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A b s t r a c t

M o d e l s  for h a d r o n - n u c l e u s  s c a t t e r i n g  at i n t e r ­
m e d i a t e  and hi g h  e n e r g i e s  are shown to de p e n d  s e n s i t i v e l y  on the 
m u t u a l  c o m p a t i b i l i t y  of the b a s i c  a p p r o x i m a t i o n s  such as non-l o c a l  
interactions, f ixed scatterers, and estimai amplitudes.

For h a d r o n - n u c l e u s  sca t t e r i n g  a t  i n t e r m e d i a t e  
and h i g h  e n e r g i e s  m o s t  r e a l i s t i c  m o d e l s  are b a s e d  on a few b asic 
a p p r o x i m a t i o n s  w h i c h  I wi l l  b r i e f l y  o u t l i n e  in P a r t  I, together 
wi t h  some r e l a t i o n s  a mong them. One now u n d e r s t a n d s  these a p p r o x i ­
m a t i o n s  s u f f i c i e n t l y  w e l l  (basic ideas, d o m a i n s  of validity, etc...) 
so as to be a b l e  to study their m u t u a l  c ompatibility. The results 
of such s t u dies are s o m e t i m e s  s u r p r i s i n g  : some c o m m o n l y  emp l o y e d  
models are based on m u t u a l l y  i n c o m p a t i b l e  a p p r o x i m a t i o n s  w h e r e a s  
oth e r s  involve several a p p r o x i m a t i o n s  w h i c h  to g e t h e r  are better 
than any one t a ken alone, as w e  shall see in Pa r t  II.

The c o n s e q u e n c e s  in p r a c t i c a l  c a l c u l a t i o n s  can 
be rather dramatic, and p r o v i d e  some a m u s i n g  g u i d e l i n e s  for m o d e l  . 
b u i l d e r s  who. w i s h  to t r a n s c e n d  the f o l k l o r e  of s c a t t e r i n g  theory.

Part I. A P P R O X I M A T I O N S  S C H EMES

Deta i l s  of the a p p r o x i m a t i o n s  v e r y  b r i e f l y  
o u t l i n e d  here m a y  be found t h r o u g h o u t  the scattering theory l i t e r a ­
ture ; their m u t u a l  r e l a t i o n s h i p s  are less often considered.

I . B o r n  a p p r o x i m a t i o n

If one iterates the L i p p m a n n - S c h w i n g e r  (L-S)
equ a t i o n

T = V  + V  G 0 T (1)

= V  + V G 0 V  +... (V G 0 )nV  +...

one o b t a i n s  a p o w e r  series in the c o u p l i n g  c o n s t a n t  V  = XV. The 
first t e r m  of this series is the real, n o n - u n i t a r y  Born ampli t u d e
T b =V. The B o r n  series has the f o l l o w i n g  w e l l  k n o w n  p r o p e r t i e s  d )

i) lim T ■+ V  = T B
E - * o o

ii) lim T V
X •+0

iii) T c ontains p o l e s  (in E) at b o und states and 
r e s o n a n c e s  ; at these e n ergies the series 
d i v e r g e s .



The latter dif f i c u l t y  m a y  be o v ercome by the 
the intr o d u c t i o n  of q u a s i p a r t i c l e s  b a s e d  on the A b s p a l t u n g s v e r f a h r e n  
(separation process) w h e r e b y  the kernel of the L-S e quation
is a p p r o x i m a t e d  by a s e p a r a b l e  term

V G 0 = K(x,y) = P(x,y)

v- (2)P(x,y) = X) gn (x) gn (y) 
n

w h e r e  the g n are (optimally) chosen to be e i g e n f u n c t i o n s  of the 
kernel. By such m e t h o d s  a "reduced" poten t i a l  m a y  be cal c u l a t e d  
for w h i c h  the Born series wi l l  be convergent.

F r e q u e n t l y  one simply takes a single separable 
term for the ke r n e l  (or potential) for the p r a c t i c a l  re a s o n  that 
the L-S e q u a t i o n  is then r e d u c e d  to one d i m e n s i o n  and therefore is 
solu b l e  in c l o s e d  form. T h e  physical c o n s e q u e n c e s  of such an a p p r o ­
x i m a t i o n  are never negligible.

