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ABSTRACT 

In a sheared magnetic f i e l d , turbulent diffusion of electrons in 

the v ic in i ty of a mode rational surface can eliminate the s tabi l i z ing 

influence of nonresonant electrons and lead to an absolute ins tab i l i t y 

at small but f i n i t e wave amplitudes. As the turbulence grows, the 

inverse electron Landau resonance is broadened in both velocity and 

configuration space, and the convective shear damping due to ions is 

enhanced by turbulent spatial broadening of the mode unt i l saturation 

occurs. 

The original work of Pearlstein and Berk1 indicated the existence 

of an absolute universal ins tab i l i t y of a confined plasma (Vp f 0) in 

a sheared magnetic f i e l d . Recently, numerical integration of the exact 

d i f fe ren t ia l equation describing the radial structure of the d r i f t wave 

eigenmode showed the absence of an absolute i n s t a b i l i t y , regardless of how 
2 3 

weak the shear or how large the poloidal wave number. ' The s t a b i l i t y of 

the universal mode in these improved treatments is due to the inclusion 

of nonresonant, nonadiabatic electrons in the region about the mode 

rational surface where k||(r) = [m - nq(r)] /Rq £ w/vT g . Here, m and n 

are poloidal and toroidal mode numbers, respectively, q(r ) = rB^/RBp is 

the safety factor , w is the mode frequency, and vT e = (2T /m J 1 / 2 is the 

electron thermal veloci ty . Thus, i n s t a b i l i t y might be recovered by an 

e f fec t a l ter ing the electron response in the region around the rational 

surface. 

In this paper i t is shown that turbulent diffusion of electrons 

across the rational surface, due to a combination of shear (3k||/3r = 

k|| f 0) and random E x B fluctuations and/or stochastic magnetic per-

turbations, results in a f i n i t e amplitude-induced version of the 

1 
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abso lu te u n i v e r s a l i n s t a b i l i t y . P h y s i c a l l y , the t u r b u l e n t s c a t t e r i n g o f 

e l e c t r o n s across the r a t i o n a l l a y e r leads t o an e f f e c t i v e f i n i t e value 

f o r k|| which dest roys the s t a b i l i z i n g i n f l u e n c e o f the nonresonant 

e l e c t r o n s . A t l a r g e r amp l i t udes , the e l e c t r o n growth i s reduced and the 

i on shear damping i s enhanced by s p a t i a l broadening o f the mode, y i e l d i n g 

n o n l i n e a r s t a b i l i z a t i o n . 

The t u r b u l e n t d i f f u s i o n process i n a sheared magnetic f i e l d p ro -

duces a resonance broadening mechanism f o r t he e l ec t r ons which i s funda-

men ta l l y d i f f e r e n t than the process, due t o random E * B d r i f t s a l o n e , 
4 5 i n a shear less f i e l d . * Wi th shear , s t o c h a s t i c r a d i a l mot ion combines 

u 

w i t h p a r a l l e l e l e c t r o n s t reaming to induce random p o l o i d a l mot ion . The 

d e c o r r e l a t i o n f requency r e s u l t i n g from t h i s random mot ion o f e l e c t r o n s 

i n a sheared f i e l d can exceed the magnitude o f the nxjaJL p a r t o f the 

l i n e a r e igenf requency f o r low l e v e l s o f t u r b u l e n c e . 

The e l e c t r o n d i s t r i b u t i o n f u n c t i o n f o r a t u r b u l e n t plasma i n a 

sheared magnet ic f i e l d i s w r i t t e n f e = F e + f , where F g i s the phase 

averaged p a r t o f f and f i s the f l u c t u a t i n g response. The phase v 6 
averaged d i s t r i b u t i o n s a t i s f i e s a q u a s i l i n e a r type o f equa t i on : 

( I F + v | | " • + " • ( * # x tfe(FE>)/B 
( l a ) 

+ |e |v j , ^n • v$ 3 f e / 3 e ) = 0 . , 

where E = -V$ e = 1 /2 m v Z , n = B/B, and brackets denote the phase 

average. The f l u c t u a t i n g p a r t o f f f i s a t i s f i e s the n o n l i n e a r d r i f t 

e q u a t i o n : 

i 
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(ft 
B 3 r ( i b ) 

= ( - | e | V | , n • 7$ + i w * e | e | $ ) 3 F e / 3 E . 

