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Abatract 
We construct the oorrelatlon between the seen squared plon charge 

radios 'V and tha plonlc contribution a. Ci n ) to tha soon Magnetic 
moment by neans of spaeellke data for tha ţioa. form factor and la» 
Teatlgate the dependence of the correlation on errors of these data* 
We pat into evidence, in the oorrelatlon pletiue, reglonu of (eoae-
timea Tory blgh) inatabllity of the conditional bounds of tneae Mag
nitudes with respeet to orrora (and also with reapeot to each other). 
The existence of each instabilities In the phyaically intereeting 
part of the oorrelatlon pletore asks for extrese oare In the inter
pretation of numerical valaoe for the (eondltloaal) boanda, consider
ed without reference to this, picture. 



1. Introduction 

In tola paper we investigate the lapllcatloaa of the apaeellke 
lnforaatlon for the plan fora factor on the feqaared) ploa charge 
radina r,. «ad the ploaie contrlbatloa tiJt*-') to the maam magnetic 
-omeat. 

It la a well known fact that spacelike data alome can not predict 
limite on the values allowed for the ploa e'large radlaay If one doea 
not lapoae (explicitly or lapllcitly) severe restricţiona on thosa 
laalytic functions which one la prepared to accept aa candidates for 
the pion form factor» These restricţiona aay take the font of hypo* 
theses aa e.g. that the ploa fora factor belongs to a family of 
funcţiona (polynonlals tf a given degree, linear coablnatloaa of aim-
ple rational funcţiona, etc.). They aay, however,,aJao be related to 
other qnantltiea of physical lntereet, aa the plonle contribution to 
the anon aagnetlc aoaent. 

For thia last quantity one geta nontrivial limitations (lower 
taunda) from apaeellke data on the form factor, bat they may depead, 
as waa already noticed In Bef./1/, extreaely strana on th«ae data, 
particularly on their errors. 

If one accepta aa candidatea for the pion fora factor (the claaa 
2 'A of) all thoae analytic funcţiona, for which the integral expreaslng 
CJirYj la finite, then froa thoae of these functions, for which 
6,(*Y) takes a given value and which are (In a prescribed way) cloae 
to the specalike data» one already geta nontrivial bounda oa /̂  • 
Instead of looking at bounda on ^ , given by fixed valuea of 
G.^U'x") , and of investigating the dependence of the bounds on theaa 



a 
valooa, OBO B«T toko tte otter point of vlov* Zhla l a to dorlvo lovor 

tornada om «yirt'j la t t e faally of tteoo faaotloaa of E2. for whleh ^ 

tokoo • glvoa «aluo and vhloh «TO oloao (1B tho BOB* OOBOO BO boforo) 

to tte opaeollko dota, am*, to lavoatlamto t te dopoateaoo of tteao 

toBBta os tte valaoo aaamaod for tT » Both poiata of vlov «ro bat 

too «myo of «xproBBlBf tho eorrolatloa botoooo Zjr't') ate >* t 

oetabllated by t te roa*lroa«at of a oortala, dogroo of coapatlblllty 

of tte analytic fometloaa of H2 alta t te aaaaollte data. Tte laforaa» 

tlon eontalBod 1B tteoo data oa r* and a^Wi') aay ttea bo oapiooaod 

through tte dopoadoaeo of t t e l r oorrolatloa OB tho dogroo of ooapatl» 

b l l l ty OBO roomlroa» 

la tte aoxt aoetloa of tho popor *o bring tho quantitative fora of 

omr eoaaldoratlOBa to t te palat oaltanlo for aaaorloal ooapmtatloa aad 

l a tho laat aootlam «o dlacmoa t te roaalta of thooo «oapatatloao and 

tholr lapllaatloaa* la as Appondlz «o «IT» a fo« aatteaatloal dotalla. 