For s c a ttering problems, a con v e n i e n t  (but rough) 
c r i t e r i a  for the c o n v e r g e n c e  of the B o r n  series is given (3) j_n 
terms of the p o t e n t i a l  V, the v e l o c i t y  v, and a, a length c h a r a c t e ­
ristic of the range of the potential by

V a 
ft v

<< 1 . (3)

I I . S e m i c l a s s i c a l  (WKB) a p p r o x i m a t i o n

The "semiclassical" as p e c t  of  this a p p r o x i m a t i o n  
comes from the fact that the w a v e f u n c t i o n  is e x p r e s s e d  in powers 
of ft and thus the zeroth o r der term is i n d e p e n d e n t  of. P l anck's 
constant. W e  m a y  express the S c h r ö d i n g e r  w a v e  function

-  S (x,t) 
ft

JiS _ _1_ 

3 t 2m
(VS) 2 + -  V 2S

ft

i
+ V

(4)

(5)

Under the ass u m p t i o n  that S is slowly v a r y i n g  (V2S<<|VS|), one 
o b t a i n s  the H a m i l t o n - J a c o b i  equations of c l a s s i c a l  mecha n i c s  from 
the expan s i o n  in ft :

S = S q  + — S i  + ^ ^ S 2 + . . .

(h) 0 . M o  + 1 -  (vSo) 2 + V  = 0 
2t 2m



(ft)i : i§i- _ A  (VSo.VSj + -  V 2 S o ) = 0
3 1 m  2

e t c ...

In one d i m e n s i o n  we obtain

S 0 (x) = t J  dx ' V l  2m  E-V (x) ]

A rough c r i t e r i a  for the c o n v e r g e n c e  ^  is g i v e n  b y  ^ > > 1 .  For

ex a mple the n e c e s s a r y  c o n d i t i o n  ka>>l for sm o o t h  p o t e n t i a l s  is 
o b v i o u s l y  s a t i s f i e d  for the typical h e a v y  ion r e a c t i o n s  at
50 M e V  or a+ ^ ^ N i  at 150MeV w h e r e  .2 fm.

III. E i k onal a p p r o x i m a t i o n

The eikonal a p p r o x i m a t i o n  in c l a s s i c a l  optics 
c o n s i s t s  in a s s u m i n g  the p h ase of a b e a m  to be m o d i f i e d  in t r a v e r s i n g
a m e d i u m  of i n dex n(z) a long a s t r a i g h t - l i n e  t r a j e c t o r y

V Ä  exp[ ikz + x J

X ^  J  dz[ n ( z) - 1 ]

( 3 )
The G l a u b e r - M o l i è r e  a p p r o x i m a t i o n  to the

S c h r ö d i n g e r  e q u a t i o n  is o b t a i n e d  b y  a s s u m i n g  the wa v e  fun c t i o n  to
vary s l o w l y  r e l a t i v e  to a p l a n e  wave :

V(r) = e ^ ’r <t>(r)

2 . (8)

V z + -----V I Ÿ = 0
2m  2m

Under the s u f fi c ie n t but  not n e ce s sa r y c o nditions

-  << 1 ka << 1 0 2ka << 1 (9)
E

one obta i ns  the f a miliar e xp r essions in terms of the impact p a r a ­
m e t er  b :



ip  ̂ exo i  {k .r  + x̂
Î r 00 (10)

X = ~ —  / V ( b 2 + z 2)dz
4k J

f (q) == Ü S  f  d >b e ^ - b [ e 21x - 1]

2 it J

In this a p p r o x i m a t i o n  the c o n v e r g e n c e  p a r a m e t e r  V a / h v  is not c o n s ­
trained. One sees that in the case of i n t e r m e d i a t e  energy p r o t o n -  
h a d r o n  scattering, the c o n d i t i o n  ka<<l is s a t i s f i e d  since R ^ A ^ / ^ f m  
and A = 0 . 2 p - 1  fm (with p in G e V / c ) . For e x t r e m e  values of the c o n ­
v e r g e n c e  parameter, the average v a l u e  of the angle b e h a v e s  as in 
the case of the W K B  or Bo r n  a p p r o x i m a t i o n s  :

