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Abstract 

The aets In Euclidean spaces are determined, which are the Images 

of the aapplnga, perforated bj certain systems of funcţionala, froa a 

ast x2 in the Hilbert space IT of functions analytic in the unit 

disk. These se ts express the correlations estsbl isbed by the elements 

of i) between the functlonals of the aysteas. Physical ly they g ive , 

for the functlonals cboavn, tbs corrslatlon by ezperiaentsl data 

between ths plus charge radina, tas ploaie contribution to the amoa 

aagnetlc aoaant and aa Boclldsao ( or •aalTalsat Chebysnev ) aeasars 

of errors. 
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1. IHTWODOCTlOa 
1 nuaber of probleaa la the (rlgorone) phenoaenology of the plea 

alectroaagaetic fora factor, roforrlaf to tha detoralaatloa of the 
iapllcatloas of experimental data for phyalcal «aaatltlea related to 
the pion fora factor, nay be conveniently fo rani a ted aataeaatieally 
wit» the following eleaaata i 

a) a (aoraad) apaca of aaalytlc faaetloaa, to «kick tao ploa fora 
factor la aaauaad to beloag, 

b) a aot 0. in tala apace, which lacladoa all tao oloaaata obey­
ing (theoretical aad) experimental ratalreaemta lapeeed oa tao yioa 
fora factor, 

r, i 

c) a syatea (*", 4^) of funcţionala X̂  ( *** , , it ) la 

tkla apnea, repreaeatiag phyalcal aagnltadea or qaaatltlea expreaalag 

laforaatlOB «oatalaod la ozporlaoatal data. 

Tha ayataa («C ,...,<"C,) parforaa a aapplag fraa tao apaeo of aaaly-

t ic faactlona lato B* . la* object of tko type of prebleae) «a refer 

to la than the drVrwAaatloa of tha laaf* taroagh taia aaaplag of 

tbo aot -0. . V. dlealayo tbo «kola pie taro of M m l a t t w betweea 

tko phyeieal «nanUtiee of tko ayatea ( <, , . . . , 4 ^ ) lapeaed by «spart. 

MBtal information (axproaaod la tha eaaracterlaatlaa of -Q aad la 

valaea of aoao of tko faaotloaalo « , , . . . , £ * ) , 

In this paper «a preoeat tha aelatloaa to two («lamely rolatod) 

probleme of tala typo. They expreaa oaaoatlally the (Jolat) Ufor> 

nation one obtalaa on tbo ploa charge radlaa aad the ploaia eMtrt-

batioa to the anon «agnatic aoaoat froa ezporlawatal data for tha 

ploa fora factor, obtained la tbo prooeaaoa € f - *Vi | aad « V - i V . 
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It turns out that the natural spaca for the formulation of these 
problems is the Hilbert space Br of functions M*> analytic in tbe 
unit disk ( '* < t ) : the pionic contribution to the muon magnetic mo­
ment can be brought to the for» of the (squared) nora of an eleaent 
of this space. The pion charge radina ia related to a functional in 
n, the derivative \.f<-) . aa to experimental data «e use those fro a 
« ^ « « X ' H in order to construct an Euclidean (Chebyshev) error 
functional Â.H.) ( K(i.l ) in terms of the values k(*<) ,..., A ^ . The 
data froa *-fc 'K * define, together with general theoretical con­
ditions, the set . For a detailed descriptiv 1 of this correspon­
dence between the physical aspects of the problems and the aathamati-
cal framework we refer, however, to He fa. 1—if . 

The structure of the paper is as follows : In Sec.1 we formulate 
the problems. In orde,- to give» in Sec.i», the solution of one of them, 
we make in Sec.3 the necessary preparations in the form of an (auxi­
liary) extremal problem. Theee sections are In fact, together with 
Sec.5» necessary elements for the solution of the second problem 
(Sec.6). The remaining part of the paper refers to qualitative pro­
perties of the solutions (Sec.7), to elements of importance in its 
numerical computation (Sec,8), and to tbe (eliţht) aodificatlon ia-
plied by the substitution, in the problems, of the Euclidean error 
functional X(l.) by the Chebyshev functional TvfuJ (Sec.9). 

2. FORMULATION OF THE PROBLEMS 
In the (Hilbert) space IT of functions £(z) analytic in the anlt 

disk K.U1 and obeying 
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"'*' i i j iii*)?** , x-*~fU*) 
(2.1) 

«a (OHldw taa aat-fttf.*» daflaad by t 

(a) •£%) - £(**) 

(•) -1(0) = * > ° > (2.2) 

(c) lt(v>l = M9) . * < r Y^ 0 < ^ « « * t v < ^ ) 

with >*)><? n d -ii#)i i , -^H.Âft)£ I ea T , Farther, alta 

(Ivan aataancaa of raal aaabara Q, , . . . t A . x , ^»**«» £, 

( t > « ) , and « , , . . . , * „ ( c< £?< 4 » * * * . . , * + i' ) aad 

with the valaea tV*.) wa define 

lov «a aey foraalate oar two (extreaal) probleae : 

raOBt» Ht(*)t To determine tor tba aet-Q/i,ft)in H2 tbe Image &->*•) la 

tha 2-diaenelonal Euclidean apace VT , given by the mapping •&*» --» 