2 . QoantltatlTO eonaldoratloaa 

IB H»f»/1/ tho quantity QJK'X') vao bromght to tbo fora 

vtero 

(a) till' - ffJfo>l*d* , a-** 

and ft*-) lo a (roal) analytic foaotloB la 'JM malt disk >U< 4 , rola-

tod to tte ploa fora factor f<*> by «v • f/z) ftz) . Thoro also tte 



î 
axpllalt form of ta* kaoaa faaoalaa $<*•) la clvaa. gara a* aota that 

<(c) . y,o (- a.5o33>. «a» to aaraallaatlan &> - 1 , and ^ . 

fU) * 3V» ?''' ^* ( *** V** , * • taa O—atoa «ava laagta of 

taa paoa, ?'<«) • -o*«o8o }• 

fn* traaalatioa of « * / t ' 0 and *̂ lato ta* fraaawork of tba 

aaalytle faactliMa <<*•> laado to thaaa fuaatlaaa if*.) , far abJeh 

f£ //Voo (taa Hardy olaa* H2) aad for «feleh tha valaaa •£(«) , *£'(c) 

ar* aroacrlaad, Purtaar, taa traaalatlan to <Jlx.\ of aaaavaaaata 

of Jiz) la taa poiata Z * x, I .«« *, . , 0 laaaa, If ••* aa»a aaam 

«alaaa <ît- aud a*aadard dartatlaaa ^ , to taa proalta af «aaoaiaţ 

a may to atata ax*cla*2y taa aa awing of taa dlataaa* fraa a faaetlaa 

\(*-> to taaaa data. Ovr poraawat oholo» axtaaaa that of a» f , / 1 / t a* 

tako a (poaltlT*) i n k » ~t aad tea raoctlarr <A) for «blch taa 

vaiaoa A.«, i Lla within ?< ataadard deviation* from ^ t 

( 3 ) K' - ^ * *• * • ' - . » * « • * • > / / ? . - - , ., A 

to thaaa functions va ralox as altaatad «ltala a dlatanca w Tron 

tha data* tola eaolea la vary natural, although aot the only poaslbla 

an* / £ / • I t alio**,1a addition, aaea a qaaatltatlTa foraulatloa ef 

thla «articular problaa, aulea %»kaa It» aolatloo very alayla t tha ' 

dataralaatloa of tha ralţaa «V* • I aad t , «Llavad for function* 

\U) lying «lthlfc a dlatâac« M fyoa tha data, la ir.*tr dapor-

danoa oa taa valwa of •' • 

Tha aolatloa of tha proolaa aay aa glvab by «aaaa of a oonTaolaB*. 

asnllclt aaraaatrtaatloa of a l l fanctlOiia ^<z, fro* FT throngs tha 

«.uaatltlos td) , i!(c, , k<K) > oa shixh a* than lapoae eoaatrmlata. 



Bach a paraaetrlsation ia /3/ 

£(*)- hm -£!<»* < Z-e*^ ' 

with 

(5) f(z)mZ**± ^ <tdil 

where i^ tej 1* u arbitrary function belonging to IT and the coeffi-

oianta dÂ are linear soabiaations of <ic, ( t/n , •KtK;). For eoaplete-

aeaa «a aketca in the Appendix, following Sef.A/, the eaaential pert 

ef a wary •leaeatary deriration of general expanaloas of the typo (it). 

Tala expanaion has the virtue of orthogonality, i.e. 

(6) Wf* &<> * &°> * ^~ "'< ' "**•• 

and, heeaaae ear data hare no lapact on v./^< , as aeen froa the 

translation of (3) froa Kf<,) to r/. 