—  < < i  < 0 >  «V,

ftv

—  >> 1 < 0> ^ o
hv

( ± )  ( ^ )0  \ /ka /  Bo r n  : < 0> ^ 0 \ k a  /

( J E )  M
\ 1 E  / WKB : < 0 > ' v O \ E /

A  mo r e  s y s t e m a t i c  a p p r o a c h  for o b t a i n i n g  the 
e i k onal a m p l i t u d e  c o nsists in e x p a n d i n g  (linearizing) the free 
G r e en's fun c t i o n  a b o u t  a p r e f e r r e d  d i r e c t i o n  k.̂  (usually the a v e r a ­
ge of initial and final directions) :

P = Pi + (P “ k±)

-l -i (11) 
Go = (2m) [ k z+ p 2+iS]

= m  1 [k - k i .p + i^] + (2m) 1 (p-k.. )

s» 0

To lc-'v 3s t order, the G r e en's f u n c t i o n  m a n i f e s t s  s t r a i g h t - l i n e  p r o ­
p a g a t i o n  w i t h  c o n s t a n t  impact p a r a m e t e r  :

G. = —  S (2) ( b - b . ) 0 ( z - z ' ) e lk Z , (12)
1 k 1

w h e r e  r = (b,z ) .

, 4 , S y s t e m a t i c  c o r r e c t i o n s  m a y  be applied to this 
a p p r o x i m a t i f " , w h e r e  the p e r t u r b a t i o n  p a r a m e t e r  is V/E. One 
may l i k e w i s e  include e f f ects due to F e rmi motion, target n u c l e o n  
overlap, and n o n - e i k o n a l  p r o p a g a t i o n  b e t w e e n  m u l t i p l e  scatterings. 
Such c o r r e c t i o n s  turn out to be of s i g i n f i c a n t  importance at 
i n t e r m e d i a t e  ene r g i e s  ($) m



R e l a t i v i s t i c  Eikonal

W e  m e r e l y  m e n t i o n  he r e  that similar eikonal 
m e t h o d s  in r e l a t i v i s t i c  q u a n t u m  field t h e o r y  (4) give models w i t h  
ana l y t i c  amp l i t u d e s  r e p r e s e n t i n g  the s u m  of an i n finite class of 
ladder diagrams, e.q. for the exc h a n g e  of spin 0 p a r t i c l e s  of 
mass y and c oupling A ,

T = 2i s f d 2b e-1^ * ^  (el 6° -1)

r  _  _  <1 3 >

5o = JL f  e-i<3 'b -il—
2s (2tt) 2 q 2+ y 2

or for the e x c h a n g e  of a R e g g e  p o l e  w i t h  the t r a j e c t o r y  functions
a, Y :

iô,
T = 2is J  d 2b e (e R -1)

= 1 _ e -ig.b y(.q î ) s a(-q)
(14)

6R
2s ^ (2TT)

I V . DWBI : D i s t o r t e d  wave Born a p p r o x i m a t i o n

E i k o n a l  m e t h o d s  p r o v i d e  an i n t e r e s t i n g  a n a l o g y  
b e t w e e n  r e l a t i v i s t i c  c a l c u l a t i o n s  i n v o l v i n g  r a d i a t i v e  c o r r e c t i o n s  
(or soft pions) and the D W B A  f amiliar f r o m  n u c l e a r  physics.

T he Born series, d i a g r a m m a t i c a l l y  r e p r e s e n t e d
by

i-----  — I— ï—  " T
t ï » j
J • +  * • 4 — * 4 - ~  ï
■ * • •

J____  - 1 -1___ -L

T— i T
« » »
! » ».

i t ; 4"  » i ï t...
V<raV

11 A
y  <0

m a y  be m o d i f i e d  to employ, i n s t e a d  of p l a n e  waves, i n teracting w a v e  
funct i o n s  in the i n i t i a l  or final state

r e v- T f

In r e l a t i v i s t i c  c a l c u l a t i o n s  for strong i n t e r ­
a c t i o n s  a "hard" i n t e r a c t i o n  m a y  be m o d i f i e d  by "soft" m e s o n
e m i s s i o n  and a b s o r p t i o n



The p r o p a g a t o r s  m a y  be l i n e a r i z e d  as in E q . (11) 
to e x p r e s s  the fact th a t  their d o m i n a n t  c o n t r i b u t i o n  comes from 
e x c h a n g e d  m o m e n t a  small c o m p a r e d  w i t h  that of the initial and final 
p a r ticles. In the r e s u l t i n g  amplitude, the h a r d  interaction, e.q. 
for s c a l a r  e x c h a n g e

T (h) __________ À 2
k 2-y z+ i €

is m o d i f i e d  for n soft e x c h a n g e s

m n+l = f  d ' x  e ' l q - x T < h ) (x) -ÜX i?
J  n!

