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Abstract

Wo conatruet the correlation between the mean squared piom charge
radius f: and the pionic contribution Q/A(I'n’) to the muon magnetic
noment by means of spacelike data for the jioa ‘ron factor and in-
veatigate the dependence of the correlation on errors of thess data,
We put into evidence, in the correlation pieture, regionu of (some=
times very bigh) instability of the conditional bounds of thess mag-
nitudes with respest to errors (and also with respect to each other),
The existence of such instabilities in the physically interesting
part of the correlation plcture aska for extreme care in the inter-
pretation of numerical valuos for the (conditional) bounds, consider-

ed without reference to this picture,



1. Introduction

In thia paper we investigate the implicatioas of the spaceliks
information for the plon form factor om the (squared) pion charge
radius T: snd the pioals contribution Q,(7"7°) to the muam magmetis
Zoment, | ‘

It 18 a well known fact that spacelike data alome can not predict
2imits on the values allowed for the piom charge radius, if one does
not impose (explicitly or implicitly) severe restrictions on those
analytic funetions which one is prepared to accept as candidates for
the plon form factor., These restrictions may take the form of hypo=
theses as e.8., that the pion form factor belongs to a family of
functions (polynomials ~f a given degree, linsar combinations of sim-
ole rational functions, etc.). They may, however,,also bs related to
other quantities of physical interest, aa the pionic contribution to
“he muon magnetic moment.

For this last quantity one gets nontrivial limitations (lower
taunds) from spacelike data on the form factor, but they may depend,
18 was alrsady poticed in Ref./1/, extremely stréng on these data,
carticularly on their errors,

If one accepts as candidates for the pion form factor (the class
1{2 of) all those analytic functions, for which the integral expressing
¢, (7'7.) 18 finite, then from those of these functions, for which
a_'f(;’,—.") takes a given value and which are {in a prescribed way) close
to the spacelike data, ome already gets nontrivial bounds on J7 .
Instead of looking at bounds on l}f s Biven by fixed values of

c.,k(',:’,—.‘) s 8nd of investigating the dependenze of the bounds on these



2
valuss, ona may take the ether point of view., 7Thia is to derive lower
bousds oa 4,7} 4n the family of these fumstioas of K-, for which rl
takes a given Walue aad which are close (in the same seass as befers)
to the spacelike data, aad to investigats the dependense of these
bounds ox the valuse assumed for 77 . Both paints ef view are but
two ways Of expressiag the sorrelatiea betweea & rr’) and sy
established by the reqhireasat of a certaia “l;oo eof compatibility
of the analytic fusctions of lz with the spasslike data, The inferme~
tion coatained in thess data om T: and 4,(r't) uay then be expressed
through the depeandence of their umhuu oR the degree of compati~
bility ome requires,

In the aext Ssction of the paper we Lring the guantitative fora eof
our considerations to the poiat suitable for numerical ecosputatiss and
in the last Section we discuss the resulis of thess computatiens and
their iaplications. In an Appendix we give a fow mathematical details.

2 tit @]

In Reg./1/ the quamtity Q. (K'%’ was brought to the form

2 F
(S F) ) = X 1 2
a,1'v) 7 /_‘Lé’hf_ Z] X
where =
E | .
(2) ’{’/ = _,':./l'f(ﬂlzde , - P

~%
end £(2) 18 a (roal) smalytic funetiea im ihe wnit diak 'Z/</ , rela=
ted to the pioa fore factor fll) by iz ¢z) 7'12) « There also the
’ J
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expligit form of the kncen functism 9/2) is givem. Here we aots that
4(0) a vic) - (w 8.5033), duwe teo .c;nnuu f'm =1, and ‘f'(a) -
?ila) & t;% ?,‘,, 12 (1": 1;:‘ ’ X = the Cowdtoa wave length of
the pion, _9’(&) w =0.8080 ),

The tramalation of Gu(i'5) amd ' fate the framework of the
amalytic functivus 4(Z) lsads to thoss functieas Zz) , fer which
i I’o (the Hardy class E°) and for shich the valwes X@) , €7,
are prescribed. Further, the tpamslation to ‘){)fu of measureasnts
ot {m in the points X s X; { <: 4, %) lesds, 1f e have neam
valwes G sud sismdard deviatiens (Z o %0 thes problaa sf cheoaing
a wvay to state precissly the mesming of the distance frea a fumctios
#(Z) to these data. Owr pressat shoice extemds that of Bef,/1/ 1 we
teke @ (pomitive) nvmber % and the fenctiorz %/z) for which the

valuwes -I;(»m lie within ¢ standard deviaticns from <. 3

h
>

62 G-I e Ay 2 €. el

to these functions we reier a2 situated witkin a distance o Iom
the dats. This choics is very vatural, although mot he only possible
one /2/. It allovs,in additicm, suck a gaaatitative formulation cf
this particular prohlem, shich zakes ita solation very sisple t the

determination of the valznes <,/ ) apd #?

