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ABSTRACT 

The relaxation tlmea neceaaary to eatabliah chemical equilibrium 
>ng different hadrona in hot, denae hadronic matter are investigated in a 

atat lat ical model. Conaequencea for heavy ion coll iaiona are exploited in the 
fraxawork of a aiaiple reaction model. The poaaibllity of Bose-Elnatein pion 
condenaation around the break up time of the nuclear f ireball i a pointed out. 

АННОТАЦИЯ 

В статистическое модели изучаются время релаксации для установления 
химического равновесия между различными «дроиами в горячем, плотном адронном 
веществе. Рассматривается следствии для процессов столкновения тяжелых ионов 
в рамках простой модели реакции. Возникает возможность конденсации Возе-Эйнш
тейне пионов на концу распада ядерного файербола. 

KIVONAT 

Рог г 6 éa ailrtt anyagban a különböző hadronok közötti kémiai egyensúly 
beélliaáhoB szükséges relaxáció* időket viz *y áljuk egy stat iszt ikus modellben. 
A nehéz ion ütközésekre vonatkozó következményeket egy egyazerO modell kereté
ben használjuk ki . Kámutatunk a Bose-Zinstein plon kondenzáció lehetőségére 
a maganyag-tűzgolyó szétesése körüli pillanatban. 



I. INTRODUCTION 

In aost models for energetic heavy ion reactions it is 
assuaed that during the reaction a hot and dense matter is formed 
froa all or a part of nucleons of the target and projectile 

1 2 "?/ 
nuclei. »*»-" Por soae time in this hot hadron Batter there 
are Interactions between the constituent particles, but as the 
tiae goes on this fireball explodes and develops into a eyetea 
of non-interacting fast aoving fragments. In the first part of 
the life of the fireball the energy concentration is enough for 
the production of pions and resonances, therefore different sorts 
of hadron в coexist. Even if thermal distribution is /at least 
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approximately/ assumed for the kinetic energies of hadrons it is 
an interesting question to answer whether the time is enough for 
establishing chemical equilibrium between the concentrations of 
difierent hadrons. /Speaking of hadrons we always have in mind 
also hadronic resonances produced abundantly at high enough energies./ 

The main purpose of this paper is to clarify this situation by 
determining the relaxation times necessary to establish the chemical 
equilibrium for the different hadrons. In Section II. and III. the 
relativistic statistical equations are given for the chemical 
equilibrium and for the time development of systems not being in 
chemical equilibrium. In Section IV. the concept of the statistical 
approach is incorporated into a simple heavy ion reaction model. 
The discussion of the results is contained in Section V. 

II. EQUILIBRIUM MIXTURES 

Before starting our considerations concerning hadro-chemical 
reactions we collect in this Section a few remarks about equilibrium 
mixtures of relativistic ideal gases. The equations of state of an 
equilibrium mixture of relativistic ideal gases in the Boltzmann 

hi limit are the following ' : 

i * 

Here we use / a s in a l l what fo l lows/ the system of units where 

/ f c*c да. "^ Boltzmann * ^ ' T n e i n d e x * denotes the different 
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components of the Mixture with aase AN^ /below we shall have 
is the inverse temperature, \ 

is the partial pressure of the component * and "^ is its 
/number/ density. The total relativistic energy density is denoted 
by g/ including the contribution of rest masses/, ft^ is the 
energy density of the component t. and A ^ is its absolute activity 
/fugacity/. The conditions of the chemical equilibrium can be 
formulated in teime of the quantities Ar^ /c. f. Sections III.-IV./. 
The quantity a~ is the /spin and isospin/ degeneracy of the 
particle state with index t : where «^ and 

J~i are the spin and the isospin, respectively. The functions 
Q. and introduced in Eq. (2.l) are defined as 

(2.2) 
Ъ«= i. * Síi 

where is the modified Bessel-function of index #* . As it 
can be seen from Eq. (2.1) 'M'Wtß) l s t h e average energy per 
particle for the component 1» measured In the unit &*i^ 