(7) 'ZCv.-i'i») 

It leads for foncUOiSa with fixed r»2ves (fc; , !,'?<>) , "ki':) to tY 

inequality " 

(8) . ^ / ? ^ ' ' '•''"'<' ' ^ '* 
f. -» 

If we relax the condition that tb» tj». > cr» fixed, then ••.»>* low». '. 



f 
• a l a s allowed for //•£// w i l l be deteralBod by the e1n1aaa of 

(9) /iH*° ~ <.,<,+ Sc, * Z. 4 

over the vale** of ^ , allowed (for fixed "KM aad "-f ) by 

the 2B inequa l i t i e s ( 7 ) . The dt^Tnlnat lca ©« ta la a ia la t» i a geo:*e-

t r l e a l l y the determination of the j » i n t of a p*rell«.ict«pe ('li'x, *-- i> 

of smalloat distance to ti<«» e r i « l s , acd »ig*bTiti. ,sdly *"e <iir.Jiiiia»-l33 

of a psa l t i re quadratic expreaalon uni'-f l l aoar bozuL'-rcOnt? ;o.uadr:«-

t i e optimisat ion) . 5« 4eaota too alnuecs by *. <'*, "i' •'*7 <. The d*p*>&-

deace of A (~*>"*•<<») on *./^ ( fcr X fixed) U>»D dxpreaaco ih* 

eorrolat lea »f /i-i/i as4 -^('o , »itfc t t s d?$r»~ of coapatlM/ i t y 

with taa spasallhe d*tsi aea.3iL?«d ia tars» * / 'cb> <ra3b«r T *< at*?*» 

dard doTiaticaa of the functions / r e s w , i ^ Taj ,-hcla pis tar,» t f 

correlation <;f yiî." *n« -*V/'c; , l a i t s £epea£r -;* of >• , i« tt. . 

gives lay the surface "K i'« . v'{«;/ . %« cij-»»-;- TJ o*; a.-^pntcM*.:. \if 

therefore, fcas <noat e l ţmlf lcact part - . 0 ',ul . surface. 

3 . Beauita a»d Ccmneatt: 

l a heva chosen for u u ? / * ! ^ ! susput^tloai) thee* > *en 'Jut* p.-.j_ata 

froa fief.a / 5 - ? / «itii tfeo moaotaa traaafero giron in Rii . '3 / 

( Table I ) . The rees l tn o f coatptitatioa are .ropre»{i»*.ad ix Fl^-s < ... 

Before we ooamnt on «.hesa r-sauli» «« afe.z"i. pre.-est a "v-<r v*i'»*-!•-* 

tlwe theoret ical cco«ldtratloaa which «aft he h«l?ful m iaterpr*ta~ 

t ioa and l £ obec*.juig eoapatatioae i Ova uan e a s i l y ebov (i^^xiiX\'t 

t h a t -t~(*,t') {-K { M t-.\v>) t caaalaer«4 for cunvenieaee «so a f nuc t io? 



of * and tX , J 1 Is* ,0V«w JLc(C,rz ) 1> • « m m Burfti:«, i . e . 

for any nuabor o <r <* ^ • Therefore aloe th« corvee deecriaiji£ the 

dependence of kt*,*') o» * (for rH fixed) ere COBvex t 

(ID «£*(*,+*)*{<-«)£*(«,*?)} l'f* ,«r?*r.-*)t?) 

The al a l— K ^ of those corvee and tho veloee f 5 of t5- , 

corroopoodln« to thea, depend on :-/• i f > t ! / ' ^ » V « i ! i> ,^ /» i ] = 

:- < ^ . Too valueo -\ /"v) aro exactly tee a lu la* or ll£[f , «s ic* 

one oetolna I f on» lapoooe »c conetralate oa <'•'.' ( } / I / -SJSC 

a l lovo for the fonctloaa <•?.) * dletoaa* -' fro* tbo 4*ta„ Proa 

(1e) i t aloo follow» that ^ / •<) l a * sonvez enr-r» 4 

loo *o doociibo too rooalts by MOOS* of tbo quaat l t ieo .-, (^ > ? -_/ 
/ a i 

an4 *L f-x), T^IX) • Im Fi*»1 we «ave redresor.tnd too «too* carve '•*• •» 