( K l * . WO ). 
PHOBfrBi ^g»>; To determine for tbt eet-Q/X*.)in H2 tba Image A. (3) In 

tha >-diaeaalonal Euclidean apaea Br , s i van by tha mapping •£(*) ••* 

( t'(c) , //<//* , *(<) ). 
Tba aata AgW and A^d) axpraaa tha corralation batiaaa tha 

qaantltlea Hi , 37<) and -{.'to) , f < | * , X«) , reepeetlTely, 

for faactloaa •£(*)< il(i,6.)» 
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3. m amrn.TjFr n r w u y . Panaray 

Wo consider the positive coao E of funcţiona ft*) ( t o a.o.) ta 

th« roal Hilbert «pace L2 over tao arc CP , the coapleaent, wlte> 

positive Ubeecmo neasare, of P with respect to [o,*J . ia tala 

coao so define the asts£ţ./Cjl ** r » »/,t *7 Clj-L^) . {+1+)>o / 

J « f * > 0 * c / , rbore the ! /*> {.-)•*• «Ives b* 

JiC+iiU)- 44/<i/-^ Jf-*»AA4l -£ j ^ > * * W , (5.1) 
cr 

el ta 

4 

• . 4-<J (3.*) 

| , = 0. «sad fixed (ba% arbltrsry)''real (asaaore) aaaans ^ ( « w . 

• ,'*. ) . These «eta ars eeavei aad closed slass they maş ha seaside-

red as level seta of (proper) convex lover seed isatlaasns fBMtlsaala 

la L2 . ' • * therefore, also their interese t isa (Z(*,{,, tijjm 

K ) i s «oaves sad closed. 

Oar aaxUlary sstreaal prehlea tor HU) la t to establish the 

extsteace of the alais— of the seaared asra la I. 

II* - i j*W* O.J) 

snbjsst ta * • ) « * • «ad the eeastralate ^Xt^f^o ( x* a, ,'H ) f 

and ts.detsralas ths fora of the estreaal taMtloB. 



6 

The existence of tba alnlaua and the uniqueness of the minimizing 

function ht&) follow from the fact that the problem 1 B a minimum 

nora problem in Eilbert apace : the deteraination of -"**<-r ** ̂ t 

In order to determine the form of the solution we wake ua* of the 

(global) Lagrange multiplier technique for inequality constrainta. 

This la Justified by the convexity of K+, of the aapplng / l f , ( 4 ( 

froa K lato 1° , by the existence of as interior point in the posi­

tive con* of and by the existence of functions f<*\ obeying 

(7»'* • ̂  ) * c . For our situation this technique assurea the 

existence of n+1 nuabers X, ̂ o (Lagrange aultlpllera) with the pro-

party ( 2_ K ]J*m , £i)=c and) 

t 5" 
tivi' * 2-K)j*,X) * >*i • 2.K)j*,L) 

walid for any f(e)€ K* . 

The last inequality, written explicitly aa 

(3.4) 

(3.5) 

with 

4 = 0 

(3.6) 

(and tba integration understood over CP ), wa coapare with tba in-

aquality 



«bleb Is •alio' for aay pair of poaitivo faactloas J/b> * >//+> aad 

eatiaflaa tbe «quality alga only for £(») - ?>«•) . ta« validity of 

botb iaoqoalitiaa, (3.5) «nd (3.7), loads to 

r,W- fj (3.8) 

alaea i f f/*) «or* not of ta* fora (3*8), tâoa (3.5) «bould bo valid 

with strict inequality for ? (* ) • fate) , ! • • • *• had 

in contradiction to (3*7)• Too sqaarad aora of Itao extremal fnactloa 

la 

I t , / * ZA*«^ . «* ' i\fjt)d% (>o) (5.10) 

Th» Talooa of tba Lacra*** aultlpllere dapond, of cours«t oa 

tboaa of •£• , bot wo aro not intonated la th« determination of tala 

depeadeaee. 

fa aoo remove too limitatioa 1^1 c Imposed ao far for *•<«, , x » 

Since \ - A . >o , «e bav» la #, /* .) -£tt-e)fil* • *•*»» l* • • • • ^ f < ' • 

va have l+(+,o)t -<» oa tba laterswetlo* i t • OQj-^) » ' «11 

llj{i)t tOT Wft ica •£;<© » aad tba eoadltloa Iffr, c)< c la 

(trivially) obeyed on CI' , l . a . tba aot £Z *• iammtleml with # ' . 

Thia faet aay bo conveniently formulated aa t«e dleappearaac* of tba 

eorraaaoaalag LaaTaaga multiplier X^ la (3*8) aad (3.1o) ( ^ » o )• 

fans, for al l valuea of <• tba fora of tba «ztraaal faaetloa la 
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that giT«B ay (3.8)* 

I t n--c , thaa ona can aaally coaputa tha axtrtaal fonetioa (3.8) 

and the alaiaua (3.to) hy wains to* Jeaaan Inequality , with the 

reealt 

A r 

(3.11) 

(3.12) 

3 .P* 
Since CI C 67/«.)for /*>, * , we always have ffrj $ A/«'^ la tal* 

(«narai altaatloa, 

Startlac BOW froa the eolation of oar auxiliary (axtreaal) proa-

laa ww try to deteraine (la H°) the aat ^.//ff-vjbf those walaes 

( £ , . . . , ^ ) for which there exists aa fl»)c Q(*,t>t /.)<>* •a.aa-

re* nara / / r | • "£ ffrj , with a «Ivea aoabar ifVcr; ( > " ^ c r ; ) . i f 

anch aa ft*) exists , than the naabars ( "v, , . . . , "C ) •*• •»«• **•* 

the aialama of f*f mr Lid,i,. X ) *• «Bailer thaa xVcTj # 

i , e . thara exiet Uţraaga aaltlfy^eis X, t**«* ^ w c h *»•* 

} { f ( i < 4 U o ( / i . o x ) with these •£ and ^E *.«•>; *t*kt>) 

ara obeyed* Siaea tba Talaaa of ^ decrease with the lacraaaa af 

X̂  , thara also «xlst aarasetara Mt + \4 ,,.,,/k*. 1 b*. obeyla*; 

