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ABSTRACT

In the paper the necestsary and sufficient conditions ace given that
a space-time admitting a group of conformal motions can he mapped conformally
on a space-time admitting the same group hut of Killing symmetries.

A.HOTALNSA

B Hacrosmefl CTarse NAacTCA QOCTAaTOuMHOEe H HeobtXxonuMoe YCNOBRe InNa |
TOTO, NTOULH NPOCTPAHCTBO JAMuTeAKHa, nonyckawuee Ipynny KOHPOPDMHEX OBMEECHHMR, |
MOXHO Gt OTOUpaxaTh Ha NMPOCTPAHCTRO JANWTEeRRa, Lonyckawmee Ty ®e rpynny
CcCHMMETPHA KWUIHHTA.

KIVONAT

E cikkben megadjuk annak szilkséges és elégséges feltételét, hogy
egy téridd, mely admittélja konform mozghsok egy csoportjit, konformisan

leképezhetd legyen egy olyanra, mely ugyane csoportot Killing szimmetriaként
admittélja.




1. INTRODUCTION

The possible relevance of space-times admitting conformal Killing
symmetries has been emphasized concerning the large scale structure of the
Universe /see e.g. Geroch, 1969; Hawking and Ellis, 1973; Katzin et al.,1969/,
twistor theory /Dighton, 1975/ and solutions of Einstein’s equations with
matter /Singt and Abdussattar, 1974/. However, th2 group structure of con-
formal Killing fields has not been investigated in every respect although in
some cases it is supposed that the space-time admit: a groub of conformal
motions. The present paper deals with the rescaling problem of Riemannian
manifolds admitting such groups.

If a contravariant vector field K* of a simply connected Riemannian
manifold V, satisfies the conformal Killing equation '

Kb * Kpj;a * Kdyp = © /1.1]

asb bsa

then adopting a coordinate system such that K? = 6? /1.1] leads to

Yab,1 * K9p = ©

which can be integrated to give

9ap ™ ©XP [-fkdxl] 9;:,))

o
where 9;b{1 = O thus the 9ap ©an be conformally rescaled to yield a

g;g) for which ¥* is a Killing vector. Conversely, if * is a Killing

vector for some ggg)

(o) r (0) .k

(0),.r
Jab,r ¥ * Gap K sp * g, 'Ky =0

w
The comma and the semicolon stand for pactial and covariant derivatives,
respectively.
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(o}
then for a 9.b conformal to 9.p°
2 O (0)
Jab = ¢ Jap

we regain equation /1.1/ with k = Kro,r .

1f, however, V. admits a group G, of conformal motions with
generators K: (a=1,2,...,x) then in general one cannot rescale 9ab in
such a way that for the rasulting metric tensor all the vectors x: be
Killing fields.

In the following section we prove a theorem showing that for simply
transitive groups such rescaling is always possible, whereas the theorem
proved in the third part gives the necessary and sufficient conditions for
the existence of such a conformsl transform in the case of non-simply tran-
sitive groups. In the fourth section some cornllories of these theorems are
investigated.

2. SIMPLY TRANSITIVE GRUUPS

We consider the case when Vn admits a simply transitive group G,
of conformal motions with generators K:. We have

Kca;b + Kub;a + kagab =0 /12.1]
41 - LT I 4 - 'y
[RG'KSJa = Ky Kga;r Kg Kaa;r Cagp¥oa 2.2/
C

aBp -~ “CBap

]2.3]
(a,B8,0 = 1,2,...,%)

the CGBY'S being the structure constants of G, . Simple transitivity means
that the rank of the matrix formed by the Kz' s i8 X, As a consgequence of
the integrability conditions of /2.1/ we have /Eisenhart, 1966/

KT +

Kua;bc = Rabcr a

1
t3 (ka,agbc “ka,bIac 'ka,cgab) /2.4]

Taking the covariant derivative of /2.2/ with respect to xb, symmetrizing
in a and b and making use of /2.1/ and /2.4/ we get

r r

Ka kB,r - KB ka,r = Caspko /12.5]

"There is a summation for Greaek indices occurring twice in an expression.




Now we prove the following

Theorem I: There exists a scalar ® such that

k, = larw,r (@ =1,2,...,x)

Proof: Define

(¢ =1,2,...,n)

n+l

Introducing an additional variable x for which xc.'n+1 = k

it is seen that equations /2.2/ and /2.5/ can be summarized

a,mel =~ ©

r., a r, a a -
Ly Lgz = Lg Lyop = Cogp Xy 1.6/

(;IE = 1121-'-0n+1)

These are the conditions that

r SN -
LQ ’IE = RG *lt - ka "n#l ) 12'71

be a complete Jacobian system. In consequence of the simple transitivity of
G, the number of the independent solutions of /2.7/ is n+l-x whereas that

of the solutions of

To
xa 'r

= 0 ' Iz-al
is n-x. Since wny ¢ satisfying /2.8/ is a solution of /2.7/ too there must
exist a 0(0) such that

z (@
LG *,E = 0 ]12.9]

and w(o),n+1+o otherwise the number of the independent functions satisfying
/2.7] would be equal to that of the functions fulfilling /2.8/., Hence any
solution of /2.7/ is of the form

vy a9 /2.10]

1 3d 4

where 01' .91‘ are the solutions of /2.8/. Differentiating /2.7/ with
."n

respect to x we have

L%,

a n+1,; =0

showing that if ¢ satisfies /2.7/ then so does w'n+1'




nence for ¢’ in /2.9/ we have in view of /2.10f

(o) e i (o)
ol S XAy 4 bR O j2.11/

v
Now since the fuaction
® = I % ay(®) 12.12/

is again of the form /2.10/ it satisfies /2.7/ and in consequence of /2.11/
and /2.12/ we have

P, ’———L-a (0) =1
n+l 3 (o) ,n+l
L]
Hence ﬁe have
E .t .
La @,z = Ka L ku (o] [2.13[

q.e.d.
If we define

gl =g, J2.14/
we have in consequence of /2.1/ and [/2.13/

(o) pr, g(o) kT (©) yr .o

gab,r (V] ar a,b + Ibr G ,a

showing that the rescaling /2.14/ yields a g;g) for which all the vectors
xu‘ are Killing symmetries.