*£,'*<) 1 / /{# • {.'l(",r,t>v-)) » tko "««ţt"1 «f too eur;*c<> < % , / * ; , . 

tc-e<>tb»r e l t n l t o prcjactlone /'/J - 'h^'-y, , f « ^(^) , * '•'/ » '*-?"' •' 

on the c o o r d i n a t e p loxe» ('<»-;/» "W } s " . , >* ) , l î " | « ; ! ' ! , rowjwili-

^flly» Thle curt» woe ofetolaea "ev porfc«wl&6 oa OAJT doi* to» cowpcta-

tiouo of B e f . / I / for ţariooii »vo^: *»d - lev la . l cr j 5f , i .? a s e f o l ] -

aeoo l o riven bT -*»» -•«* taat i , ; *ivwsi tax yctfitlos vjf? aba*») of t«w 

phyelcol iy Boot : t e - e ^ i n * ^orj- *J? T /»<}y / x »»r j,>,- ^*rt *> kor* 

reprooootod l a r i £ . 2 tbo love). o».rr«» '•' ,''"•'. J.v.« "? ' : ''V JL-I I t * 



r 
d«p&':ţc4D€« on 1" t, far vaur^-cus fi.»:^- vs.lu*v- r ' -• . î t s ^ t - / . 

pa r t r-r t h i s f igara '<w^.Ui; 1>- 'waVliAt.- (V...~b sens; .:.-?..<: 7, • >• 'cr 

fconsd ^ '*•,?'", ' « i t h rcsp*ci "^ t< v <vic',i:..i :<r ^' . / . r t ^ e r , 
J'i 

«t«»p pi tr te of ths ;.«»«). -r»r'»« r-ifl *••-;. 1. •--•:-. ibiJV *y r f ; : : . : i i ..I • 

« i i b r**p*ct to t - - j . - . - t i ^ r f 

S t a t i s t i c s s.i^.iţe^t-" -•'«t î'."-- r ^ ' i ^ i . i s r»3u; i<= r*e -3^-oi.i cc-.• ... 

• r r o r a up io i.hr<?s e is -•- ̂ xi .: r> vl . .. '. â, - . " -.- u.ria 

l o o i for iafcraa '- ••--" •; -Xs Fi~. * •?.•. '-*V..J.J vor ;"! .. « ' . . • r i i s * . 

given value* c î : "-: ; thus i+ a. •.: -stl t t r . <.:\-. •Ţ.^-r sov 

d«p«adji -?ery sur^a^ ~ ti><5 cixjc- .u - -r.?:. I-.PC» !•••?;•.. Cc ' , i~ -
i f ««5 t l T !,'. (©*" *-'"*- '- "•%«-'•-- '.''••^r't • • • . ; .1 : !' *V> T.V ^t .r. 

o f "_ - <.,.."• y*" , >->i«-"iâ V , •-« V ^ ' - i i »c " • . ' . , ->. • '•••- '•-

wo a l r * * ^ w *—. -tz ?< ..or. oi' «.'.;.',*.- - ;y.' : ' ~. < ;. '- n.^ • 

of ebou'c ţ«o ; r :>v s •./ •'•.•''•(( • i-o:r. .c- -• > 

B'soaaa-:-: i ? Ifcs «atic-s-; sic*. . r J ••• :<' v • '..,-ţr.KL •.. ;.•. 

