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In the quantum mechanical three-body problem
there are several ways for constructing basis
functions, One of the easiest is to choose the
set of the sa-called tree-functions @iﬁﬁ(ﬁ.g)”i

The transformations of the Jacobi coordinates
generate transformations of the basis functions:

JJ v P jijé [
o IR S X i gy T (160 )
K. = : .

1 2

The coefficients - jjj; "j i,> ?na i.e., matrix
elements of these transformaclons, were first
aobtained by Raynal and Revai’®’. and Efros and
Smorodinsky /3/ The results, however, lnoked
different to such an extent, that it made neces-
sary to prove the identity of the two forms of
j{jé§j1j2>%m . This was done in paper 4/, Look-

ing for a common form of the two versions, we
found a much simpler method of obtaining the
transformation coefficient, which, by the way,
allows quite surprising group theoretical gene-
ralizations. In the following we present this

new way of constructing <3 }J U ko

By definition, we can wrlte
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Making use of the orthonormality of the basis
functions, we can formally consider the matrix
elemcnt of unity instead of the overlap integral:

h b

RTINS PR PRPEIVEE LS P AL RS PR TSI (3

That means, that one can avoid a rather lengthy
procedure of straightforward calculation ot (2).
Instead of that, one has to find such an expan-
sion of unlty into a series, in which
Jidg tipde - Km occurs as a coefficient,

For that purpose it is necessary tuv write down

1 in a form which can be expanded in terms of
the basis functions corresponding to J and M

The explicit form of the basis tunstion

rpjliz (,;_,?) is the following:
KJM
i * IR\ . . .
(Dljﬁy Hvy'"may w ). ()
KIM M 'n'|1|_,

The part of this function, corresponding tuv J M
is

I M > N .
Y l~’(an X C. Yo (m) Y. (n), (5
m ]IH-'I )1")1 IL’ lll: ] lHll ]4., Hl:3
where
» {»
, ’ . :
m o= ., o=
n <
and jl,j, are the angular momenta, correspon-

ding to 75 and ¢ .

t !
. . Gyt gedp 0 !
Wi i (D)=Ny (sin(ll)"l (eosh)2 P~ " {cos2b ).
Tdy LSl et P
T, (6)
where we used £2%4 ;% .1 and therefore could

introduce

cos @ =f \ sin ¢ :4



The normalization factor Ng; i is well-known
from the theory of Jacobi polynomlals.
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N
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Let us.incroduce now two three-dimensional
vectors P and Q; having the properties

gv ]
>}
—

and (8}

We can write then

2 _,2
op? .
1-¢ 0% ) (9

where the factor 2 is introduced for the sake of
convenience, For reasons, which will become

clear later,we consider in the following iQ,
instead of Qi . Further, we substitute one of the
P, -s and Q;~s by Py and Q, . which are
connected with the original vectors by the ortho-
gonal transformation

iQu=cos 6iQ; +sind B

(10)
- . o s
Pk =smd>1Ql. - C0S Pi

(Because of the orthogonality of this transfor-
mation the properties (8) are invariant). Thus,
instead of (9), we have

-2p P i ; 2 i+t si
2R kcusd) 2QiQkLusd)+ IPi kantb+21Qiquuub. an



Using the plane-wave expansion
i.r’)x’ \ A «
ot Y, (Y, (x)

we can re-write (l1) in the form

prriats
. 2 -
D:hqs (-1) j [,(2iPi PLeosd) j (RQ Dkxin:.’;)jq(?[-’l Q sind )y, (20QQ o8 S
(12)
SY* (P)YY*(P ) Y* (@)Y” (@)Y (P)Y (P)Y (Q)Y (G ).
pr i qx rp t ser iCprooK g kg% ks Kk

where P, Q; . Py and Q, denote the three-
dimensional polar angles.

Remember now the so-called Bateman expansion,
which is usually giveu in the form (/3 p. 974,
f. 8.442 (9.

k(éz--)gkf" (=k ~v—k;pel; p—--)
2 ... b=

J (az)d (bz) LE
" I K (ko 1)

and note, that the hypergeometrical function can
be substituted by the Jacobi polynomial (°
p. 1050, f£. 8.962 (4)):

() 1'(k+1 x-1 k 1
P (x) = ——-——* -i’iz—»( Bt I DN T O SRTHTNS fj—*)
k Ko ) 2 x-1

or by Wigner’s d ~function., Substituting

j =V I
;A(X) =V ']z\+-é- (x),

we can apply these formulae to the spherical
Bessel functions which occur in (12), It is easy
to see, that the step from the hypergeometrical
function to the Jacobi polynomial is possible



only, if we consider
Replacing the lengths of P;.Q

we can write then
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the ,imaginary vector iQ,.
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i B .Qg by unity,