In the non-relativistic Unit лМ^/О—*ep one can use 
•5/ the asymptotic expansion^' 

Г £ • r^fcfrH^»]. (*•» 
This gives 

M 



- 4 -

The lloltzmnnn limit corresponds to the case of snail occupa
tion numbers of states in quantun gases. The quantun corrections 
to Eq. (2.IJ can be determined fron the corresponding equations of 
state for relativistic quantun ideal gases. We note, however, that 
such equations are not unique as their fom depends on the conven
tion for the quantun counting of states. The usual "box quantiza
tion" /i.e. periodic boundary conditions/ gives the equations of 
state /for simplicity, in the case of a single boson component/: 

The functions » ^ u. are difined like 
Г 

For fermions V\ has to be replaced by 

.«,) <0 F>.?>--^(-*..) 

(2.6) 

(2.7; 

Another convention for state counting based on the Newton-
Wigner localization gives instead of Eq. (2.5) the equations of 
state which can be easily obtained from the partition function 
in Kef. 7/ 

J - - С Í - — \ 

£ 

- ) -
ли 

M 
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The functions Q G<) are known from the non-relatiyistic case , i v t t u n s uk V*y a n я и и я п i n m m t r n v i i - i e i a » i T i a i i i < ; v a s ^ 

namely 

Gro-xr/V 
Г j H 4 (2.9) 

Por fermions we have again 

500 — c r b o ( 2- 1 0 ) 

instead of Q„00 . The functions D(x) and Vn 00 /the latter 
denoted in ' by ^ ^ g M / are defined us 

3/ (2.11) 

It can be easily seen that in the Boltzmann limit, when in Eqs. 
(2.5-6) or (2.8-9) the i»n terms dominate both Eqs. (2.5) and 
(2.8) are reduced to Eq. (2.l) . The two forms coincide also in the 
non-relativistic case /fnp-^л hence the non-uniqueness is 
reflected only by the relativistic part of the quantum corrections. 

III. HADRON REACTIONS IN NON-EQUILIBRIUM MIXTURES 

In this Section we consider high temperature mixtures of 
hadrone /nucleons, pions, Д -resonance, P - resonance etc./ in 
thermal equilibrium. The temperature will be taken high enough for 
a reasonably high rate of resonance production i.e. of hadrcnic 



reactions transforming different hadron states into each other. 
/This situation is similar to ordinary chemical reactions therefore 
the name "hadro-chemical reactions" is appropriate for it./ Actually, 
this means temperatures in the range i & 50-150 HeV. The lower 
limit is fixed by the resonance production threshold wheareas the 
higher limit corresponds roughly to the Hagedorn-temperature T7 8 / . 

Near T* the rapid /exponential/ rise of the resonance state 
density implies the dominance of highly excited, highly degenerate 
hadron states resulting in a phase-transition-like phenomenon 

q/ 
/maximal temperature in the statistical bootstrap model" or a 
second order phase transition from hadronic matter to "quark-soup" 
in the quark model /. In the present paper we do not consider the 
T ^ . T ^ region restricting ourselves only to the lowest 

resonances /we hope, however, to return to this interesting problem 
in a future publication/. 