>y toe «CfT->v atxon v-irfac .- •-**•• ;r. ... r. r..; - . -; :. • >• 

to «Uggost pT*twr" ' aui'-/.—••. ' - ': >• •.< "i-jiOfi •• ţ. i 

l l l iafcra^ioî i v? - ITP-; :"»!?- ; / • ••- . . :-a jj- ..-..-• .^ '•• -r^vir • •..v 

ueJt-i h.1» O*;J BJftOi.c: *C'. . '•4ij-^ t^ '.fcrr :- (~:.r,f.;.-- . .̂â •-:. 

h* coafei^fira to b« «!.;•;*.>_, JCV-'C io y««i*j: •; \ + . 

i f C M Cw»ip'ct*;̂  •'.'- .:»'U ar»r« ^a*.a î S Î «•• I ' i - <-." -'. -c ;. -,:••'.• ? .. i 

9 * hAV^ dOB« 4l*JTO. j'Hi» *r?i(Ka9 .;> Î ttS..1 . •„•:? Xii : , V / v e . <; .- . ,v.-"-.-f.' 

jg«l» «tuto, wJ.ti.0»^ ••''*•..<»».•.a< IOTOJT? ' ; lw l'< ,-,' ' ^ a'.- ...-

numerical c»eputr;;;.-â,. &a l .n«l(bt 1 •. iv tbs <;•'••'= : î.*'; •'* :-...-..r • 

«jtbatta ror t h i * ecrr«lat t ->a '-Iw.' i i SKI» ţ«>ip»lo»tn'. j . ......».':/;: 



1* Ortaa«aag\ lapanalon in Batlaaal mactlona 

If far a raal fraction <i(z) in n ia know -tUcj , than tha natu

ral (artjttgoaal) axvanalan la tha Taylor aariaa <Vz)« -£.(0+ 2L <•',< 

or 

«nara \lz) • *-. *k * contains tha "raat" of tha expansion and i s 

aa arbitrary fact ion la IT. Iron H / - &>> * 2 . ** A t i s »»ident 

taat 

(A.2) # | * * Tfi, • / < / 
5 

faaaa facts alio» tae derivation of the analog» of (1.1) and U.2) 

for tboae xfc) la a , which have a fixed value of ~iU) at ** c . 

By a chance 

(â.5) ^ . 1£L f z - j ~ ) 

• f variables, «alea tranaforas tha unit disk i^lti (cautonall-) 

•at* taa malt alak ivlii ona brings ? - < to tha origin v - j . 

la taa variable •%> tha expansion then la the Taylor series, bat ne 

fanetion to ha expanded ia not {frf*0 i f «a «ant to preserve 

orthogonality, alsoo in the definition (2) of ţi-f // ther» apoeor 

tha faatar 

of th# transformation (A.5) frca T- ^ t.c * • • <v ' , The TayJo-

expansloa. la tama for £{v)z i'i'\< !_.'? . and glue ,;',•-., ' -'' ,-, ,,- >• <> 

£ 1 < / * ) «r 
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U.5) ' -k, . e„; (t^!1
 r Z-JL. J ^ 

and 

«tore i1!»! »T:'.\>;-f./";-î and "^.'C. « . * _"^ IVI , s i ac* Ui^t* ' *il^îa 

Ji-eje^fj* • • * 

XxpaaaieJt ( 4 ; , ' 6 ) , for Ina+.auce, i e bat th« j.'.er&t'.on of -JU5), 

(A.6) according t e iha scbeite 

c f 

r 

(1 .7) 

2» Convexity of the Sarr&e* î (> . r ) 

*• eoosidar tao p a i r s oS v«l«t*B ( v. , <a> ) s ( r-\ v~" ' * '* 

( y, »"£,'*>) and d«R<?t« fc7 A <>' aad \ , ( z i U.f.- fWDc^lon* »h..'cSi »n ' . !w . 

tha BlBlsuu of (9) ever tho pa ra i i e lo topez "P x , Cv«>) c.-;d "^ V '•..',-,'.'. 

raapaetlTal; i 

- < • % , ilu>) * •••(,;» 