£A«, •• <v, „.„, 

•»* J i ^ . O * 0 » •**• ^ * ' • ţfcfcl*) aad thaaa -*(„ . tala 

leads to taa laelaalea Hji\tp))C \«l), «aara Dj<1) i s taa sat 

of those ( ^ t**«» *̂> )t f o r waioh thara exiet aaahara /**}c • 



obeying (3.13) an* JjT^^yo» ««h that }+rr^,<^)£ o < ->- -

// ,...,">i ) i« eatlafied { ^* la defined by 

<* = <^.^ • £ J / W * (3.H) 

fhie aat nay be written aa 

A*/i«
j; ' (3.15) 

«bara tha eat /tf£4) (in B?*1) ia defined by 

and ^ U ^ ) b y 

The iaverae laelnaloa la alao readily eatabll-
t ' 

abed, and thereby the eqaallty 

Hj-<\ei>)) - X ^ (3.18) 

Throagh a aabeet of ^f^-V *e eatabllah la tha aaxt aaetlaa tha 

connectioa with oar proalea /7*f*) • 

Conine back to the apaea H2 we recall that any real fmnaUoa 

*&*)£ I 2 can be factorlsed into aa lna«r function /v*>) f l*nz)l*4 % 
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/-vtt>l =- * * ^*<x) * ^b*) ) an* aa oatar far-tloa 

' { * J jl,Zl-4Z<*>9 J 
U.1) 

according to 

••&*) - AK«) W*) (4.2) 

A restriction £fe)* n ca £u)+r han ths lapllcatloa that 

£ Co) ^ «. U.3> 

In tha «aa* «a», a restriction K(X^) *^ «oald laply 

for tao oator fanction. Ths condiţiona (4.3) and (4.4) ara la cloaa 

ralatlon to tha aata ULjti) « *na eoadltioaa ^.,/V, £, ) * o daflnlnj 

t r , £ ) a r a , iii faot, U.3) •>• (4.4) for fanction* îfrxj ohaylaj 

/<(»)( = A(t) îor #«-T , with tka notation l<(\)f.- tft) , P 4 CP . 

Tharafors (JL;({A) ( <* • O #•••« h ) MV *• coaaidorad aa tha sat 

of thosa fanctlons ii*)i I* for which tbo sat ^ - . \ < . ) of (raal) 

functions ****)€ I 2 , obojlnţ- jffc) • ^ ( K, • o ) and 

ia not eapty. a l l n*1 conditions ^ (*%-<; ) i o »*•• taa sat 

iClf*.,{1t ,A*) ) af thosa t(*)*K*t for aniah j£<V, «.)#<?,. . . , 

it%(+,<*.)+<>. 
Thasa coasldaratloas alia* «a to arlta tha sot* 3 \ fi.\/>.) •* 

tha pracadia*- sactloa aa 
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with E / a ) aoflao* by U . I ) and 

n d lntorprot *h«« as tho sots of polota ( < , , . . . , ^ ) la •*, for 

•hlch £(-£,•£,)**•"— ij+fiJj+o* wit* ft Affy 

U.8) 

also Aft*) My bo broocht to • s l ightly aodlfloa for», 

A(V) -- {(p.. ^ / y ^ ' . Z / ^ - A/7 , *-fo)*a J <o.f) 

I* no* toko tbo mooot l £ t f * A ) of J)J-£.*/>.) , «oflood by 

./fC .^V^.^^Xl/)../}^,/^.^,^ 
(%.1«) 

Xt hoo tho ol^lfitoBoo of (tho oot of) thooo points ( / , , . . . , ^ ) 

for ohlch tho Mt of lotorpolotiog faactloM wMciotod with n. , 

"£ • • • • • £ , t ( A #•••»/•,, )» • •* ^V</7 , l.O. thO Mt Of 

( « M l ) fOBOtlOM £(i)* I 2 OboyiOg 
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g 
la not eapty. Fro» tala ţt follows that It la the aet of values 

( £*. (*<) t • • • » "^ '*»)) *"• funcţiona 

<:&)*—*— £/*; , u* AW) U.i3) 

aay take for a l l (real) function» /£•/*> , t<V-U)j^>f . l^y^f*) l a 

thus la fact paranetrited by the iaage B11 ( la H8) of the aapplac : 

^V(2) —» ('Vte,) j . . . , ^ ^ ) ) of thu (real aabaet) of the unit ball 

in H . 

The aet 

then i s that subset of *^l^ ) , which characterizes the Taine» 

({.(**) ,...,{{<+) ) of the function» <(Z)C 12t,<<tCL) with (aqua-

red) nora 

r 
Kl* - l+i* * i j A*h)d+ u.i5) 

r 

(-H+) mtifal, bid' ) equal to -L (aa flwen by ( 3 . U 0 ) . 