As it was stated above we assume thermal equilibrium with 
hadro-chemical reactions still going on. that is no chemical 
equilibrium. Our main interest will be just to study different 
reaction rates and the time development of the densities of different 
iiadrons. Such an approach is legitimate if thermal equilibrium sets 
in earlie than chemical equilibrium, i.e. among the collisions 
establishing equilibrium the elastic ones dominate. It can be seen 
from the equations below that, at least at large baryon number 
densities /relevant in heavy ion collisions/ and if the momentum 
distribution is already near to the thermal distribution, this is 
indeed the case. The reason is the large increase of nucleon-nucleon 
elastic cross-sections with decreasing energy below 1 GeV/c 
laboratory momentum. 
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Mathematically, we approximate the hadron gas by a multi-
component, relativistic ideal boltzmann-gas /the thermal equilibrium 
equations of which are given by Eq.(2.l)/. Implied by this assump
tion is that the gas is sufficiently dilute such that it Makes 
sense to speal. about individual collisions with the same cross-sec
tions as measured in hadron scattering experiments. However, this 
assumption can hardly be fulfilled in situations occuring in heavy 
ion collisions. In spite of that we believe that one can obtain at 
least order of magnitude estimates based on this extrapolation. 
Such estimates may be useful also for the construction of a correct 
/relativistic, quantum, .../ theory of the processes in high density 
hadroniс matter. 

Once the use of the S-matrix for individual collisions is 
allowed /at least approximately/ the situation is not as bad as 
one would think at the first sight. Namely, taking into account 
resonances means to include an essential part of the interaction 

11,12/ among hadrons • This is supported by the experimentally 
verified "duality" property of quasi-two-body reactions *'. Accord
ing to duality the non-diffractive scattering amplitude /dominant 
in the energy range relevant in nearly equilibrium hadron gases/ 
can be approximated /in the average/ by the sum of the direct 
channel resonance contributions. A basic assumption of the statistical 
bootstrop model is, in fact, that the strongly interacting hadron 
gas is statistically equivalent to a free /i.e. ideal/ gas of the 

9/ resonances7' . 

In the present Section the general form of the equations 
governing hadro-chemical reactions will be derived under the above 
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assumptions. Mere only the simplest situations will he considered. 

The specific particles and reactions relevant in heavy ion collisions 

will be dealt with in the next Section. 

First let us consider a gas consisting of a single sort of 

neutral ground state hadrons /called " JC-meson"/ and a single sort 

of neutral resonances /called " >̂ -meson"/. The only reactions 

considered /besides elastic scattering/ are the formation and decay 

of the О -resonance: 

.*IX (n~2, 3,...) . Í 3* 1) 

The t o t a l w i d t h of ^ w i l l be d e n o t e d hy I and t h e p r o h a h i 1 i t y 

o f i t s ' t - p i <»n d e c a y by *^ . Kor t h i s l a t t e r we have the 

normal i stat i«»n condi t,ion 

(3.2) 

The summation over tt here is, in fact, not, infinite as mu Hi pi on 

decays for IT, > 'VH« / w ^ are kinematical ly forbidden / 'Me and 
/ y v^ J r denote the masses of О - and 7C -mesons, respectively/. 

The total width of the <Э -meson is1*1' ' Г": 

Л> во . , \* |3 At, 

^v^ 
(3.3) 
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whore p is the four-momentum of О and b.,..., ̂  are the 
Гонг-momenta of the decay product pions. The partial width Г^ 
KÍVOS the 4-piо»» decay probability like 

Wo use invariant normalization of states, hence the invariant 
implitude '^ is defined by 

where ^j is the O-operator. 

We always assume that thermal equilibrium is established 
faster than chemical equilibrium. /This is due to the dominant. 1 у 
elastic character of the average collisions in the gas./ In the 
.•resent Section we also keep the temperature fixed. The normalized 
momentum distribution of particles in thermal equilibrium is the 
following: 

Here, and in what follows, the four-m>menta will be specified in 
the rest system of the gas, therefore e.g. Ъ 0 is the energy in 
this system. /The function Q/fß) * a» defined in Eq. (2.2)./ 
The number of Q — т * - % decays in unit time and volume is } f : 

vw4%*---Wi^H-f • M 
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S i m i l a r l y , Ни* iinmliiT of t in- I ' fVtTsctl |>rooesses i s /assi imiмц 

I imi ' - i -ovi ' i 'sal invar ian t : *» / : 