= £  Tn+1 = f  d ' x  e ' 1? ' *  T (h) (x) e 1*T

n=ü
(15)

X 2 f  d ‘*k e i k -X 

(2tt) 4 J  k 2- y 2+ie

( 6 )
Va r i o u s  m e t h o d s  have b e e n  e m p l o y e d  to c a l ­

culate such a m p l i t u d e s  : i) f u n c t i o n a l  m e t h o d s  ^.barbanel and
Itzykson, ii) i nfinite m o m e n t u m  m e t h o d s  (Cheng, Ma, Chang, Wu) 
and iii) F e y n m a n  p r o p a g a t o r  p e r t u r b a t i o n s  (Lévy and S u c h e r ) .

R e l a t i o n s  a mong a p p r o x i m a t i o n s

1 • E i k o n a l - W K B  (Semiclassical)

A t  h i g h  e n e r g i e s  are m a y  e x p a n d  the W K B  and 
ei k onal p h a s e  functions u s i n g  the p a r a m e t e r

G 5
kv

t

(k is the w a v e  number, v the velocity, V(r) = V o U ( r ) )



CO

W K B  : XW (b ) = k J  dz { [ l-2m V / k z]-1} (16)

I
0  

CO

= H  xn <b)

= k J  dz [-2 £  U - £ 2 U 2+ . . .]

0

n=0

E i k o n a l  X E (b) = E x J ( b )  (.17)
n

X o ( b )  = - —  I  dz V(r) = -2 k G  / dz U(r)= - -  j  dz V(r) =

-oo 0

The two series m a y  be s u b s e q u e n t l y  r e l a t e d  by 
m a t c h i n g  p o w e r s  of Vo and k :

E _ W
Xo = 2xu

E - W  
Xi = 2Xi

E _ W  b r W, 2
X 2 = 2X j ------ [ X o 1

2 3 k 2
e t c .

(18)

It is seen t h a t  at v e r y  h i g h  e n e r g i e s  the W K B  
a m p l i t u d e  r e d u c e s  to the lowest order e i k o n a l  term ; b o t h  g i v e  the 
B o r n  t e r m  in the l imit E-*-°°. (In some r e l a t i v i s t i c  m o d e l s  this m a y  
not be true ) .

I I . E i k o n a l - p a r t i a l  w a v e

( 3 )
A n  i n t u i t i v e  w a y  to see the p a s s a g e  fr o m

the d i s c r e e t  sum of p a r t i a l  w a ves to the c o n t i n u u m  i n t e g r a l  over 
the im p a c t  p a r a m e t e r  is the f o l l o w i n g  : in the s c a t t e r i n g  a m p l i t u d e

1 X — ' £
f (q) = ---- (2&+1) [e  -1] ? £ ( cos 0)



we take the limit p-*», I -*■<», A£/£+0 and i n t r o d u c e  the impact 
p a r a m e t e r  p hase fu n c t i o n

kb = I + -  ?x(b)

to o b t a i n

f(q) 33 -ik J  db [ e 2ix - 1 ] P k b - _1 (cos0)

^  ik J '  b db [ e 2"^ -l] Jo (2kb  sin 6/ 2)
2 (20)

S u c h  r e p r e s e n t a t i o n s  are f r e quently use f u l  for e l e c t r o n  s c a t t e r i n g  
w here, for E>200 MeV, m o r e  than 100 p a r t i a l  w a v e s  m a y  c o n t r i b u t e  
a nd s u b s t a n t i a l  c a n c e l l a t i o n s  occur at d i f f r a c t i o n  minima.