The aolution of problea H-li.) i s given by the determination of 

the values of A&) over the set y (*<• ) • This set la bounded, con-
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•ax aad eloaad. Tba flrat of tbaaa propartlaa aaada no proof. Tba 

aaeead folio** fro» tba fact tbat If ( ^(<v) Kj<*) ) € l £ / { * *) » 

ut A«*), uA ( ^ « « ) , . . . , ^ > f < . ) ) < l i ^ < * , ^ , A* AM1), tbaa for 

^(•i ,*j-.r (<-*)\ t*f*C*-«))i<AK% aa a raaalt of tne condiţiona 

(4 .11) ,U.12) , tba Uaaar dapandaaca of ^f )oa (L , . . . , / A ) and 

tba convexity of Att ) • Cloaadaaaa follova froa tba validity of the 

coapa.cta.aaa principia for tba «aioa (ovar MVj) of tba aata of ana­

lyt ic faactioaa \^.(*> dafinad by (4.13). Ovar tna (boandad, cloaad 

and coavax) aat 1 ^ * J tba faaetlaa X(<) Uk»m taa valaas aitaatad 

batvaaa tba (global) alnlaaa X^4*) , 

and tba (local) aaximui Y„(^) • 

Tba aat 4£fc) la . tharafora, flvan by tba lnaa.oalltlaa 

M * < « ^V^?[A)^ > u.l8) 
r 

5. n p W O T 9f Tiff ITOlilig 

fa coaa back a^ala to tba poaitlva coaa I la tba apaaa I» • la 

http://coapa.cta.aaa


Clji.4)-

Ll_(&,+) • 
tfo> 

t — 
tt. irit) 

- _L * r - i c 

it we define for arbitrary but fixed numbers £ , •£„ ,..., <£, la 

addition to the sets ^Z. i'^) (<=*,..., H ), which we characterise 

through the inequalities 

for functione tix) »ith Wt;/ = Alb) , it ^ %iid)l- t(t) , 6t CT 

in (ij.l), two new sets Cl,(A}t) (ijstead of tZc(u.)) by 

(5.2) 

The intersect ion ClU, I) * Llj*.yi)/1 L~l (a, i) , a subset of £Z (**.) " 

{VY*)?--"' It(c)ta.l i a the s e t of those functions (T»)(î* for which the 

set (real ) functions { ^ K r obeying <(o)* 4. , ^/«;» & 

and (<t.5) i s not empty. The set L1(A,'C) 1A also convex and closed 

(as intersect ion of l e v e l s e t s of (proper) convex, lower semicontl-

nuous funcţionala) and so i s , therefore, 

( / J (J[ ' O 1/7 ^ZTci> >j . This already assures the existence (and 

uniqueness) of the solution of the auxil iary extremal problem forIf/ty 

to determine the minimum of litII i n 6Z/4,>, i^, (^„)aud the form of 

the extremal function ta(e). The direct determination of ft(t) by the 

sethod cf Sec.3 i s , however, no more poss ible since the funcţionala 

defining the seta l 2 r / a , i ) h a v e not the suitable form. Therefore we 

shall apply i t in an indirect way which avoids th i s Inconvenience. 

Namely we make use of the fact that the c losed, convex set 

i s the union, characterised by the coordinates of 
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poiata (iii a aat) In I* , of otbar eloaad and eoaw*x aats ia L . 

Tha darlTatloa of tha atructura of tH(*-,{-,£_,, , ^*) aakas a«a 

of another fora of the factorisation of (raal) faactlons /tzi* IT , 

thaa U.2) 2 

whara 3<'i) la a (raal) Bla*:hka product, coaplataly apaeiflad by 

ttaa nuabar and poaition of aa -̂os of <te) i s izu' , i8d}l-1 , 

and S(*) + o la /*/<<* . la coacantrata oa taa (raal) fraction» $*)( 

tT wit hon: MT^B la lz!<4 . Tboaa foactloaa $(x) for «ale* 

(wltk VY#)f I* , AT(t)iL') aara to «bay , 0 taa raatrictlana 

(5.5) 

fo> < Pf^) ,,.6) 

with £/*) iaflaad by A*) a*d *f») . la analogy ua Sac.3 *• »•» 

coaaldar flxatt walass Sit) m 6.^0 , S (e> • "^ , and SVrj.-^x», aaa 

dafiao by 

U./*AA) . - Z!2* it -**>*<•' iC 

<#„a) . A ~ ff*i) <o (5.8) 
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the clone*, convex eeta ClT(^ 4A) » Q-Ji*) U M , . . . , U H I * . 
The Interpretation ot theae seta In connection with funcţiona 
i a r 16 completely analogous to that given for (lr(a.,4-) , #,7^) 
(alnce ULfa6,4A) = OL,(^.lA )/} Clj«A,4A)C Clj^)=jW o ,'f/a/̂ jX 

Froa the conditions 

/3w 

(5.9) 

and 

obeyed "ay the Blaschke product» and froa (5.3) we derive 

(5.11) 

and 

Theae inequalitlaB (. l((">l<- ifc) is iaplled by the second line of (5*10) 
define in H0* the aet of allowed values S(e) = q. , $'(c) > -L ,$<*,)» 

yi^ for given values of \(e) - «. , K(e) * 4- , XK)- ^ » 

(which iapliee Aj » A )» and 

(5.1%> 
A >, '< / 
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thia set we denote by ^(o.,{,iL,, ,{.*•) ?<{ . Froa the fact that la 

H2 (with coordinates X = t(o> , > = —"; ) the doaala defined by 
0 tie) 