, allowed for {unctions
10Xy lying withik o disiance X Irom tiue data, im ibiir depe:.-
dence on the valwws of -
The solution ©of the problem may be given Ly Weans 07 . aenvenien’
exAlicit parsastrization of all fenctisus </z, from EX throsgh the

quantities {(ap ’ 'L'(c; N ";“.-) , 58 shich we then imposs constraints,



Buch & parametriszation is /3/

~
{(1) = ‘K(a) + {/IO)Z ‘ Z. Cy ’Q(z) ,

6y
(4)
2 Z’X, Z- Y -
+ Z

A2 ~r 2
with

Z-%, Z-x (r-x2 )"

Yoy ~ 2?32 M TN

(5) 4 ) F-x,Z 1-0.2 -l

where »e‘”(z) 18 an arbitrary function beloaging to Ez and the coeffi-
cients ¢, are linsar combinations of %1c) ¢ £70 , h(X:). For complete-
ness we sketch in the Appendix, following Ref./4/, the sssential pe-t
of a very elementary derivation of general expansions of the type (i).
This expansion has the virtue of orthogonality, i.e.

’ 2 n

. 2 - 5T, y 2

6 ) A Ko e 20 s,
L4

and, because our data have no impact on fg,,/z,; s &8 seen from tte
trenslation of (3) from A&} to (

I/ " -
u; - {Jm— htaryx, —xJ ¢ L Cpignr,

() (o, Lo ) |

4 g .
F /RN () "1/»"/)4‘ ;oW

)

it leads for functiscs witk fixed valuves /e , /%) , Hiv) to tr

inequality

(8) //f’!eg -f/o) . -.'/”/c, v L7,
4

If we Telax the condition that the £/« ars fixed, tben :he lowe. *



)
value sllowed for //f//z will be determined by the minimmm of

2 P 2 ~ ¢
(9 S s Zie e Floy o 26
. Vel {_.'

over the valuas of ; , allowed (for fived ‘f'(«) aad ¥ ) oy

the 2n ibequalities (7). The drisrrinaticn of thie miaimon is geone-
trically the determination of the goint of = paralleictape {7.(%, f'fo_;.}
of amallest distanca to the origix, acd eigebrul .cily “~» sinidzarica
of a positive Quadratic axpression un::v lismsar sonc'rrint: (gquadyse

4 i

tic optimization), Fe demots the mimusan by £ /¥, ¢ i) . The depsn~
dence of {1(’)‘; {’/0!) on {’/c; { frr W fixed) ibsr axpresass thn
corrolatics of /£/ " and Cic) , witk tos degrs. of compatidiiity
with th» spacalike daiu seagured in torms & tas waaber ¥ Al etese
Aard devisticns of the famctioAz /:rom tuuze Tas rhcla ploiars 2¢
correlation ¥ 'M.f.""z und -ﬂlo) , 4n L¢3 Jependsr = of v , %A tR -

S, / N
given 2y tiy surfsce £ i £ {61} o Phe ehjant af ou eroputediel. s

therafore, {sh9 post simnificart part =7} .ai zurfaco,

3. Results ¢..d Commente

%e hnvyy choasen for uwaz dusl 2oorulseiions those Jiven duta 7o.nta
from Ref.8 /57/ wiil tio mdmeniam tlransfers glvem in Rai "1/
( Table ]I ), The reauitm of computaltion are ropresunted ir M6 ¢ o,
Before we gomusnt on these v sulis on &2 1t Drs.eolt a 7o qamiliss
tive thaoreticai cocasidergtions which ea® be helrful in Satarprate~
tica and iz sheck.ing cosputations i Ox- van owsiiy sbov {(ssosvding

that 1ot ) (*'\M('Jf, -':jtu:), conmidersd for cunvenlente a8 & uucties
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of ¥ anda 7% ,3{ (W,;I(FH £ Se) T ) is a convex surface, 1.,