( 4 )
M o r e  f o rmally W a l l a c e  showed that u s i n g

the E u l e r  f o r mula for c o n v e r t i n g  the s u m  in Eq.(l9) to an in t e g r a l  
and an a s y m p t o t i c  e x p r e s s i o n  for g ives the F o u r i e r - B e s s e l  a m p l i ­
tudes (at h i g h  energies)

f(q) - ik J b db J u (qb) [ S p (b)-l] (21)

I s l a m  ^  has s hown that this r e p r e s e n t a t i o n  
is v a l i d  is d e p e n d e n t l y  of any a p p r o x i m a t i o n  at all angles and 
e n e r g i e s .

P a r t  II. M O D E L  M O D E L S

It is amusing to e x a m i n e  two mod e l s  w h e r e  is 
the b a sic a p p r o x i m a t i o n s  "interact" in one case to m a k e  the m o d e l  
w o r s e  (for some purposes) than intended, in the second b e t t e r  t h a n  
one w o u l d  expect.

Model I

A  m o d e l  for h a d r o n - n u c l e u s  scattering, d e v e l o p e d  
b y  F o l d y  and W a l e c k a  , u s i n g  separable int e r a c t i o n s  and fixed 
s c a t t e r e r s  has the a d v a n t a g e s  of i) e x p r e s s i n g  the amp l i t u d e s  in 
c l o s e d  form ii) u s i n g  on l y  o n-shell t w o - p a r t i c l e  a m p l itudes and 
iii) very c o n v e n i e n t l y  leading to an o p t i c a l  p o t e n t i a l  limit.

( 8 )
R e c e n t l y  this m o d e l  ^as s t u died for its

u t i l i t y  in n u m e r i c a l  c a l c u l a t i o n s  in the one case w h e r e  an e x a c t  
r e f e r e n c e  c a l c u l a t i o n  is possible, the s c a t t e r i n g  from a two- 
p a r t i c l e  b o u n d  state. A  s o m e w h a t  u n e x p e c t e d  r e s u l t  was the o b s e r ­
v a t i o n  that in g e n e r a l  fixed scatterers and s e p a rable i n t e r a c t i o n s



are m u t u a l l y  i n c o m p a t i b l e  and m o r e o v e r  the n u m e r i c a l  c o n s e q u e n c e s  
m a y  be v e r y  important. For t u n a t e l y ,  for the three b o d y  problem, 
new m e t h o d s  r e c e n t l y  d e v e l o p e d  for e x a c t  s o l u t i o n s  (with
m o d e s t  c a l c u l a t i o n a l  requirements) obviate the need for either 
a p p r o x i m a t i o n  (although c l o s u r e  is o f t e n  c o n v e n i e n t  and a c c u r a t e ) .

F i x e d  s c a tterers

The f i xed scatt e r e r  a p p r o x i m a t i o n  (FSA) is 
e q u i v a l e n t  to the closure a p p r o x i m a t i o n  for the G r e en's f u nction 
of the F a d d e e v  e q u a t i o n s  :

= (J) 3 0 + G 3 (V 1+ V 2 ) 4*
(22)

i
d>_ > < é 0 
|y3n y3n'

E-E, -T +i£ 
n 3n

H e r e  T 3 is the p r o j e c t i l e  k i n e t i c  energy, <j)3n is the w a v e f u n c t i o n  
for the n t^ e x c i t e d  state of the target, E ^ n its en e r g y  :

h 3 I <{>., > = E-. I cb 0 >1 |Y3n 3 n 1Y 3n

For i n c i d e n t  ene r g i e s  m u c h  g r e a t e r  than t a r g e t  excitations, we 
o b t a i n  the a p p r o x i m a t e  G r e e n’s fun c t i o n

E - E 3 n  = E - E 3 0  - ( E 3 0 - E 3 n ) « E - E 3 0  (23)

G 3 *  3 = (E-E 3 0-T 3+iG) ^ 3 n > <<̂)3 n l

= (E-E 3 0 -T 3+i^) "”1

In this appr o x i m a t i o n ,  the k e r n e l  of the L-S e q u a t i o n  no longer 
c o n t a i n s  the r e l a t i v e  s e p a r a t i o n  of the t a r g e t  p a r t i c l e s  and thus 
this d y n a m i c a l  v a r i a b l e  b e c o m e s  m e r e l y  a parameter.

