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1. INTRODUCTION 

NUMERICAL STUDY Or PARTICLE MOTION IN TWO WAVES 

Gary R. Smith 
Lawrence Livermore Laboratory 

University of Cal i fornia 
Llvennore, CA 94550 

September 9, 1977 

ATTRACT 

We are studying the dynamical system described by the llamiltonlan 

ii - H + rV, where 

H„ cos (\x - ilt). 

We b.ive encountered this system in a number of problems of pract ical 

importance. In addi t ion, the system has in t r ins ic Interest for the theory 

of adiabat ic i ty and s tocks fcicity. The invariant action J of the unper

turbed Hamiltonian HQ is subject to strong modif ication or destruction 

because of the perturbation rtf. Absence of an invar iant { i . e . , stochast ic! ty) 

occurs in a phase space region whose size and shape vary with the three 

parameters t , \, n. Previous studies have varied the amplitude of a per

turbation (our c ) ; we emphasize here the s ^ n g dependences on the space 

( \ ) and time (u) scales o f the perturbation. Our results show that a 

perturbation is most ef fect ive at causing stochastic motion i f i t s space 

and t i r e scales are comparable ( x - 1 , «-}} to those in the unperturbed 

Hamiltonian i t . . 

Much study has been devoted to the (tenon - Helles HamiltonInn, 

which we wr i te in the form 

H = ( p ^ P > M l M x ^ y ^ ) ^ ( ^ . l y 3 ) , (1) 

I t is customary to eliminate the constants m, k, and i: by using a set 

of units in which 

unit of mass = m 

uni t of length » k/c 

unit of time » (m/k) 1 / 2 

uni t of energy - k'.'r , 

A p a r t k ' e of given dimensional energy C, moving in a well with o given 

k, has a large value of the dimensionless energy E ~ Cr / k J I f c 1s large. 

The onset of stochast ic! ty as E 1s increased is thus caused by the 

increasing amplitude ( of the perturbation In (1) . 

More generally, : w» space and time scales o f a perturbat ion, in 

addition to i t s amplitude, can be important in determining the onset 

of s tochast ic i ty . A dynamical system wnich displays those properties is 

given by 

H(x.p.t) = H 0 (x.n) + t V ( x . t ) , 

¥ o -cos (Ax - M l . 
(2) 

This system occurs 1n several problems In plosma physics, ranging 1 ""Dm 

purely theoiot ical problems tiough a modest laboratory experiment^ to 

studios of interest- to the important fusion energy program . Hamiltoi tan 

(2) occurs frequently because many problems can he reduced to the motion 

Of o par t ic le in a one-dimensional potential which varies per iodical ly 
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In spoce and time. Fourier analysis of tnn potential y ie lds , in general, 

a large number of sinusoidal terms. Sometimes a l l but two of these 

terms can bo ignored, resul t ing in (2) . We view this dynamical system 

as un elementary problem In scochastk i iy theory which exhibits features 

seen in tinny, more complicated pijulems. Uc use the phrase "par t ic le 

motion in two waves" to describe (2) . 

Z. HAMRTONIAN 111 ACTION-ANGLE V R1ABLES 

In preparation for the presentation below of our numerical resu l ts , 

we Introduce the variables which are most conven :ent in theoretical work. 

These a-e the action mid angle variables of the unperturbed llamiUonian 

H , Since H describes the well-known (nonlinear) pendulum problem, 

one expects e l l i p t i c Integrals and Jacoblan e l l i p t i c functions to appear, 

In the notation of Rcf, 9 the def in i t ions of the action 0 ond of the angle 

* are 

JCH0) ' f [ E M - ( I - 2 ) K ( • ) ] 

where - sin c = sin ,• x, and where the modulus k is given by 

• 2 •' ;1() • » „ ) . 

These def in i t ions are va l id onlv for a par t ic le which has HQ < 1 and 1s 

therefore trapped in the unpertuibtd potential we l l . Our def in ' t ions for 

an untrapped par t i c le are available in Ref. 10. 

The action-angle variables ore convenient because the unperturbed 

motion is described so simply in terms of them: 
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J » - an0/a# = 0 ^ J = J ( t °o) 

5 = i)H0/aJ r ^ (J) » const«>* " 4 0 + i^t 

In terms of J and <s the HamiltonIan appears 

H ( M , t ) « H 0(J) •» tV ( 4 . J . t ) (3a) 

V = -t V n ( 0 , A ) cos (n* - ( i t ) . (3b) 

The Fourier coeff ic ients arc given by 

V n = h "̂ d * c 0 S t * * ( t i J ) ' " * ] • 

Expressions for V (J , \ c H-) arc available 'n stindard references, 

including Ref. 9, Kor hal f - in tegral vulues of \ ("liko 1 , «• , 2 , . . , } , the 

coeff ic ients V can be computed by contour in tegrat ion. Tito expressions 

obtained from reference works or by contour Integration ore va l id for a l l 

J but only certain \. On the uther hand, i t Is very s<mple to f ind the 

approximate formula 

V n [ d ( k ) . A] « J n (8k*) . [-) 

val id for any A, but accurate only for smalt values of «. The Bessel 

function 0 n on the right-hand side of (4) should not be confused with the 

action J on the left-hand side. 