33/

2 . 2 2 R
(10) cx‘£ (d,, 1)+ ”-‘d)f e, 12 2 f(ﬁf.*/f—a()a‘o 'ar;,/)_d),f)

for any number o < < £/ , Therefore also the curves descriming the

2
dependence of ‘i (’X‘fa) on 73 (for ¢ fixed) are convex i

(1) o« 'iz(w,ff) 4/4-.,(){4/7(,15) 2 -ffo/w,ufu.-«;rf/‘

~

2
The ainima VA ©f these curves and tho values fi of 2 ’

Q 2 22 N
corresponding to them, depend on v ¢ T Tm,.;.(-‘ » {i :{/y,ﬁ/x;/’s

= {h,/u). The values {m{:{) are sxactly the minima ef //fﬂ s Which
4
one obtaira if one iaposes »c constraiata ox {I":,‘ ( ° Y /1/ =pé
£
ellows for the functiomd %.z) a distesas * {rus the dgto. Pron

2
(1e) 1t also follows that %_ /<) 1& » zonvez survs .

r2 i "2 .
(12) o [ A - {'n‘/y") 2 ’{W fo¥, . /1-«))(,/) .

N2
Fow we describe the reseuiis by mesas of the quantities 7 {, 12}
2 "
and £:(o<).'rm(‘x/} e« In Mg.! wo bave reprenerind the space curve /'~ =

. 2 2 Z)
12 () ML) - £°(%,72%)) , the “ecges af the surtace T /¥, 7Y,
Lo e 2 ST
togotber with itm proisctions [/) = B gy T m E(3) gt | oef

-

¢

Ced .
on the coordisata planes (Af’»..(i, CH R AV A I (71,//7:3'::, reFpesiia
t4lys This curve zas obtalmed Ty Sorfusalog 90 0%x 4ais %hs computa~
tious Of Ref,/1/ for 7arions sie». asd devie lora # , 1.7 usefnll~

Le38 18 riven by :t2s fast that i” 2bwws Chl »621t89r wne nbaye pl tas

s

» 4 I
physicaily most . :terecting par: a7 /'«w"j : T ool part ca ek
represenied in Fig,2 tho levs) ouryes /, EEEDE 7 v"") La 4te
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depsncdnse on 7 for vasiens Flaed viluma T .,

part &I this figure 1000 57 Ay teadiidi; (yo-oh somsL lvavT,

S S
Bonad R F.TT) with So~peet %2 Lo vrvio il
2tenDp parte of thy Jovel cnpren raflecl 1owiability rex

th respect to 3~ roismicn o M

Statiatics srgaects thot - relilsils reguiise Tee ab
errors up o Lhres misiingsi Voowx Wdlo L 1§, A T
looz for ifuafcoceal -1 sidu FRD & oo ol ver S, 2an

given values ¢! ! L . ther At wnyr aui LB . ouin

depends Fery struva. - 7 ths ckeciw - .oTiaepcs Lovo. Qg

3]
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puserical eomput~i:.i, an imsight 1: u the (ol ilavivae

AXPILLB 0T this serrelation rled 3z a0re s.apliosiir g i.-tic
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Appendix

o Orthagone. on in Ratiemal ctions

If fer a real function 5(4:) in !2 ve know {}a) s then the natu-
ral (ortaogonal) expansisn is the Taylor series ’f(zs- {(cw Z ¢4 24

A=y
or

(A.1) {(1). £(o) ’ 2{,{2)

where {{z) - Zal'z contains the "rut" of tho expansion and is
an arbitrary nutm 1n B2, rron /4| s {u, . Z ¢l 1t is evident

that d-e

(a.2) I‘e ”2 = {?a) + //{,/!2

These facts alley the derivation of the analogue of (A,1) and (£.2)
for those {iz) 1a B® » Which have a fized value of L&) et «%c