(5.2) Is the enTelope of the doaalns defined by (5.7) over the va­

lues «Î* , -&j al]owed by (5.13) and in R (with coordinate» A a 

£(*«)) the doaaln defined by (5.1) 1B the envelop* of the doaalna 

defined by (5.8) over the values ,£ allowed by (5.H) it follows 

thrt 

where is the closed, convex set defined by the 

intersection 

(5.16) 

The structura of , expressed by (5-15)» allows 

to derive the equality 

Af#) 

by which the aaxi l lary eztreaua problea of flfaf i s transferred, as 

far as the i n f i n i t y of i t s diaensional i ty i s concerned, froa 

CJL(*,l,L. ,£») t 0 Q-^AA,*». -**) . Hare i t aay be e a s i l y 

solved by the aetbod of Sec.3 * The poaaiaallty of solut ion l e due 

to the convenient fora of the fractional» 

4 ^O-LAxt» -ţjfctoJLr'wtt* , <>-l8> 
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which daflaa by &,(•*.4Â)m{n*U*lJt(+,*j,4i)ţc} tha aata UL,ht,4). 

Tha for» of tha axtraawl fuactlon £/#> 1B Olf^ ^ ^ J\ la tbaa 

gLvan by 

rf(»> - Z \ /,'»» , >,*•> , i - • . - . < • .* (5.«9) 
1 J> ' 

Tha sacoad atap of tha BlBlalsatloB 1B (5.17), ovar Ji(a.,i, £,v J^) 

la Juat tha aalactloa of on» of th* axtraaal fmnctlona of tha tara 

(3.19)- • • tharafora aay conclada that tha axtraaal function la tha 

auxiliary probla* of fl(l) for Ul(±A, i,, ,£,] la of tha torn (3.19). 

Whan f\-c , tha axtraaal function f ţ(+) la of the fora LJ(*) • 

\,(4) it*)- > li)pi*j • *»• Talnaa of \t(4) «*»» aoaawar, BO asi-a bo 

• sa l ly dataralnad ; «a danota tha almlana H\^l *j"hjfer): 

*re«aaala< aow 1» analojy to Sac.3. «a flret daflna for 

Ufa .-£,{., . < » ) " • "J"* ( 4 aa«) •/ tha aat ^(<<^,)(with < % , ^ 

~L^(tr)). For tha doacrlttloi of l t« atrvcttra «a da fina 

0 

with 
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aad tyiD) s 2- ^ fa(t) » V >© » •»<» further the s e t 

J^ j ( i,i)*c , ; _ ^ , f a , 4 ) 4 c j (5.25; 

The description of M.^l-i,<.l(t?)) is given by 

and 

!)J«l) -- U 3>J*.*\») (5.25) 

with 

^«.<*0-/«i. .L)lp*.,U<*. ,pWo,**A«.t>)j (5.26) 

The solution of the problea /?-(<$,> elll be given in the next section 

with the help of a subset of \ l i , i l ) . 

6. sourriOH or TBE PROBLEM '7,-/3; 

We observe that we aay take over directly froa Sec.k the 'unction 

theoretic interpretation for the set 7Xh('i,i.*Iv) 

3,rt.<N) = /f£. .L)l%/t,,t,)*c, &+,A)*' >y<AU,il)l (6-f ) 

In order to construct its subset we *r« interested in, we use in 

addition the set fcP^, <*>"£) introduced in Sec.5, which Is not eapty 

If V * ) * O/J&.i)» tbla subsat is 



2» 

I t la tka n t of those ( ij, . . . . . -£, >, for «kick tka Mt of (raal) 

fnactloaa 0b«]rlB4 

1B net aapty. Tbarafora It la glTan by tha valuaa {\y/(^)t...,\^f(x^j) 

of tha faaetloaa 

< / » ) 3 ~ t y t t ) , 9 4 Aft, t*), ( * # 5 ) 

vhara £;<*) la daflaad ay U»1> wit* hLtl\\ * J^ff , •*« 4*„/«j •» 

^. 4t/a) . i ^ * > r £ 

4^d) . i (6.6) 

wltk 

^/ . ) , / | - £>' )/&_« - i - ) " (6.7) 

and a (raal) functloa -Vfr.) , wklcb ia arbitrary azaaat /'Wz)/ i 4 • 

Otkarwlaa atetad t'fcjt.t1,*) i s paraaatrlaad, ilka ^«^) t by tka 

aat B , o*iy la a dlffaraat sanar . 

Tha aat vmicfc c&axactarlzas tka valaa* (-£(<,) ,•••» A/«V) ) of 

tha funcţiona £/•*>* IZ6<;« , ) , obayimg -£'(*) • -£ , wltk aqaarad 

nora U.15) «qoal to i.X («lwaa ay (3.14)), la 

&(*.<*) ' U TI«<\*) «'8) 

Tkla sat la, ac*ln, bamaaad, elsasd «ad «aawax* tka arcaasata af tka 
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proofs are the eaae as iiiose ror 1% (-{*), sappleaented by the coa-

Texity of the set AU,^)." 

With the quantities 

X ii,iX) * »»" Xil) (6-9) 

we describe in R3 (of coordinates \'u>, Ml , X«) ) a se t A-ll) by 

- ^ > - " £ ' (6.11) 

The solution of the problea i~},t3) , the se t 4-'3>» i 8 t n e n **•»•» fey 

the union 

OT«r «11 r*al TA1U»S of - * . 

