where 3 is to bte determined irem Q//j'jﬂﬁ/g/ Analogous

relations are estaolished in papor

The rormulas of guch a type may be applied alpv to the mgymp-
totic rorm of the Callan-Symanzik equations /a/. These equationg
are independent or renormalization jroup equations /97 and uelong

to the claes ofﬂ-schemea. At liret sight there ig no distine~



tion between ihe aeymptotic Callan-Symansik equations and the
Oveiannikov onea. But 1t should not be sorgotten that tnese two
kinde oi equations are satisried by the diiverent Green lunctions.
Indeed, in the Callan-Symenzik approach we do not uge the diumen-
sional parameter puch as 't Hoott's "unit ol maams" /4 or the
suctraction point ,{z , 80 that an argunent X here means ‘_""_: .
The asymptotic iorm of the Callan-Symanzik equations ip usmoci-
ated with /x’/» m. The corresponding conversion lormula o. ty-
pe (6) was derived by Adler 710/ yowever in 't licolt's echeme
there exist no equations which are- independent of renormalization
grToup ones 80, in fact, the Callan-Symanzik equat.iona vecume an
identity. '

Using the described technique one can derive the conversion
formulas for any given theory. In the press. oi sauge lields
we must renormalize all gauge parameters as well. It results in
the occurence of new equations with extra renormalization group
functions. Clearly one can try to employ the conversion formulas
to remove the discrepancies in many=-loop calculatione in the dit-
ferent papers.

The calculations carried out in /1?/ may be regarded as an
illustration oi such a caepe. In that paper the model V’in pix di-
nengions was treated and the two-loop expression of the remormali-
zatlona of propagators was-obtained both in 't Hoort's and in J -

~scheme. Using the conversion tormula (10) one can easily check
the consistency oy these results.

The tollowing fact should be noted. In the A ~-scheme the subi~
raction point ,{z depends on the ratios o external momenta. It is

a direct consequence of normaligability ou the invariant charges




and the Green lunctions. Hence the IB -functions of the ,{ -gcheme
and the 7C ~sunction oy the Lie equation in all rn@nomalization
schenes have also such a dependence. Converpely, 't Hooft's "unit
oy maes® /l and leynman cut=-offl /12 have no dependence on the
retios of external momente. Therelore such a dependence does not
enter into the Oveianuikov equations in these achemes 3¢ that the-
ir yxenormalization group lunctions are simpler to evaluate then

the tunctions of the universal Lie equation,

tion_group_computations.

In the avove Bections we have obtained the conversion formulas
which connect diflerent renormalization approachea. One or the im-
portant properties of these I'ormulas is that we need only the lo-
wer-order intormation on the normalization functions to reconstruct
a certain renormalization group runction in any given order of per-
turbation theory. Thererore when beginning the calculatione in the
next order we can use the most convenient method, namely 't Hoort'a
scheme, that ig due tc its numerous remarkable 1eatures. Among
thege there is, Ll'irst o1 all, an explicit gauge invariance of this
scheme hz,.Another important property of this approsch ig the .ol-
lowing: all rencrmalization group functions or the Oveiannikov

equations appear to be independunt of the ratios of external mo-~

wenta / 7‘12/, that allowe us to put some of the external momenta

equal to zero. It should be noted that it is only 't Hooft's sche-

me that enables us to make guch a simplirication without changing
the results.

e v i S R A S



Then the Oveimnnikov equations obtained witu tue ielp o.
't iloost's technique are to be golved. Lsiiy; the norualization
conditions one can represent the polutions o. tnese equations
either as a perturbative series in the e:.ective couplin: cuns=
tants e/ or in the closed Jorm /3'4/. However the most conveni-
ent iorm ol renormalization group equations seenie to Le the ile
form, go it ig attraciive to proceed in the Lollowin; way.
Starting irom the Oveiannikov equationsg obtained up to a  iven
order and using the normalization iunctious (calculated up to a
previous order r'or the particular momentum dependence o.' tae
Green iunction under consideration) one iinds the Lie equations
in the same order of perturbation theory. As it nas veen noticed
in Seo.3, the equatione (9) nnd (15) are valid Jor au arbitrary
renormalization scheme, because the sunction 9?- Jdoes not vary
from one scheme to another. For instance, one can solve these
equations in the irame ol A ~gcheme, which is attractive due to
triviality or' the normalization conditions. However to simplity
the valculations one can -choose to work with the equations in
the rorm (Ya), (15a) that implies to deal with 't Hoort's scheue.
In a subsequent paper the described metnods will be applied to

the twao-loop calculationg.
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