Here , o>*e = i n x VFe/(|e|B3Fe/3e) • V In $ = kQ 3Fe/3r(|e| BSFg/Se)"1 

i s t h e e l e c t r o n d iamagne t i c f requency and k Q = m / r i s t h e p o l o i d a l 

wave number. The e f f e c t s o f magnet ic f i e l d f l u c t u a t i o n s have been 

n e g l e c t e d h e r e , bu t w i l l be ment ioned l a t e r . 

I n t e g r a t i n g Eq. ( l b ) a l ong p e r t u r b e d e l e c t r o n t r a j e c t o r i e s y i e l d s 

f o r t h e phase cohe ren t p a r t 4 o f f = S f £ ( r ) e x p [ - 1 w t + i (me - n<j>)3: 6 v 
-y 

e k e 6 k k 

where $ = E $ ^ ( r ) e x p [ - i w t + i (m8 - n<f>)] and t h e resonance o p e r a t o r i s : 
k 

M - * E f ° e x p ( i a ) ' r ) [ r ( r ) ] e x p [ - i m 6 e ( T ) + in6<f>(r) 
k k 0 N k 

(3 ) 

- i k j j v | f fxSr(T')dT']) d r , 

where w1 = w - k||V|j. The q u a n t i t y i n t h e phase average i n Eq. ( 3 ) 

r e p r e s e n t s t h e n o n l i n e a r response t o random E x B f l u c t u a t i o n s , e . g . , 

d 6 r ( r ) / d T = - V a $ / B . I t s r o l e i s t o broaden t h e l i n e a r w a v e - p a r t i c l e 

resonance w - k ^ ffe 0 ove r a w i d t h t " 1 , where t c i s t h e c o r r e l a t i o n 

t i m e a r i s i n g f r om t h e t u r b u l e n t s c a t t e r i n g o f t h e e l e c t r o n o r b i t . The 

terms « 66(X) and 6<|»(T) have been p r e v i o u s l y computed f o r a u n i f o r m 

m a g n e t i c ' f i e l d . 4 , 5 The new te rm « k|]/T<Sr i s an a d d i t i o n a l change i n 6 due 

t o n o n l i n e a r r a d i a l m o t i o n , dSe/dr - -(V | | /Rq)(3 An q / 3 r ) 6 r ( t ) . I t g i v e s 
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the dominant broadening i n a sheared f i e l d . To show t h i s , t he phase 

average i n Eq. (3) i s eva lua ted us ing a cumulant expans ion: 

so 

V* * j0 e X P [ i u ) ' T " ^ m 2 < 6 0 2 > - 2 < k j V 2 < ( / T f i r d * , > 2 > J 6 < * > * (4a) 

where 

G(«) = r d r ' e x p [ - ( r - r ' ) 2 / ( 2 < 6 r 2 ( t ) ) ) ] $ ( r ' ) . (4b) 
A ( f i r 2 ( T ) ) 

The average d isp lacements appear ing i n Eq. (4 ) may be eva lua ted by sub-

s t i t u t i n g f j f rom Eq. (2) i n t o Eq. ( l a ) and t a k i n g the 562 and 6 r 2 moments 
— 2 2 

o f the r e s u l t i n g d i f f u s i o n equa t ion f o r F . Th is y i e l d s < 5 e S = 2 D 0 0 T / r 

and <<Sr2> = 2 D r r x , where the d i f f u s i o n tenso r f o r e l e c t r o s t a t i c tu rbu lence 

i s : 