7. COWVBCITT PROPERTIES OF THE 30LPTI0K 

Be derlre in th i s sect ion a few qual i tat ive re su l t s , which j i v e 

an insight into the structure of the s e t s <dffa) and AetZ) . Since 

^(i) I s Jast the projection of AeO) oa the subspace R (//-£/*", # * j ) 
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of R5( £'<„•, , Uit t3f^t) >• »e sh«l l derive only ths properties of ZJi#. 

First we prore convexity of the projection V" of Ae(3)on the 

subftpace R ( <'<«) , ll-t.ll ) . The set T/ consists of the points { £ ' M - > , 

i/<i = "£ ) for which $„(-*. *•*) i s not eapty. If ( 4t , < ^ ) and ( 4, , 

•v4 ) belong to I t , then there exist functions t.JZ), -£ji-l of the 

font (6.5) beloaging (through i ) ^ ; * , J • » * ' ^ l ^ . , ^ j > t o t n a »« n* 

values (<,(*<» i ( ( i » ) ) of the function îjz) s « l4(*-) *<*-*)£,,(*) , 

c i <* S'f , belong due to *f/W* ft , Hje)* <x % * fi~*)\ and i(jDli 

(<ilill(t)l
it(<-*)liijt)li)xXo ^ ( * { , '<•-•<>•£, , * ^ • ' « - " » C I »nich la thus 

proved to be not eapty. Therefore {*$,* (i-*)\ , X~LA * ii-J-)&0 ) < V 

and V" is convex. The set V is closed : to any boundary point of 

it there corresponds only one function \,(z) of the fora (6.5)* 

If we let i 

<*> t K,12.) go through the whole c la s se s defining by 

(6 .5) the s e t s i^<4,,<J)and l ^ K , ^ ) , then a l l values (£jx<) , . . . , 

\(u.) ) , {jXi)" *'{1,l*i)*(i-*)'£lf<*i) define the convex combination 

« ^ ( 4 , , < * ) * ff-^'fijl, , i \ ) ot t h e M t w o 8 , t s * T n e arguments 

presented above in the coavexlty proof of v also show that 

*^tfuVi ) - ^ - « * ) l i ^ - ."(Î ) i » ( s t r i c t l y ) Included ( i . e . with no 

coaaon boundary points) l a T^fa-wV^-*) V * O ^ - * ) - ^ ) • 

For a fixed value of -i the set v^(^,^X) Increases s t r i c t l y 

with -£ (the boundary points becoae interior points since they are 

of nor» K// = 4.*" ) . Therefore T.Ji.i*) *• • « t r i c t l y Increasing 

function of -X , whereas T( (i,'ii) i s a s t r i c t l y decreasing function 

of ~k s» long a* ($„ , . . , , < . , , where 

^*(4) i s the value of 4* at which ( ^ , . . . , « x ) 2 1 M oa the boua-

«*ry of 4(4,<l) . For ^ j tiif we have > / • * . * * ) - 0 . 
' • I eV flal * 

The function XjH.t*) 1« convex, i . e . i t a a t l s / l e * over l £ the 

http://ll-t.ll
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inequality 

* - • * > 

(7.1) 

V<<w<-<>0^->£\). ***** -
Tba proof of It aakea as* of the convexity of the function 

of tha fact (juet proved) that tba convex combination of "l^(4e,i0jund 

Vji.i-1,) la s tr ic t ly Included la th* act tfj+ţ'/i-drl,,*£**?<-•()£*). 

Froa (7.1) i t folio** (since ~Xji,ix)>, o) that the subset l\ of 

V , where If U^1)* o , i s convex. If not both poiata ( 4, , <? ) 

(-^ , i f ) belong to U] , then there la s tr ict inequality la (7.1) 

for o < u< < 1 • 

Since lntersectiona sad projections of sets preserve convexity, we 

aay derive In tbla aanaer farther Interesting and useful convexity 

properties of partial eorrelatloas between £d) , 

By projection ot AJ3) ea the jOaae t^iHl ,X(<)) ve obtain for 

the increase (decrease) otlJU^iXjitHi1)) withffjj*sad the con­

vexity of the carve 7[ (H.f) la the region ft J * /„ of their deflai-

t ie» (the projection of $ on the tit -axia) . These properties ara 

al l s tr ic t (for3[(K(Jln the doaala where It la not lero) . 

A eoaewhat stronger correlation between Hi sad T/^j , than g i ­

ven by Aji)» I s obtained by the projection of the intersection of 

A O) with the (convex) set 4-^ i -L'i») i -iM (with 4% , 4H fixed, 

i^liH >. The functions ţ J K * * / * , < • ) » W X+U'f\tIMl) 
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• A*.J *•<(•) , tha aat A-U ,-£., l*) expressing thla correlation, 

have tha saaa qualitative propartlaa aa XM(Hjll, ^„(til*) • 

By iateraection of tha convex eat A((s,*.) > jfi'/t),Kt*, tl<))\ 

[<'(*) JlHrUJ ,V<)t\tt't<>,Ul*)} 1 t h th. ha l fapac .^ / ' /^ 

(with a fixed value i1^Kt) wa gat a convex aat, which we project 

on the plaaa rf(('fg), Hfi)), The coawex aat 4f/i*)m {(<'(<». X«))\ 

(i!l»),V)t^, V<)'i'ijf{.,M,tt)fttmm obtained expreeeea the correla-

tloa (aa far aa ^ la laplled) between K(o) , Xli.) aader the condi­

tion jfifi -i3- . 