Returning now to the matrix element between two

states (
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3):

tle™e IMide™e Tprgs KK,

apxo

}
|

{cos24) d 2
ar
"e

1o
+
2 ™
+
—

™

[% % (-

but simple expressi-

K+'—('I———r—+l
1) 2 2

T



K,-p+q 1 Kp#p-q 1 Kgp+q Ky-p-q -
x[ (L )t (—] ) 1) 12 1ot
| P P 2 2)( p +1) > )
K,-r+5 Kotr-8 KotT +s r-s
(=2 R Gl L2 v (=20
2 2 2
(14)

xY*(P )Y* (P)Y (PHY* (Q)Y*(Q)Y Q) -
pr 1 qx i jlm1 i rp ioso i jzmo i
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>(an(Pk) rp (Pk)le'ml(Pk)
x qu(Qk)Ysg(Qk)Yj;,‘mz, (Qk)dPi in de ko
Using the well-known properties of the spherical

functions

Y* (0,4) = (-1)"Y (0.4 )
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and
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The parameters Kt and K,
condition K <K+ K,
LK, 1t is enough
definite K. The summation of
leads to the 9j coefficient

K,

coefficients
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Substituting this expression into (15), we chtain
the following form for the transformation coef-
ficient:
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Considering the whole basis fuzction (4) instead
of (5), we <can write down the final form of the
orthonormal transformation coefficient:

L b = K - Ki+ig+] Ko~10 Kot joarl
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172" 172 vim @ ) ) 2 2
F K,-p+q+1 K.,+p-q:1 K,-p-q K. 4peg
R v 282907 2 yret yre—L )
a . 2 2 2 2
K. prgs
1
K o—sirel K, ts5-r+l K,r-s K, eles -
{( = ) 2 G ) e — 1) )
2 2 2 2
K, i1 K, 1
b Lo —i—
x q s | (sin2d) ~ d (cos2d) d (eon2d)
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In the quantum mechanical three-body problem
there are several ways for constructing basis
functions, One of the easiest is to choose the
set of the sa-called tree-functions @iﬁﬁ(ﬁ.g)”i

The transformations of the Jacobi coordinates
generate transformations of the basis functions:

JJ v P jijé [
o IR S X i gy T (160 )
K. = : .

1 2

The coefficients - jjj; "j i,> ?na i.e., matrix
elements of these transformaclons, were first
aobtained by Raynal and Revai’®’. and Efros and
Smorodinsky /3/ The results, however, lnoked
different to such an extent, that it made neces-
sary to prove the identity of the two forms of
j{jé§j1j2>%m . This was done in paper 4/, Look-

ing for a common form of the two versions, we
found a much simpler method of obtaining the
transformation coefficient, which, by the way,
allows quite surprising group theoretical gene-
ralizations. In the following we present this

new way of constructing <3 }J U ko

By definition, we can wrlte
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Making use of the orthonormality of the basis
functions, we can formally consider the matrix
elemcnt of unity instead of the overlap integral:

h b

RTINS PR PRPEIVEE LS P AL RS PR TSI (3

That means, that one can avoid a rather lengthy
procedure of straightforward calculation ot (2).
Instead of that, one has to find such an expan-
sion of unlty into a series, in which
Jidg tipde - Km occurs as a coefficient,

For that purpose it is necessary tuv write down

1 in a form which can be expanded in terms of
the basis functions corresponding to J and M

The explicit form of the basis tunstion

rpjliz (,;_,?) is the following:
KJM
i * IR\ . . .
(Dljﬁy Hvy'"may w ). ()
KIM M 'n'|1|_,

The part of this function, corresponding tuv J M
is

I M > N .
Y l~’(an X C. Yo (m) Y. (n), (5
m ]IH-'I )1")1 IL’ lll: ] lHll ]4., Hl:3
where
» {»
, ’ . :
m o= ., o=
n <
and jl,j, are the angular momenta, correspon-

ding to 75 and ¢ .

t !
. . Gyt gedp 0 !
Wi i (D)=Ny (sin(ll)"l (eosh)2 P~ " {cos2b ).
Tdy LSl et P
T, (6)
where we used £2%4 ;% .1 and therefore could

introduce

cos @ =f \ sin ¢ :4



The normalization factor Ng; i is well-known
from the theory of Jacobi polynomlals.