Our numerical results w i l l show the presence of certain resonances 

(cal led bounce resonances) which -ire evident In (3) . The nth term 1n (3b) 

has e large ef fect on the motion when I t varies slowly In time: 

n«. • n •= n •• - H = 0. 



Chains of isle/ids w i l l be observed near the resonant values of the 

action J , which are defined by 

r*«b (0) = fl . (5) 

3. NUMERICAL METHODS 

Our study of the dynamical system (2) proceeds by numerical Integration 

of the Hamlltonlan equations of motion 

x = P, f> = -s in x - i A sin (*x - i j t ) . 

We make stroboscope p lo ts , analogous to Poincare surface of section maps, 

by recording a point whenever tit = ?nN, N="0, l ,2, . , . . The recorded points 

are plotted not in tin; xp-plane, but In the $J-plane. Since the unper

turbed {• 0) motion results in points on a horizontal l ine in the -tJ-plane, 

Our plots are par t icu lar ly useful for seeing the effects of the perturbation. 

4. DISCUSSION OF RESULTS 

We keep the amplitude of the perturbation fined at > ~ 0.2 and 

study the motion for various x and .'.. A;, a reference case we choose 

\ = :J « 1. 

F i r s t , we consider the results of Tig. 1 , for which \ is varied 

vghile i: is kent equal to un i ty . In each pJrt of the f igure we show 

t ra jector ies commencing at several - l i f ferent i n i t i a l points in the 

$J-plane. I n i t i a l points ly ing 1n the stochastic region of the plane 

lead to a set of t ra jectory points which cannot be connected by a 

Smooth curve. Such t ra jector ies indicate the absence of in Isolat ing 

constant of the motion. I n i t i a l points ly ing in the nonUochastic 
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parts of the $J>*plane lead to sets of t ra jectory points which have been 

connected by smooth curves. 

The- four p lots In r i g . 1 dramatically show the growth of the 

stochastic region as > Is increased from much less than unity to the 

reference case of * - 1. The prominent island in each p lo t H dye to the 

bounce resonanc • (5) will) n = 1. Notice how the features on the plots 

change size and shape as x varies but do not move around much. 

In Fig. 2 we keep * equal to unity and choose four d i f fe rent valwes 

of u. The four plots In Fig, Z, together wi th the reference case (x=jc1} 

in F1tj. 1 , demonstrate that the largest stochastic region occurs for i H . 

In contrast to f i g . 1, the features on the plots of F1g. Z move around 

rapidly as Q Is var ied. As a resu l t , d i f fe ren t features are seen in 

each part of Ffg, 2. /Is indicated in the f igure capt ion, we a t t r i bu te 

the chains of Islands to part icular resonances of the form n^ a mfi» 

where n and m are posi t ive integers. The appearance of such prominent 

Islands with m i 1 was unexpected. Description of these Islands w i l l 

require a d i f ferent theoretical formulation than that given in (3 ) . 

To graphically display the variations in size of the stochastic pert 

of phase space we have devised a quant i tat ive mcasur • of the size. Our 

measure is d e f i n i t e , but admittedly arb i t rary . For Figs, 1 and ?. we 

attempted to locate nonstochastic t ra jector ies as close as possible tn 

the soparatrlx, the horizontal l ine at J a 8/i- « 2.55. The area of 

the }.J-plane between the separatrlx and the "closest" t rajectory is 

divided by the area of the plane bounded by J = 0 and B/n and by -). « 0 

and ? , MQ refer to the ra t io as the "stochastic free t i e s " , in tMgs. 3 nnd 

1 we plot our measurements of the stochastic f ract ion »s a function of 

>. and (;. The curves connecting the measured points arv merely aids to the 

eye; a theoretical expression for the stochasitc f ract ion as a function 
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of c, x, and n Is not avai lable. 

Besides being v isua l ly pleasing, the plots in Figs, 1 and 2 suggest 

that the simple dynamical system 12) hos mony Intr iguing propert ies. 

Interest ing results should be obtained by theoretical and numerical work 

extending that begun h e t J . 

Work performed under the auspices of the U.S. Gnergy Research and DevelOi 
ment Administration under contract No. W-7405-Eng-4B. 
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FIGURE CAPTIONS 

r i g . 1. Stroboscaplc plots of par t ic le t ra jec tor ies , I l l u s t r a t i n g changes 

in the motion as x 1s varied. The parameter c a 0.2 and 

n = 1 are kept f ixed. The i n i t i a l points for the t ra jector ies are 

marked by X's, and each I n i t i a l point represents a par t i c le trapped 

In the unperturbed potential at t * 0. The horizontal l i ne at 

J « 2.5E. is the soparatrlx which divides trapped part ic les from 

untrapped ones. 

Fig. 2. Stroboscoplc p i t s I l l us t ra t i ng changes 1n the par t i c le motion as 

:! Is varied. The fixed parameters are i = 0.2 and x = 1 . The 

chains Of Islands seem to re due to the folowlng resonances: the 

plot for n = 0.25 shows u>fa = 3fi, n « 0.5 shows 3.v = 5ft, li ° 2 

shows ? ' h * (l and 7 f a <* 3n, and fi » 4 shows B.ib - u. 

Fig. 3. The stochastic f ract ion as a function of x for c = 0.2 and n c 1. 

I'lg. 4. The stochastic f ract ion as a function of i: for . = 0.2 and > « 1. 
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