By intersection of A-/3, \) with the half apace X«)fX (with a 

fixed Talue xtc ) we get another convex aet ( of significance through 

ita (eoavex) projection A^mlfc'Mjifîll&hHlfyf.Z+M'KXi*)'*) 

en the plane t£( fit), illj ) , which given the correlation (aa fax aa 

Ă la concerned) between i'l») and HI* ander the condition 

8. nauamusiQ* or ns BODWPABIM or 
In the preceding aectloaa we have redaced tha deterainatioa of the 

aeta Ae(X) and Af(3) to flaite-diaenalonal optlaisatloa probleaa. Tha 

(eoaputational) eolutloa of these problaaa la aooh facilitated by a 

convenient paraaetrization of the aeta l£#V» ^V'*'»^ ) which expreaa 

their eonatralnta. An laportant part of the paraaetrlaatlon of v^(V), 

V^ll,V)i* solved i f one for A(V), Afiy-L
K) la found. 

The definition of A\(-Ll), A(Hl) abowa that they are ewbeete of 

alaplaxea in Caclldean apacea. Concentrating on Atc)tm order to be 

apecific (tha dlaeaaalon for la Identical, only tha dlawnaiea 
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of the space i s larger by one unit) , we define by u- » £ (tr) SL 

( i. (C) >, £,(*•*) >° ) a mapping of the standard n-miseaalonal sim­

plex in (« ) : «i } c t Z. "C ~ 4 on the slnplez t L f o , 

2-/4, «J.; a < f"*) associated with Afi}) . The standard slaplex (« ) 
*-* 
may be considered as the Image of the unit eabe C6 / , - f ( * * 4 , , ^ ) 

in H0 through the (slngwlar) transformation of flerre : 

t 

Thin tr^atomation i s , geometrically, the projection on the alaplex 

(* ) , by ^ » V* , of the intersection of the «alt aahere «1th 

eh* nensecatlTe orthaat la I**1 C1.)o , I V « I ) , parametrised 

la t e n * of aaherleel coerdlaatea ^ ( * • * , . . . , ^ ) » <;• 4*t,«\ , 

0* ©>• < — . The aatmre of the slngalarltlea of the traasforaatloa 
3. 

(8.1) la indicated by i ta Jacobi determinant, 

3 ) ( ef# , . . , « * ; , , e4>f ,. , «V J * "4 

* ' - ' • (8.1) :z>a, >u) 
Their presence la , bowerer, hanmlaaa in coapatatloB, 

We bare tana paraaetrlfted the aeta 4tf*), A(l,ik) mm aabasta of 

the malt eaeaa la 1* «ad ft**1, reaysUwely. 

Since the (montrlTial) «mlaaa »f ] ^ ( ^ ara realised by sola* 

•a the b a a a A a r l a a ? ^ / ^ ) . ? ^ . ^ • ' 4 « 9 . l £ t f , < 9 « - * • — 
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are Included in the onlona of the boundaries <?I!^K*A) %wM(-t,(.\v) 

/* t AW) 
(8.3) 

(8.4) 

«a «hall seek convenient paranetritations of ?%,/•{, y^ ,?'$kMl-l
l
tv) . 

It la known 8 that the boundary ? # * of $** la the iaaje of (real) 

BLaaehke prodoeta -^,(*> with at aoat n-1 eeroa. Therefore 3'J^(i.\h.), 

3 v (•{,•£* V/1 are paraaetrized by the aeroa of Blaschke prodacta, by 

the substitution <*«*) » ^ fc) in U.I 3) and (6 .6 ) . Bat there i s a 

pairwiae correlation between conplex reroo, which cauaes a differen­

ce of etatue batwaen real and coaplaz aero*. In order to eliainate 

tala difference we obaerre that the aeroa of the real aaeond order 

polynoadal ^ z ) * z**Â,i + A<, l i e in the unit disk IziH i f (and 

only i f ) the coefficients ( 4, » A, ) are confined to the cloaed 

triangle ( A ) with corners of coordinatee ( -1 ,o) t (1,-2) and 
a 

(1 ,2 ) . Thia triangle (2-diaenaional slaplex) aay be paraawtrited by 

the baryeentrie coordlmatea «C»0^ »<** < *;*• # <V°'«*-0<a * ' ) 

aa 
4 . = - < • o(, • <* 4 

and further, by the Serre tranaforaatlon (8.1) (with n«2), ae 

. i < 8 ' 6 ) 
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This paranetrization of /I is siapler than the one given earlier in 

Kef.8 , which turns out to be essentially the result of the ; reaent 

procedure, applied separately to the two triangles, of corners (1,-2), 

(1,o), (-1,o) and (\,Z), (l,o), (-1,o), respectively, of a subdivislm 

of A . 

Any pair of (real or coaplex conjugated) zeros thus leads in the 

Blaschke product to a factor of the fora * ' A"* * Ai— t with 
-f , 4,-r * 4,-t* ' 

( «4c , A, ) corresponding to soae values /, , r̂  , according to (8.6) . 