B ' 2 ^ ( n x n x VR-»$-»\ . (5) 
^ ^ k k k ' 

The i n c l u s i o n o f f i n i t e 3 e f f e c t s on the d r i f t modes cons idered here 

r e s u l t s i n an enhanced r a d i a l d i f f u s i o n c o e f f i c i e n t due t o magnet ic 

f l u c t u a t i o n s : 6 " 

= v 2 B~2 E (b*t R+ b - A . (6) 
rr U + \ r k k r k / 

k 
No t i ng (sr(t})6r(tz)) = ( f i r 2 ( I * , - t 2 | ) ) = Z D ^ I t , - t 2 | , Eq. (4) becomes: 

= J°°dT e x p [ I O , ' T - T / T ^ - ( T / T ) 3 ] 6 ( $ ) (7 ) 
k k o cu c 
i o • 4 -l 

where T~q = kQDQ6 i s the shear less d e c o r r e l a t i o n f requency , and Tc = 

[ ( k y V i i ^ D ^ / S ] 1 / 3 i s the d e c o r r e l a t i o n f requency i n a sheared magnetic 

f i e l d , wh ich vanishes i n the absence o f w a v e - p a r t i c l e energy t r a n s f e r . 

Note t h a t % = Tc /Tc (J % [ L s D r r ( k 6 A r 3 v T e ) ~ V / 3 , where L $ = R q 2 / ( r q ' ) and 



Ar * k l 1 i s the r a d i a l mode w i d t h . For tokamaks 5 « 1 , except o 
near t he va lue o f D r r r e q u i r e d f o r s a t u r a t i o n o f s h o r t wave length modes, 

f o r wh ich ? S 1. H e n c e f o r t h , terms o f 0 t s ) a re n e g l e c t e d . For £ < 1 , 

G(4>) ^ $ ( r ) + D r r T 3 $ / 3 r " , r e p r e s e n t i n g t u r b u l e n t b roaden ing o f $ over 

a c o r r e l a t i o n l e n g t h L = VD x_ . Th is c o n t r a s t s w i t h t he shea r less 
V I • W 

case where A r ^ d ^ " 1 ) * 1 and G($) = $ ( r ) exp [ - r k ^ D ^ T ] c o n t r i b u t e s 

t o t he resonan t wave p a r t i c l e energy t r a n s f e r . 

Us ing Eq. (7 ) t o c a l c u l a t e t he e l e c t r o n d e n s i t y p e r t u r b a t i o n , 

assuming F" i s a Maxwe l l i an , and i n v o k i n g t h e l i n e a r i o n response ( f o r 

£ .< 1) t o g e t h e r w i t h q u a s i n e u t r a l i t y - y i e l d s the eigenmode e q u a t i o n : 

2. 3 ft 
3X2 

2 2 . q ( x ) A - y X + 'X ' $ = 0 . (8) 

I n Eq. ( 8 ) , x = ( r - r 0 ) / p . . , where p.. = (T \m. . ) 1 ^ 2 /eB i s t he i o n Larmor 

r a d i u s , q ( r p ) = m/n d e f i n e s t he l o c a t i o n r Q o f the r a t i o n a l s u r f a c e , and 

A = [ 1 + T (1 - r Q ) - r Q ^ g / W L D " 1 c o n t a i n s t h e bas ic d r i f t wave response. 

Here, x = T / T ^ , r n = I n ( b ) e x p ( - b ) , and b = (k0p..) . The shear parameter 

i s y = T " 1 ( L n / L s ) U * E / A J ) [ r 0 ( X + C O ^ A O d " 1 ] 1 7 2 , w i t h L ^ 1 = - a an n / 3 r . 