Jy-iy K e
2(K+2) 1" (—-ihi dyp e,
N
IR R (7
i, O
e r(E:i£E< )](K’Jljl +§4
2 2

Let us.incroduce now two three-dimensional
vectors P and Q; having the properties

gv ]
>}
—

and (8}

We can write then

2 _,2
op? .
1-¢ 0% ) (9

where the factor 2 is introduced for the sake of
convenience, For reasons, which will become

clear later,we consider in the following iQ,
instead of Qi . Further, we substitute one of the
P, -s and Q;~s by Py and Q, . which are
connected with the original vectors by the ortho-
gonal transformation

iQu=cos 6iQ; +sind B

(10)
- . o s
Pk =smd>1Ql. - C0S Pi

(Because of the orthogonality of this transfor-
mation the properties (8) are invariant). Thus,
instead of (9), we have

-2p P i ; 2 i+t si
2R kcusd) 2QiQkLusd)+ IPi kantb+21Qiquuub. an



Using the plane-wave expansion
i.r’)x’ \ A «
ot Y, (Y, (x)

we can re-write (l1) in the form

prriats
. 2 -
D:hqs (-1) j [,(2iPi PLeosd) j (RQ Dkxin:.’;)jq(?[-’l Q sind )y, (20QQ o8 S
(12)
SY* (P)YY*(P ) Y* (@)Y” (@)Y (P)Y (P)Y (Q)Y (G ).
pr i qx rp t ser iCprooK g kg% ks Kk

where P, Q; . Py and Q, denote the three-
dimensional polar angles.

Remember now the so-called Bateman expansion,
which is usually giveu in the form (/3 p. 974,
f. 8.442 (9.

k(éz--)gkf" (=k ~v—k;pel; p—--)
2 ... b=

J (az)d (bz) LE
" I K (ko 1)

and note, that the hypergeometrical function can
be substituted by the Jacobi polynomial (°
p. 1050, f£. 8.962 (4)):

() 1'(k+1 x-1 k 1
P (x) = ——-——* -i’iz—»( Bt I DN T O SRTHTNS fj—*)
k Ko ) 2 x-1

or by Wigner’s d ~function., Substituting

j =V I
;A(X) =V ']z\+-é- (x),

we can apply these formulae to the spherical
Bessel functions which occur in (12), It is easy
to see, that the step from the hypergeometrical
function to the Jacobi polynomial is possible



only, if we consider
Replacing the lengths of P;.Q

we can write then
1 K+ 1
N LR
J (’homb)J (QSIII(,))-—.Z— Y(-1) (sindeosdr) d (082 )
T praxl u=p
2 tw
¥i-pig 1 Ki+p-q 1 Kyprq Ky-p -q iy
((~~2———— 'é') (o - 'Ei)'(""é _“""1)‘(’“2" L
and
s 1 K2§~]
bl 27 2‘_2. ~' o
j Qicosd)j @sind)=—2 (1) (sinpcosp) d (cos2d) -
5 r 4 %, sit+! -5
e
K -ris K, +t-s 1 K,+T+s K -r-s .
R N S YO I R I T s I L - )l
2 2 2 2 2
(13)

the ,imaginary vector iQ,.

>

i B .Qg by unity,

Returning now to the matrix element between two

states (
on for .(

JM
Lz c

j,m
8 mlmz 1

m’m’
1 2

x (sineq))_l d

5), we obtain a long
3):

tle™e IMide™e Tprgs KK,

apxo

}
|

{cos24) d 2
ar
"e

1o
+
2 ™
+
—

™

[% % (-

but simple expressi-

K+'—('I———r—+l
1) 2 2

T



K,-p+q 1 Kp#p-q 1 Kgp+q Ky-p-q -
x[ (L )t (—] ) 1) 12 1ot
| P P 2 2)( p +1) > )
K,-r+5 Kotr-8 KotT +s r-s
(=2 R Gl L2 v (=20
2 2 2
(14)

xY*(P )Y* (P)Y (PHY* (Q)Y*(Q)Y Q) -
pr 1 qx i jlm1 i rp ioso i jzmo i

, Y (P)Y* (P )«
>(an(Pk) rp (Pk)le'ml(Pk)
x qu(Qk)Ysg(Qk)Yj;,‘mz, (Qk)dPi in de ko
Using the well-known properties of the spherical

functions

Y* (0,4) = (-1)"Y (0.4 )
Pm P-—m
and
2 4
fdé¢ [dO dsind Y, (0.¢) Y (8.6)YF (8.6) =
"m (’m f'm
1] 0 11 2°2 33

L @RED@Ne) M B fgnyg
47 (205 +1) £000 "hymy fpm
(see’m/ p. 124, £, (1) and p. 13t, £. (5)),
(14) can be rewritten in the form

m JM JM j,m jom
I I % C. I, ij'm'j'm'C 171 g2 R
PEGS mm K K, T 1M Ye My pmax rese



The parameters Kt and K,
condition K <K+ K,
LK, 1t is enough
definite K. The summation of
leads to the 9j coefficient

K,

coefficients
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Substituting this expression into (15), we chtain
the following form for the transformation coef-
ficient:

b3 ' ! 1)1¢( "
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prqs
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Considering the whole basis fuzction (4) instead
of (5), we <can write down the final form of the
orthonormal transformation coefficient:
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