If n-1 is even, then any j? (*) aay be written, up to a sign, as a 

product of (n-1)/2 factors of this type. For n-1 odd it has up to a 

sign the for» of a product of n/2-1 such factors and a factor --^— , 
A + frZ 

The sign aabiguity «ay also be considered as cooing froa a factor, 

^ , with "£ « t 1 • If we extend this factor to all values - ^ < T < < I t 

we get (real) functions 

f 

n n«odd 

\J*>V ' { (8.7) 

with ( A, , A'4
l) > given toy formula» of the fora (8.6) In t e n s of 

if\ t® , and with -« f ' fy l» 4 . The ewbatltutlon ^ = 3^/*,f) 

in (If.13) and (6.6) tften leads to a paranetrl&atlon in etraa of the 

unit cube in 1* 0 f tha «bole «eta foi.*,*), vmli,i\ v j , but this la 

computationally equivalent with the paraaetrlsatlon of the boundaries 
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as long an ( «^ , . . . , QK )^l£,/-£* J, vfcf4.'^» *) *»* •»•» the paranetri-

zation needed whan (4 , . . . . . t l * )< t ^ f t ^ ) , V^<4,-£z, *) . 

9 . ALTECTATIY8 FDBTOLATIOM OF Tffli PTOBUHS 

The function Xlty » defined by (2.3) • has tba significance of an 

Euclidean nora in R". It* nee ia eoaputationally vary convergent bat 

physically leas wall motivated sinca i ta value doao not^eep the 

qnantitiea ^IflL"-^- individually under control. Tha apposite aitma-

tion appears i f one uaee instead the Chebyahev nor* fin BB) 

Oeoastrlcally 1(/£)iX ( - * * o ) repreeeata in R* aa el l ipsoid, 

whereas Tift)** i s the parallalotope inscribed la i t . 

Tha naa of the Chebyahev s o n K«) instaad of X(i) aodifies 

the foranlation of oar probleas into t 

PBOBUDt Hf(*k To determine for tha as t i2#;«j la H2 the laage 4/dJla . 

the 2-dlaenaional Snclldeaa spaas r , given by the napping •£&) ~* 

{llf ,K«) ), 

PBOBLKW ^^>t To determine for tho sat-O^. A) in H2 the iaage \(3)\M 

the 3-dlaemsloaal taclldean apnea lr , given by the napping -&-*) -> 

<##> , »<l* ,*(<) ). 
Haas the eaastractioa of the sets 1^^*), X^UU1) la Sees, k 

sad a* la s t i l l ladepeadent of KM.) , and ^ 1 i s a oaatinasns sad 

•oarsx faaetlss of /1*4),,,.»4(tm,yt we any writ* directly their sola-
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(9.5) 

"***/ ud.) 

(daflaad, aa Xjl*) , Xjt1) , *»r <* > C ) a»« 

(daflaaa ovar «ba aaaa aat $ aa V * ^ **d * * ^ - ^ >. • • 

tharaby, a l l eoavasltj propartiaa darlvad la 8ae.7 eaa ba ax.tandad 

to tba analogoua quantities eematraetad wltb Tfi) . 

Tba ralatira poaltloo of th« a»to A aad A? oaa ba datar* 

•load qmalltatlvaly froa tba (topological aqalTalaaea) ralatloa 

VD * *K) * fkX(l) (9.,) 
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\i.^x>\ * t<*>» &ier • T n e l r convex combination «Q(t,)*{i.*)Ofrt) 
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conalstla* »f tha foactlema 4^(x) - *^.k> •/<-*> V*> , < ? * * * * , 

obaya \ijM^i •dt,<*)l*k-*)f(.t*)l * («./•<<(*)lt'fr-<)l<,r*>l*)*u* la 

th«r«fop« ladadad 1B tka atta i 2 f« W«-*>*»j uuCl((«t?'«-*)t*ft). 

Th* aazlBBB aodulas (8ugB) tkaaraa tkaa lead* ta 

< • ) 

and to 

( • • ) 

•!«» Al*)- to) , • * P . /{.*•) " t<#) • • « e n . Tnm (•) f o l l o w tko 

Boawaxlty of 0lt(*-) aad fraa (••) OM way darlY* tk« eoBYoslty of 

A«1).- ltjj+) ara aaok that * / / £ J-&. * » V * )? * > t k # » «» « • ' 

flaa wltt tkaa tka Bata-Cft ,* ) •* raal fwactlaaa <tx)4 I 2 okay-

Is* ^(»> I a ,(<(•) aad -^(#) » <l . Tfcalr eoBwaz eoaklaatlaa ti^lft,,^ 

(4 «oOfa,*.1) la agalB laelaaad, dm* te ta* aaaa laa«.aalltlaa aa 

hafara, la £L(**,*f4-*)t. ,*.) aad la £l((*t?*(4-*)tf )*, a.) . rroa 

taa eoabiaatloa af thaat laelaaloas wit» tka raaga af {>(») la a 

act Q ^ . O wa «at (owar &.(*) ) tht eanraxlty la •(*•) aad la T?*) 

of tka foactloaala daflBlna th* aata OltU£) .- Caawaslty af tk* 

Mta Ulj&.)/*l(it(*,4.) («ad tkarafara af U(*,t) ) 1B lsal lad by 

tka eer*axlty la t<*) of tkaaa fmactloaala. 

1 o X.f taasWlar, U t t . Kaavo Claaato Jj, a * (1*72) . 
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Convexity of M-t,V) la lnplled (through the convexity of frf*,,» I) 

la t/9) over *yfo»a, ) by the convexity in *Y#i (owr Ut/a.) ) Of the 

taac tionals da fining (X# ̂ , ^ . 

R.T.Rockafellar, Convex analyaia (Unlveraity Preaa, Princeton, 

197o). 