SL-K С 
.3 3 .* l v 4V4-M ^ ^ • • ^ ^ ^ - ^ > > v ^ 

In e q u i l i b r i u m these nnmhcrs a rc e i jual f o r every "4 heiiee tin» 

ili-ns i t ics sal i s l ' y : 

\-Q№ ft-w-,?) M 
' •omparin« to K«) . /2 . l ) , as we have (.nil now <X^-=- \ } • »»? coml i t »on 

ч <:liomir;ai e q u i l i b r i u m / i n I In- ahsenie of any i ionsorvot l «piantnm 

numhors/ i s : 

/ N o l o that f o r athli l i v e l y on i s c i vc i l (|iiantnm numbers, l i k e « . « . 

I iaryon number JT> , Им- « :o iu l i l ion of сПеш i ea I efpi i I i hr i urn i s 

Л , - А ь , Í-N.JS,,... ./ 

Outs ide chemical oqti i I i In i inn I lie O- and ÍV— «b'nsi I, i t -s 

art» chanc ing in t i m e , f rom Ki|s. ( T».7- s) ' * f o l l o w s e a s i l y tha t 

at 

at 

и*г 

V»»1 ̂ й ff*- £ « ^ У « &S. 
(%п) 
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The other simple case WÍ consider in Hi is Section is that 
оГ a single component Ras /called again "pi on" gas/, where particle 
creation is possible due to scattering processes like 

2.ЭС *-r ttTC (l-Z,*,-) (3.12) 

The general case -Wl 7Г <r» *\ ТГ with /VA>J^, will not be 
considered here for simplicity. /The previous case contains, in 
fact, also such К nd оГ processes through resonance intermediate 
states./ 

The s c a t t e r i n g c r o s s - s c ; t i o n of the process ilC—т'ИЯГ is 
given by : 

2. 
where Ъ is the centre of mass energy squared: 4-= ftoffO 
and the function Л у(^\ is given as 

The invariant scattering amplitude „ is defined In analogy 
Я,—^ "tv 

with t Eq. (З. г >). 

The number of s c a t t e r i n g processes <&7C—yttTC | n 

l r > / the pi on gas in un i t time and volume i s : 
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4-Зл .i .3 

Ä!ti! 

The reversed process goes like 

I *vra - ЧсЫ gfj j*f̂  N- f„- . p.«) 
W Z О 

The condition for chemical equilibrium is given, of course, again 
by Eq. (3.9) , and the change of the pior. density in time is 
determined by the equation 

4z& 
it «Г» L Qxft)* Q„Ct)*J 

(S.iT) 

The notation tyß IfO is used here for ^c ( ф ) in 
Eq. (}2.2) when the mass /*Ч^ is replaced by iP5 .In deriving 
Eq. (5.17) from Eqs.(3.15-16) the following identity has to be 

' N > » ~—p-r-
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The a i» pea ranee of the factcr ^fb'l' * n *-n,> integral of 
the right hand side of Kq.(">.l7/ is remarkable. Kor large c.m. 
energy i^ the function ^*I% * г-̂  behaves according to 
Kq. \1£,'п like *\» С .As the cross-sections do not 
rise appreciably, this means that the integral is cut off 
exponentially for v ^ V > •e»fb . Therefore, scattering 
processes with centre of mass energies much larger than the average 
thermal energy are unimportant in hadro-chemioal reactions /at least 
when the momentum distribution is nearly thermal/. This leads e.u. 
to the dominance of elastic N—N scattering in the temperature 
range I 'v 5°—15*-* MeV we are considering. 

In the following Section enuations like Eqs. (3.n) and ft.17) 
will be adapted to the physical situation in a simple heavy ion 
collision model. A numerical study of the time development of the 
solutions will also be performed there. 

IV. THE HEAVY ION REACTION MODEL 

The main purpose of this paper is the investigation of time 
development of the compressed and hot nuclear matter. For the 
description of the nuclear reaction mechanism part of the heavy 
ion collision process a very simple model is used. Only central 
collisions between heavy ions of equal masses are considered. The 
exact treatment of the problem is naturally impossible. The model 
presented here contains crude approximations but it is believed 
to describe the main properties of the reaction. 