The d e s t a b i l i z i n g e l e c t r o n c o n t r i b u t i o n s a r e con ta ined i n a ( x ) = 

c r 0
z C( x

e
 + i x c ) / x ] , where aQ = (w/w* e - l ) a d - 1 , x g = a w / w * e , x c = a wc/ux 

w. a = ( 1 / 2 T m e / m . . ) ^ 2 L s / L
n » z 1 S t h e Plasma d i s p e r s i o n f u n c t i o n , and 

[ ( k | | v T e ) 2 D r r / 3 ] 1 / 3 / r ( 4 / 3 ) . To pe r fo rm t h e v e l o c i t y space i n t e g r a l s o f f 

i n terms o f t he Z - f u n c t i o n , a L o r e n t z i a n fo rm f o r t he resonance f u n c t i o n was 

chosen. The q u a n t i t y d = ( r Q - I ^ H t + u ^ / u , ) + 1 .2 i ( l - w / o ^ H a ^ / ^ x 2 

i n c l u d e s bo th i on g y r o r a d i u s and t u r b u l e n t broadening e f f e c t s . Eq. (8 ) 
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i s v a l i d p rov ided (a an r 0 / 3 b ) 3 2 / a x 2 « 1. In a sheared magnet ic f i e l d , 

t h e n e g l e c t o f i o n Landau damping i n Eq. (8) r e q u i r e s ( k | j r
e f f v j ^ / w ) < !» 

where r g f f = Ar + p . i s the mode w i d t h Ar = p ^ / | | broadened by the 

f i n i t e i on g y r o r a d i u s . 

The t u rbu lence en te rs the e l e c t r o n response f u n c t i o n o ( x ) through 

t h e e f f e c t i v e c o l l i s i o n f requency w c . However, t u rbu lence does no t 

a f f e c t the e l e c t r o n s i n t he same way as a l o c a l ( i n r e a l space) number 

conserv ing c o l l i s i o n o p e r a t o r , which i s known t o have a s t a b i l i z i n g i n -

f l u e n c e on d r i f t waves i n s l a b geometry. Indeed, the E x B ( o r magnet ic) 

f l u c t u a t i o n s s c a t t e r the p a r t i c l e o r b i t s i n r e a l space, p roduc ing a t u r -

b u l e n t f l u x o f e l e c t r o n s i n the k i n e t i c Eq. (1) f o r f . 

For ojc « a), Eq. (8) reduces t o the e igenva lue problem so l ved i n 

Refs . 2 , 3 . A t smal l t u rbu l ence l e v e l s (which may be i n i t i a l l y p r e s e n t , 

f o r example, due t o smal l amp l i tude t e a r i n g a c t i v i t y ) , i t i s p o s s i b l e t o 

ach ieve ^ > ID. For a>/<o*e < 1 /3 and b > 1 , O> i s a l ready comparable t o 

to f o r a t u r b u l e n t d i f f u s i o n c o e f f i c i e n t nea r l y as small as the n e o c l a s s i -

ca l va lue . Thus, the e f f e c t s o f t u rbu lence a re w e l l i l l u s t r a t e d i n the 

l i m i t u)/w < 1. Then the Z - f u n c t i o n i n the e l e c t r o n response becomes 

p u r e l y imaginary and the re i s no longer any nonresonant e l e c t r o n con-

t r i b u t i o n , which p r e v i o u s l y l e d t o s t a b i l i z a t i o n o f the l i n e a r u n i v e r s a l 
2 3 mode i n a qu iescen t plasma. ' 

The d e s t a b i l i z i n g e l e c t r o n c o n t r i b u t i o n t o Eq. (8) can be t r e a t e d 
q 

by p e r t u r b a t i o n theo ry ( f o r Imw/Reu < 1 ) , us i ng the f u l l e l e c t r o n Z-

f u n c t i o n . The d i s p e r s i o n r e l a t i o n f o r the most uns tab le modes becomes 