U.8) "HV*, . />') -- M<C 



Io 

Slaaa tfea faaatlon i^o; • *.'£,/*>••/<-.</;£/>;, c<*.<4 , okeye \,/<?; « 

0(0) ,-£'foi »*^t°>+f'-*)ftfc)»n& 
/ 

I t aaleaga to taa parallalotopo l£(«c *,* H-*)*t, « ~C<*)•*&-*)%(*)• 0» **• 

otter aida tka Utaaaallty 

(4.1.) «lt(x^ * h-«)lic<2,f >, /* <,„ .«-~)l!z)j% rf^,j* 

laadr, ajr iatagratlan according ta (2) and »y ttaa aaaarratiaa that 
i • ,i - } 

tagataar with !><;> * '<^L. % * = c,4 , a leo //•*_ // « H_ i , to 

(A.I1) <* K..f *«-«)Mjf* t //<.*"' 

Bat ta* faaetlon Â./Z) , a»an «han l t balanţa to % {* *, * ti-*). y„ 

tx'L/o) t- h.jrf'fo) , daaa not aaeaaaarlly giva tka Btalanm oi (9) 

avar t a l a paral la lotopa. Taaraforc 

(A*12) ,"•/ '•' *' K ( "• •* * !+• '>i:'i . °< %'*>» /-»w) T". V. , ) 

and tha oosaaaltloa of (a .6 ) , (A.n) aed (A. 12) glT*a tfca inaqoalit: 

(1a) af th« U i t . 



11 

?3otaotaa «ad Bafamncaa 

( ) Work parfomo* undar contrast with tha Roaaniaa Nuelaar Inargj 

Coaalttaa. 

/ I / Q.Banoln, I.Baaailllar i Buovo Claanto AH,, 319 (1972). 

/ 2 / I.Baasllliar t Parai lpr.aana to tha rlgarona aaaaa—aolagy of 

too plom alaatmaagaatla far» faatar, Inatltata af Bhyalaa, 

Baeharaat, Praarlnt (1976). 

/ 3 / Kipanalo» (3) waa «lTam 1» I.Baaeilliar i 0» r l p n u laaar 

bounda for tha hadraala eaatriaatloa to tha anaa g>-fas tor, 

Instltvta of Phyalea, Baeharaat, Praprlnt (1972)* Thara, aad 

alao la / I / i t aaa aaatlonad that tha darlwatloa of a gaaaral 

«xpaaaloa of thla typa la straightforward. 

A / I.Baasllllar t KLactroaagaatle Itora Faotora (la aoaanlaa), 

Publishing Bona* of tha Roaanian Acadaay, 1974» 

/ 5 / C.B.Brown, C.B.Caniaaraa, •.B.Coopsr, A.K.Iianar, O.J.raldaan, 

C.A.Lichtenatala, L.Lltt, W.Lockarsts, V.B.Montana, P.M.Plpkla t 

Phya.Bew. D|, 92 U973). 

/&/ C.J.Babak, C.H.Brown, M.Harnllagar, S.D.Holaae, C.A.Llcntsnataln, 

r.M.Plpkln, L.K.&iatareon, D.Autrawa, K.Barkalmaa* D.O.Caaaal, 

D.L.HaxtUl i Phya.Baw. 02, 1229 (197h). 

/ 7 / C.J.Babak, C.I.Brown, M.Harzllagar, S.Bolaaa, C.A.llehtanatela, 

F.M.Pipkln, S.Balthara, I»I«&latar*on t Phya.RaT. D13., 23 (1976). 

/ 3 / A.K.Balna, V.Singh i Journal of Phyalea 0 (Ifnelaar Phyalea) 3., 

315 (1977). 



ia 

t Experimental dz*&, takoa froa Baf.a / 5 / - / 7 / , and thalr 

translat ion into ta* fora usad In t a l a papar. 

t The sdge of tba aurfaoa *. /*• f ' ( a ) , with i t s projections 

Hi!1" &'<) 0>>. r* ~ %:'*) <«). «d O ^ > (d). 

t Laval curvae of tha aurfaoa A /*, r^)(tha daaaad lina 
ii ,. 

rapresenta X. 1 ̂ „) ) . 
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