3. NON-SIMPLY TRANSITIVE GROUPS

1f G: of the previous section is not simply transitive meaning
that the rank of the matrix of the Kua'l is less than x , say x - A
then there exists a set of linearly independent functions UAp such that

U’.pxpa = o (A-l,z,...,A<xfp-1,2,...:) 13-1’

and these equations must ke appended to /2.1-5/. By means of e.g. Schmidt’s

orthogonalization

UacYso ™ %am

(A,B=1,2,...,)) /3.2/

can be achieved.




In consequence of /2.1/ ana /3.1/ we have

UAo,pra + UAp,aKpb " UKo Far =

(4]
yielding

r n
Kp UAp,r b UApkp 13.3)

Using /2.2, one gets for the Lie bracket of /3.1/ and xu.

r
(xu UAp,r + Uhocaop)xpa =0

which must be a consequence of /3.1/ thus there exist functions DuAB such
that

r

= -

K, Uag,r ”Apcoaa’DaAR Ung 13.4/
According to /3.1/ we have

UAD UBa Cpoa + UBPDDAR Unu =0
which in view of 2.3/ and /3.2] yields

URp DpRA =0 13.5/

From ;3.2/ and /3.4]/ we also have

Duap * Papa = UApUBa(cupu + Cuap) 13.6/
According to /3.4/ we get from /3,3/

%UApkp = UAp dec + URp DpAR
which can be rewritten using /3.5/ and /3.6/

U, k= 2u_ (8pv-u, U, )C 13.7/

Ap"p n Ap Ry Rv/“puv '

3
There is a summation for capital Latin indices occurring twice in an expres-
sion.




Now we prove

Theorem I1: The necessary and sufficient conditions that a scalar
® exist such that

r
k() = ‘O o'l‘

are that the quantities

- 2
u, k n U

Ap p Ap(duv_URuURv)cpuv

(A=1,2,...,2<x)

vanish.

Proof: Suppose first that

Uppk, = O /3.8
Defining again Lua (a=1,2,...,n+l1) as it was done in the proof of Theorem I
of section 2 we get /2.6/ again these being the conditions that
r r

Lu ’”lr : Ku. *'l’ - k“(D,

he1 = O /3.9/

form a complete Jacobian gystem. However in view of /3.1/ and /3.8/ now we
have

a
u, L =0
ApTp

(a =1,2,...,nt1)

showing that the number of independent equations of /3.9/ is x - ) and in
consequence of /3.1/ the same applies also for the system

K", = O /3.10/
Hence the number of the independent solutions of /3.9/ is p+l-(x-1) whereas
that of the solutions of /3.10/ is n-(x-)). From this point we follow the

proof oi Theorem 1 of section 2 to conclude that there exists a scalar ¢
which satisfies

Ir
K“ Q,r - ko = O . I3.11I

Conversely, in view of /3.1/ equations /3.11/ lead to /3.8/ g.e.d.
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4. CONCLUSIONS

From [3.7] it is seen that if the structure constants CGBY are
antir -mmetric in the last two indices then a rescaling which reduces the
conformal problem to a Killing problem is always porsible, hence in con-

sequence Of Theorems I and II and /3.7/ we have

Corollary A: If a space-time V, with a metric tensor 9ab admits

a group SO/3/ of conformal motions then there exists a space-time V§°) v;th

qég) such that

P
g:g)- ¢ Yap
and Vgo) admits a group S0/3/ of Killing symmetries.

Proof: If the group SO/3/ is simply transitive thea apply Theorem
I, if not then consider the structure constants of S0/3/:

C = -chY (G'BIY - 11213) .

afy

As these are antisymmetric in the last two indices we have according to /3.7/

U k =0
Ap P

and now Theorem 1I applies. Q.E.D.
Consider now the group SO/4/:
[Ka’ Rﬂjla = ~¢,8pF0a
X KB+3:|. = “€app¥pr3a
[?‘an, xe+3'Ja ® “tasp¥pa “71’
(s,8,y = 1,2,3).

It can easily be seen from /4.1/ that the structure constants of SO/4/ are
antisymmetric in the last two indices hence in view of /3.7/ and Theorem II
we have

Corollary B: If a space-time Vn with g,, admits a group 80/4)

of conformal motions - being necessarily non-simply transitive - then there

exists a space-time V}o) with q;g) such that




(o) _ o
9ab * ® Yap

(o)

and V,”' admits a group S0/4/ of Killing symmetries.

As it is well knowr a space-time V}o) admitting a group SO/4/ of

Killing symmetries is of the Robertson-Walker type and its metric tensor

Q;g) can be given the form

gég) = aj g{g)= -a; ggg) =-asin2x1;

(o) 2.1

933 = -a sin"x sin2x2 (o)

P gp =0 14k

where a,1=0 (i=1,2,3). From these it is seen that for V:O) ™ = 62 is
a conformal Killing vector. Since conformal spaces have the same set of con-
formal 1illing vectors in consequernce of Corcllary B, we have

Corollary C: If a space~time admits a group SO/4/ of conformal mo-
tions then it admits a timelike conformal motion too.
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