A + 1v + Z e ( x e , x c ) - 0 (9) 

where E _ / " $ ? ( x ) [ o ( x ) / x ] d x / J " ^ d x and M x ) = e x p ( - i y x 2 / 2 ) i s t he 
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l owes t o rde r eigenmode cor respond ing t o the p ropaga t i on o f 

energy away f rom the r a t i o n a l s u r f a c e 1 f o r x > T r e a t i n g 

3u)c/3x % 0 f o r | x | < y i e l d s £e = 2 i a 0 / n l H [ - 2 i ( x e + i x c ) / l y l » where 

H(z) = / ° ° e " z t ( l + t 2 ) " 1 / 2 d t . Th>v branch Re / i y > 0 f o r Imp < 0 i s chosen. 
0 

For r e l a t i v e l y smal l values o f w £ 0 . 1 , the f i g u r e shows t h a t 

w i t h k Q p . a 1 .0 and moderate shear ( L c / L = 16 ) , t he tu rbu lence d e s t a b i l i -o i o n 

zes the d r i f t mode, w i t h maximum growth r a t e s Imw/Rew 'v- 0 . 2 . There i s 

good agreement between the numer ical r e s u l t s us ing the shoo t ing code 

desc r i bed i n Ref. 2 (which p r e d i c t e d s t a b i l i t y f o r w = o) and the 

a n a l y t i c d i s p e r s i o n r e l a t i o n i n Eq. ( 9 } . As the t u r b u l e n c e l e v e l i n -

c reases , the e l e c t r o n growth a r i s i n g f rom i s weakened and f i n a l l y 

reduced t o a va lue where shear damping, enhanced by t u r b u l e n t broadening 

o f the mode, leads t o s t a b i l i z a t i o n . There i s a narrow range o f va lues 

f o r o . l s w
c / w * e ~ 2 , cor respond ing t o a v a r i a t i o n i n D r r over 

t h ree o rde rs o f magni tude, over which the n o n l i n e a r i n s t a b i l i t y i s 

e x c i t e d and f i n a l l y s a t u r a t e s . 

The va lue o f a ^ , and hence the t u r b u l e n t d i f f u s i o n c o e f f i c i e n t , 

r e q u i r e d f o r s a t u r a t i o n o f t h i s i n s t a b i l i t y can be determined by 

s o l v i n g Eq. (9 ) a t marg ina l s t a b i l i t y . As the t u r b u l e n c e grows, x |4T| 

approaches u n i t y ( t h e mode w i d t h i s l i m i t e d t o Ax Z x by t u r b u l e n t 

b roaden ing ) . I n t h i s l i m i t , the approx imate s t a b i l i t y c r i t e r i o n becomes 

( f o r b * 1 , co r respond ing t o t h e modes most d i f f i c u l t t o s t a b i l i z e ) : 

U*e/u)c)2 - p 2 K ^ H B i b V 1 ' 2 - 0.36-yJx4 = 0 , (10) 
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1 / 2 where A f l = Ad and » yd ' . (Reca l l t h a t x £ = a w c / w * e , where a % I 

depends on the shear l e n g t h . ) There i s a l so a n o n l i n e a r inc rease i n the f r e -
2 9 

quency determined by AQ • 0 .6 I n Eq. ( 1 0 ) , the f i r s t term represen ts 

broadened e l e c t r o n growth , t he second i s due t o l i n e a r shear damping and 

the l a s t i s enhanced shear damping r e s u l t i n g f rom the t u r b u l e n t s p a t i a l 

broadening o f t he mode which decreases the e f f e c t i v e shear l eng th [ t he 

term i n G ( $ ) , c f . Eq. ( 7 ) ] . A s t a b i l i z a t i o n mechanism s i m i l a r t o 

t h i s l a t t e r one has been computed f o r a Q-machine i n Ref . 8 . There, however, 

T c /T c 0 » 1 , so t h a t mode coup l i ng i n the I on k i n e t i c equa t ion was the 

dominant n o n l i n e a r i t y ( w i t h a d i a b a t i c e l e c t r o n s ) . 