The reaction ie described as the collision of two inter
penetrating spheres originally filled with cold nucleon gas. The 
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assumptions of the model are summarised as f o l l o w s : 
Д А A .., . . . . ^,... , — „ ^..p, ьш' % в 

tmcleons originally arc represented by moving spheres of volumes 
Vv^Vi. /constant in time/. Their sum is denoted by Ve«YL-t-Vj. 

Before the collision the number density of the cold nucleons-3ee 

is uniform within the two spheres, thus ^o**9 л»г\ . 
As the reaction proceeds the two spheres begin to overlap. The 
overlap volume is denoted by YLfcl ' • it is assumed that nucleons 
outside /the "collision zone"/ are not influenced, thus 
retain the original ^© e density. The cold nucleons within the 
collision zone are assumed to have a spatially uniform time 
dependent density >>0(fc) in the whole volume Vp tfe) . 

b/ As the spheres representing the target and projectile 
nuclei begin to overlap the nucleons in Yt>tr begin to collide 
with each other. There are elastic scatterings as well as Д -
resonance production. The scattered out nucleons and produced Д$ 

are considered as the constituents of a hot gas cloud at rest in 
the c.m. system and with given temperature ] and volume Vn . 
The overlap of volume *<a with the volumes of nuclei is denoted 
by *}P* • 1° *he f i r s t period of the reaction 
VJt>V 4(4г)*Л/лр*(±). The particles of the cloud collide with each 
other and with the fast moving cold nucleons, too. During the 
collisions resonances are also produced, hence the hot gas consists 
of nucleons (N) , & -resonances (A) , 7C -mesons (ж) and 

О -mesons (q} .Denoting the "cold" nucleons in the original 
nuclei by N 0 the list of different "inelastic" /from the point 
of view of the model/ processes we take into account is the 
following: 

N eN 0-^N* N0Ne-»NA 
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с/ The hot gas cloud is described as n mill t icomponent, ideal 
relativistic lloltzmann pas. Ilowev« »•, the interaction between the 
particles is accounted for to a large extent by allowing the pro
duction of resonances /e.f. previous Section/. The gas is assumed 
to be in thermal but not in a chemical equilibrium. /This corresponds 
to the assumed predominance of elastic collisions./ The time evolu
tion of the densities of different particles are described in terms 
of statistical equations ol type given in the previous Section 
taking into account the effect of changing volumes. The time 
dependence of the temperature of the gas is determined from an 
equation expressing energy conservation. 

d/ At the moment "t. of maximum overlap of the colliding 
spheres ( Ч ^ ) ~ V^ (V^O^t (U-^^t) t n e e«s 
decouples from the incident nuclei and the volume Vq(*) of 
the spherical gas cloud begins its adiabatic expansion. For the 
approximate description of the expansion the time dependence of 
the radius of the sphere is borrowed from a simple hydro-
dynamic model ' . The kinetic energy of the hydrodynamic flow is 
subtracted from the total thermic energy. The densities and 

'ч temperature are kept spatially constant within Ya also in the 
expansion period. 

The division of the process into an initial "ignition period" 
/when nucleons are scattered out from the original cold nuclei and 
the hot gas Is constrained to the overlap and a subsequent 
"expansion period" when cold nucleons are already ignored is, of 
course, somewhat artificial. In reality the two processes go over 
into each other smoothly and there is some overlapping period. Our 
strategy is to consider the two dominant processes separately for 
simplifying things. 
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Ги I I ••<• I i llf Ilii-sí- i i l t s i ' пне u h l . - i i i i s Гиг III«! lll'tt<-ri |»l. i nil 11Г 

l n . i \ y inn i i i l l i s i n i i |ir<>t-csN III«' (•> I low i i i f s o l n f <M|iiaf i n n s : 