By a change

R §

LR S

z-x

(A.3) A} =

LY
of variables, whigh transforms the unit daisk :»/«4 (comformall:’
snte the unit disk /A /<4 one brings 7:« to the origin =90
In the variable 4} the expansion then i@ ths Taylor series, but :ne
function to be expanded is not 7/2/%\) 1f we want to presmervs

ortheronality, sinco in the definition (2) of /7 / thers spoesr:

the factor
(A1) L ff,_’f’z
oay P
of the transforsation (A,3) fxca 7-°% B te .o, The Tevler
expancion is thus for £ry:4i, 107 ana gives i, /‘. R
e .02 PR

L= ‘L{») or

41:
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(‘.5) . ‘_,(-Z) . G f-x )l . 'z’..}“ F ‘2

A-xZ PP A
snd

;2 H §2 1t
(‘.6) ”'ﬁ i e 0y v /'.x;' i
5
. 2 A [~ »
" o f: {e-x?)2 - Y

where (ix) ={:’n;4-x‘~r‘~ and 7 o o= ’X.)_f (ary ; BlBC® (/7 (€ “/‘:'L'fo
3 sz .‘{.

o 2
J/-f,(e“’»/ de .
Expaunsdon (&),/5), for instasce, is but the ,teration of A.5),

(A.6) according to ths acbeme

c - S » 1{ .
Kizy = Liey » L M0 TR, i) ,

fo o731 z
-~ , . L4 > ” b2 -2
RN SR & A ol Mgt
A~ X I-Q_Z !
(A.77
.
. /1—1231 T ’
_ ’ el ” 1 A 2 g <
Liee o) 220 204 £t et
A mKa = ”. 4

2. Convexity of the pargage :°(> %)
sl

(> Lyt s

We congider tac paira Hf valaess
tie fwncticonmr sizh resline

L /. f
(o %7 ) and danots v 4 (z) and 'L(zz
2l

the minisum of (§) over tho paralielotops:z ?1 ‘o, f.'/c;) ol ":f:_’f’:(

roapective.ly ¢
.2, - . .
L iwe i) = M

(A.8) Lo, £)in) = #LE
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Simce the fumstion o’;(z) = a:‘(;(:)r /4-«){./2), O«<a<q , oboys {/0) =
a(0) -{’Io) = o {,‘/”4/4--() {;/O}md
/ a

(8e9) & - («%,r (-a)a, )T < &, i) s . r fo X, » %)%, )

A =z 7. 7

it belomgs to the parallelotops L (x X,s /r-a)x, «%.ie)r ()& (s)a On the
other side the imequality

{A.1e) o(/{,/z)/ v /4-a<)/‘f/z;/ 2 /q{’(;, ,/4_.!),“,7)/ 2 /{/r:

leade, Wy utopatun .ceomu to> (2) and by the ebasrvation that

s

together with /i = /7. !4.164.1150/[1 //ci;, T, to

- &}

wm o« M iy i

‘o

Bat the fumction [,/») , even mhen 1t belomgs to I /xA, - /s-a/.,
/ ,
at{.,/a) e -2 10; , doss not necessarily give the mimimum of ()

over this parallelotope. Thereforc

- 2

- - - . o /"/
(Ae12) Lk 4 A(wd e S A (1) T
« Yy

and the comvosition of (A.B),(A.11) and (A.12) gives the imequaii:i

{10) of the text,
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Cuptions

Ta.e I 3 Experimental d:=ia, taken from Ref.a /5/-/7/, and their

translation into the form uced in this paper,

rige1 t The adge of ths surface (ﬂz/a«,r-“' (a), wita its projections

-

5,2 g 2 2 BRSS!
KT 10 )y 1 ri (e), wmd TLirh ) (a).

.

72
Fig.2 1 Level curves of the surface {/%ri)(the daahed line

22 . .
represents [ «‘fj.:) e



Table X

?t‘ N X Rrk) lep) | goa) a; 7

Lev) -

0.176 | -0.2870 0.786 2 0,045 | 0.7269 | ¢.9713 | o0.0327
0.294 | =0,3720 0.606 t 0.028 047832 | 0.4746 | e.0219
0.396 =0.4230 0.550 ¢t 0.01% 0.8127 o.hir7e o.0122
0.620 =0.4991 0.453 * o.0ih 0.8486 0.384k | eo.0119
0,795 | =045399 | 0.380 * 0.013 | ©.3629 | €.3279 | o.0112
i.216 ~0,60%9 04292 * 09026 0.8764 | ©0.25%9 | e.c228
1.712 =0,6547 0.246 * 0,017 0.3770 | e0.21%7 0.0149
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