The maximum d i f f u s i o n c o e f f i c i e n t ob ta ined f rom Eq. (10) occurs 
f o r b = bQ « (1 + T ) 3 T _ 2 ( L n / L S ) 3 ( M I / M E ) , where the n o n l i n e a r and l i n e a r 

1/2 1/2 -1 shear damping become comparable. T y p i c a l l y , b Q ' * b-j = T(1 + T) * 

( L s / L n ) , w N r e b S b-, i s s u f f i c i e n t to neg lec t i on Landau damping i n 

Eq. ( 8 ) . A l s o , the mode w i d t h Ax * a b ] / 2 2: 1 , which j u s t i f i e s the 

use o f the d i f f e r e n t i a l Eq. ( 8 ) . The d i f f u s i o n c o e f f i c i e n t which 

r e s u l t s f rom maximiz ing D f r w i t h respect t o b i s : 
7/2 3/2 

D , 2 1 S \ \ cm2 /sec , (11) 
r r T C I + T ) + T L n j B L ^ 

w i t h B i n kg , Tg i n keV, and L n i n cm. The assoc ia ted e l e c t i o n thermal 
q 

conduc t ion c o e f f i c i e n t i s = 3 /2 D r r . . For the ISX-A d ischarge w i t h 

p l a t e a u regime e l e c t r o n s , where the main e l e c t r o n energy l oss channel 

might cor respond t o the e f f e c t s cons idered here , Eq. (11) y i e l d s the 

c o r r e c t o r d e r o f magnitude t o account f o r e l e c t r o n heat t r a n s p o r t o u t -

s i de the q = 1 s u r f a c e . 
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Equat ions (5 -6 ) and (11) can be used to es t imate the f l u c t u a t i o n 

l e v e l r equ i red t o s t a b i l i z e these modes. I f magnetic b r a i d i n g i s t he 
~ 2 2 - 8 

dominant s t o c h a s t i c mechanism, Eq. (6) i n d i c a t e s b /B ^ 10 i s s u f -

f i c i e n t f o r s t a b i l i z a t i o n . ^ 0 I f t x $ t u rbu lence i s dominant , Eq. (5) 

y i e l d s the f o l l o w i n g r e s u l t i n the s t rong tu rbu lence l i m i t w £ w'-: w 

n _ 1 T 2 / LS \ 3 "e . . . . 

" " ' ( T T ^ V W Ln • ( " ) 

For t y p i c a l ISX-A d a t a , n /n % 0.04 i s ob ta ined f rom Eq. (12 ) . 

I n conc lus ion , d e s t a b i l i z a t i o n and s a t u r a t i o n o f the d r i f t mode 

i n a sheared f i e l d have been shown to r e s u l t f rom a resonance broaden-

i n g mechanism t h a t dominant ly a f f e c t s e l e c t r o n s . This con t ras t s w i t h 

p rev ious tu rbu lence t heo r i es i n a shear less f i e l d , 4 where non l i nea r ion 

damping l ed t o s a t u r a t i o n and the e l e c t r o n dynamics were l i n e a r . Thus, 

whereas recent t h e o r y 5 i n d i c a t e s t h a t f o r tokamak parameters, i on non-

l i n e a r i t y i s no t a v i a b l e s a t u r a t i o n mechanism f o r e l e c t r o s t a t i c d r i f t 

modes, the present theory p r e d i c t s s a t u r a t i o n a t modest f l u c t u a t i o n 

l e v e l s . 
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FIGURE CAPTION 

F igure 1 Growth r a t e (norma l i zed t o r e a l f requency) vs wc 

(norma l i zed t o f o r T /T.j = 1 , L s / L n = 16, and 

va r i ous values o f k . p . , ob ta i ned n u m e r i c a l l y ( s o l i d y i 

l i n e ) and from a n a l y t i c d i s p e r s i o n r e l a t i o n (dashed 

l i n e ) . 
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