Ht v?(« dt l ' - " w y -*^- - J - Л*?, с.,.«, -

- V<Jf t ( t> ^ V « . .. W » ,!.(*) g ft) 
• <»« 

* Vi'- -ÍM ^ , v̂ w v w g f t , , 
V ft> J "T 4l,OH + --Ш- 79. -'- _5 Cumr 

, ( _ A.« Ш Л ^ _ >&?._ v 
l ^ З Д ) \QJP> dMQJf> á N Q N rp) c " .^ № 

v,ft) d e d w 

1 ^ Q ^ dnW ä^fpJ *' AMJT -
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cH: у*) -тг* lá^t-Л-

M 

M 

éiSU-X- ^ , fr) _ 
cH y*) dt 

- - 5 

M 
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Мм« f o i i s r i ' i a l ion of пн 'гуу y i e l d s : 

f 7 ^V*> m 
№ l i-ил,"(<? f Af. ^ ^ ^ ^ ^ - ^ 

у*)" dt 
» n 2 *«i Kfcß^tt) 

("•7) 

Tim 11«• Г in i I. ion of symbols in I l icsc o i p i a t i u n s a r c the f o l l o w i n g : 

V^lt) : inimlM-i d e n s i t y of «.old, f a s i moving n n o l e o t i s in tin; 

pro.) о с I i lo ami l.arnrol s p h e r e s of volume V© ; 

number d e n s i t i e s of hot n n c l e n n s , A 4 ч р 

and P ^ in tho 'О ("V рам vo lume; 

Л в = 4 ^ É Í d T t , « • d e g e n e r a c i e s of Mm mimponciits; 

I o t i s 

f- 4r г t Hi ' being Mio temperature of the gas and *K the 

Но И/mann con si ant; 

H» (+) : the k i n e t i c e n e r g y of Mie hydrodynamiс f low c o n n e c t e d 
•wyl 

w i t h Mir e x p a n s i o n of Ми? дам sphere in the d e c a y i n e 

phase of Mm m a c I i o n ; 
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Rfa'fe) : t h e a v c r a K n energy of a particle in units of its яикя; 

•R!(<) : derivative of "R with respect of its argument; 

* t* *• Q i(f>')»>m i {XTC **if) k^faip . t h e s ingle part ic le 

partit ion function; 

К (*) : the Bessel function with i«aginary argument; 

t l a v : average number of pions originating in the decay of (Э4 

*Ŵ  : probability of the *tt pion decay of а (Э ; 

NN /T_NA с.,.. - Z (1'Г *1*Г) \b-4mSVb, , 

/ N N ^ N ^ N -

file:///b-4mSVb
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См.ОК ~ &~ш -Mw |7 — — — . 

c.bN*- ГА кАЫь$/Kt(«bp 
oo 

«U Ш A J . 

CA,.*- =5,"" Щ^О\ы/(щ}$ 

с « с 
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V„ л fv I •"' overlap volume •*!" Mo- hot. gas with I ho I as I movin» 

I a reel, and pro.ji»«;!. i |i> spheres; 

ya'+) : l.he volume ol" the hol. дам; 
í 

1^=" «>/^«Р : I he I ime al whieh the maximal overlap »Г farcel 

and projeol.ile spheres oeeour; V • is Mie lelal.ive 

speed of the two spheres. 