S e p a r a b l e  o p e r a t o r s  (non-local)

( 8 }
In the u s u a l  not a t i o n  for three p article 

systems, (x 3=the s e p a r a t i o n  of p a r t i c l e s  1 and 2 , y 3=the p r o j e c t i l e -  
t a r g e t  c.m. separation), the (non-local) i n t e r a c t i o n  b e t w e e n  p a r ­
ticles 2 and 3 is g i v e n  by

< X i ÿ i I Vi Ix j ÿ ; > = Vi ( x i ,x{)5 (ÿi-ÿj)

or, in terms of the X 3, y 3 ,



( j -  f .  f )
(x3-xi)(m+2M) + (y3- y 3)m 

2 (m+M) m + M

O b v i o u s l y  i n t e g r a t i o n  o v e r  the p r i m e d  v a r i a b l e s  in the L-S e q u a t i o n  
wi l l  n o t  leave x 3= x 5 and the ta r g e t  parti c l e s  c a n n o t  be fixed. 
F o r t u n a t e l y  for those w h o  use these a p p r o x i m a t i o n s  for p i o n - n u c l e u s  
scattering, the FSA is r e c o v e r e d  w h e n  the p r o j e c t i l e  b e c omes lighter 
than the target p a r t i c l e s  : for RSm/M, the 6- f u n c t i o n  of E q . (24) 
becomes

l i m  6 -*■ $ ( X 3- X 3 ) .

R->0

N u m e r i c a l  c a l c u l a t i o n s  for n u c l e o n - d e u t e r o n  
sca t t e r i n g  at 100 M e V  shows that im p o s i n g  these two inc o m p a t i b l e  
a p p r o x i m a t i o n s  g i v e s  a m p l itudes far from the e x a c t  F a d d e e v  results.

A  s o m e w h a t  i n t u i t i v e  w ö v  to u n d e r s t a n d  the 
d i f f i c u l t y  is to note that t h e  F S A  (closure) treats all states as 
e q u i v a l e n t  w h e r e a s  a separ a b l e  o p e r a t o r s  singles cut one p a r t i c u l a r  
state.

M o d e l  II

( 3 )
The m o d e l  of G l a u b e r  ' for h a d r o n - n u c l e u s

m u l t i p l e  s c a t t e r i n g  contains the a p p r o x i m a t i o n s  i) eikonal a m p l i ­
tudes for the t w o - p a r t i c l e  s c a t t e r i n g s  ii) n e g l e c t  of F e rmi m o t i o n  
and iii) t w o - p a r t i c l e  k i n e m a t i c s  n e g l e c t i n g  b i n d i n g  ("sudden 
passage" a p p r o x i m a t i o n  for h i g h - e n e r g y  p r o j e c t i l e s ) .

We now h a v e  m e t h o d s  for s y s t ematic p e r t u r b a t i v e  
c o r r e c t i o n s  for e a c h  of the a b ove a p p r o x i m a t i o n s  (4) , w h i c h  have 
b e e n  s h own to p r o v i d e  c o n v e n i e n t  and n o n - n e g l i g i b l e  improvements
to the si m p l e s t  G l a uber model for systems such as p - 4He scattering 
at i n t e r m e d i a t e  and hi g h  energies.

One finds that to lowest order in (kR) * (k is 
the momentum, R a c h a r a c t e r i s t i c  dimension) , all t h ree correc t i o n s  
ca n c e l  e x a c t l y . For this model, the so m e w h a t  s u r prising c o n c l u s i o n s  
are the follo w i n g  :

i) The p a r t i c u l a r  e n s e m b l e  of three a p p r o x i m a ­
tions is b e t t e r  than any single a p p r o x i m a ­
tion.

ii) A n y  e f f o r t  to improve on l y  one of the a p p r o ­
x i m a t i o n s  w i l l  p r o b a b l y  w o r s e n  the m odel !'



iii) T h e  do m a i n  of v a l i d i t y  (energy, angle)
for a m o d e l  m a y  be v a s t l y  d i f f e r e n t  from 
that of the i n d ividual a p p r o x i m a t i o n s  
e m p l o y e d .

Si m p l e  m o d e l s  are not w i t h o u t  a m u sing surprises.
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