<\i!«;i»rd int! to assumption d.) f l.he lime ili'p<!inlen«;o оГ volume 41^ ' 

i s Í»i ven as f ol lows : 

'iL 
'3 

-ж j 

'flu; radius of the i sent ropioa I I y expanding .split» re of uniform 

density has the time dependent;«; 

ад-**- (±+<)2 . ib.'»; 

The k i u e l . i t ; en«> rjiy a s s o c i a t e d w i t h t h i s hydrodynamit ; f l o w i s 

r -t2-

wlie rv. t: . . i s Mio t o t a l ппегду non l e n t o f Mi«? pas sphere which 
TC.X 

can he I ransf ormed into kino fie energy, and 

http://kiuel.it
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The kinetic equations wer« integrated numerically by Runge-
Kutta method. The initial values of the densities and of the 
temperature were determined by expansion of the equations for small 
"v values and by the prescription that the time derivative of 

the temperature should be zero at "fc—-O . The densities multiplied 
by the corresponding volumes yielded the number of different 
particles as a function of time. They are displayed in Pigs. 1-2. 
The chemical potentials Ri for all the particles were also 
calculated on the basis of the expression valid for Roltzmann gases; 

1 Q/p) 

In order to check the consistency of the Boltzmann gas assumption 
the functions 3X»0 and V (*) as given toy Eq. (2.1l) were 
determined, too. 

According to assumption d/ the development of the reaction H 
described by a somewhat different mechanism in the formation /or 
"ignition"/ period and in the subsequent explosion period. This 
change in the reaction dynamics is emphasised in the Figures by 
inserting gaps between the two parts of the curves /which are 
calculated, of course, continuously/. The dotted curves in the 
second part of the Figures show the development of the system in 
the constant volume case: X»(*)* Vк & Yi. 'Po* ^ ̂  4m • 
The continuation by an arrow conneei.e these curves with the corres
ponding equilibrium values /attained practically in all cases 

x о .- 4 3 / before X « O'lO л /. 
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V. HKSI'I.TS AND DISCUSSION 

The analysis of the reaction model 

Figure "» shows that, while the pious play a negligible role 

at k « N; MM» HeV/nuclcon bombarding energy, they have l.o he 

taken into account from about *-t,L~ H < M* MeV/nueleon. Above the 

energy оГ about. 2 tíeV/nncleon the highly excited nucleoli and meson 

states become presumably more and more important. Their excitation 

may lead to a maximum temperature. 

The inspection оГ Figs. 1-2 shows that the Л resonances 

and pious are produced mainly in the "ignition period" of the reac

tion and their sum does not change appreciably during the explosion 

period. The ratio of pions to A v /or to С -mesons/, however, 

varies strongly during the expansion. Phis ratio - if it were 

possible to measure it - would give the break up time of the firc-

bal I. 

The greatest part of the fast moving cold nucleons /especially 

in the М+и, case/ suffers scattering for the time the spheres inter

penetrated each other completely. This suggests that in central 

collisions of heavy ions of equal masses all the nucleons participate 

in some way in the formation of the fireball. Peripheral collisions 

or unequal mass nuclei are clearly less advantageous from this point 

of view. 

On Pigs. I and 2 it can he seen, that even before the complete 

overlap of the spheres the density of "gas" exceeds that of the "cold 

nucleons". Besides, the cross sections arc larger for the "cold 



- 25 -

nucleoli" - "Ras" scattering hccousn ol* the lower energy. These 
facts show, that the collisions of the "cold nucIrons" with the 
constituents of the hot gas play an important role in the "ignition" 
оГ the fireball. 

Throughout the whole calculation the Boltzmann limit was 
used for the momentum distribution within the gas. To check the 
consistency of this approximation, the X « A/Dfmp) quantity 
which appears in eq. (2.н) was calculated for each particle type 
and for all time steps. As long as Xt<\ , so that in calculat
ing £,(*) one can neglect the higher order terms beside» the 
first term in Eq. (2.9) , the Boltzmann limit is a good approxima
tion. The calculated values of X were less than 0.1 for most of 
the time of the reaction. /Large X values appeared only in the 
progressed phase of the expansion of the fireball./ The Roltzmann 
approximation can be used therefore consistently in the description 
of energetic heavy ion reactions. 

The chemical equilibrium 
The Figs 1 and 2 show, that the time necessary to reach the 

chemical equilibrium is of the same order of magnitude as the total 
reaction time. Therefore, although the ratios of particle numbers 
of different "chemical products" don't reach the equilibrium value, 
they are not very far from them. 

At the time when the number of Д -s plus pions plus twice 
the number of (* mesons arrives to a constant level, the thermic 
coupling ceases among the constituent particles. This time can be 
regarded roughly as the break up time. At this point the density 
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in the present model is .IIMMI' <>.2r> times the overlap density, 
i.e. about hall' the normal nuclear density. 

Is a Hose-Kinstein pi on condensate formed in.the reaction? 
Inspecting the inserts in Figs. 1-2 one can observe a very 

interesting point on the plot оГ the pion chemical potential f*K 

versus time. Namely, near the break-up time it reaches the value 
U = 0,l'i <:eV i.e. /х-к~/ГЛп •' '•'nis * s a singular point in 

the present description. If the gas mixture were large enough and 
it were spending long enough time in this state then it would 
correspond to a phase transition implying the creation of a pion 
condensate. In ideal quantum gases this is the Hose-Einstein 
condensation. At this point pions could be created without energy 
investment. It is important to note that this condensate is a hot 
one! Its existence is not restricted to near zero temperatures. Л 
remarkable feature is that this condensation /if it occurs/ is just 
in the last part оГ the fireball's history, therefore, directly 
observable. /Kvcnts that occur earlier in the fireball's life are 
"washed out," to a large extent from its "memory" by the later 
thermal history./ Thi.« may provide us with a rather unique tool to 
study the properties of dense hot and condensed hadronic matter. 

The appearence of the condensate can be understood here as 
follows. In the collision muny hot pions are produced. At this time 
the system can be described approximately as a Boltzmann gas« Dur
ing the expansion, however, the pions have to cool down but for the 
lower temperature there are too many of them in the gas phase. As 
the temperature is dropping the "pion consuming" processes /like 
9Г+ M~* & ; A+N —*»|M-rN / slow down very much. Therefore 
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• In? pious have to be removed liy the Г orma I ion ol a condensate. The 

character! si. it; feature ol* such a condensation is tin* clusterisation 

|>Г pious in the momentum space. One has to realize, however, thai 

the intermediate state in the energetic heavy ion reactions has a 

short lifetime. Therefore the formation of this new type of pi on 

condensate /different from the much discussed pjou condensation in 

cold nuclear matter ' *" , is to he regarded presently more as a 

question towards experiments than a firm theoretical prediction. 

The question, how strongly this tendency of momentum space clusteriza

tion of pious will manifest itself in the heavy ion reaction is to 

lie answered by further theoretical anil experimental invest, i cat ions. 
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КI(IURE CAPTIONS 

F i g u r e 1 . 

The dynamics of the heavy ion reaction at 2.1, 1.4, 0.8 
and 0.4 GeV/nucleon bombarding energies. The number of particles 
and the gas temperature in the overlap region is plotted as a 
function of time. The shaded spheres on the top of the Figures 
indicate the geometry of the process: the interpenetration and 
eventually the expansion of the projectile and target nuclei. The 
vertical dashed lines separate the "ignition" part from the 
expansion part. The particle numbers and temperature shown by the 
dashed branch of the curves correspond to the case, when no 
expansion was allowed after the complete overlap of the two spheres. 
The arrows at the end of these curves point to the equilibrium 
values of the corresponding quantities. The insert in the upper 
right part show the chemical potential, M ^ and activity, A^. 

for pions as a function of time. The horizontal line marks the 
u_-» f*!̂  value, where the possibility of Bose-Einstein 

pion condensation appears. 
Figure 2. 

The dynamics of the heavy ion reaction at 2.1, 1.4, 0.8 
and 0,4 GeV/nucleon bombarding energies. The explanation of the 
details is the same as in Fig, 1, 
Figure ? t 

The pion to nucleon ratio as a function of bombarding energy in 
the U.4 U. and A***AT central collisions. 
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