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In the quantum mechanical three-body problem 
there are several ways for constructing basis 
functions. One of the easiest is to choose the 
set of the so-called tree-Junctions Ф JlJ2(i) , c) ''<. 

K.IM 
The transformations of the Jacobi coordinates 
generate transformations of the basis functions; 

The coefficients • j ', j j ' j j j „ ~> K,„ . i.e., matrix 
elements of these transformations, were first 
obtained by Raynal and Revai'*"- and Efros and 
Smorod ins ky '3'' . The results, however, looked 
different to such an extent, that it made neces­
sary to prove the identity of the two forms of 
• J I J 2 I J i J g > ^ J M ' T n * s w a s done in paper / 4 /. Look­
ing for a common form of the two versions, we 
found a much simpler method of obtaining the 
transformation coefficient, which, by the way, 
allows quite surprising group theoretical gene­
ralizations. In the following we present this 
new way of constructing < j' j' |j i > 

' l ' r ' l 1 ! KJM ' 

By definition, we can write. 

<K^\WvuK*v%^*K&'^*t- ( 2 ) 

3 



Making use of the оrthonorma1itу of the basis 
functions, we can formally consider the matrix 
element of unity instead of the overlap integral 

•J,JL, J I ' S ' K . I M "' h *2 'l'-'^KJM en 
T h a t m e a n s , t h a t o n e c a n a v o i d a r a t h e r l e n g t h y 
p r o c e d u r e of s t r a i g h t f o r w a r d c a l c u l a t i o n о t ( 2 ) , 
I n s t e a d of t h a t , o n e h a s to f i n d s u c h a n e x p a n ­
s i o n of u n i t y i n t o a s e r i e s , i n w h i c h 
J 1J a ' J1 JU ' v щ o c c u r s as a c o e f f i c i e n t . 

F o r t h a t p u r p o s e it is n e c e s s a r y to w r i t e d o w n 
1 in a f o r m w h i c h c a n h e e x p a n d e d in t e r m s of 
t h e b a s i s f u n c t i o n s c o r r e s p o n d i n g to ,j and 4 

T h e e x p l i c i t f o r m of t h e b a s i s l u n . t i o n 

KJM 
i s t h e f o l l o w i n g : 

ф'1'Ч>!.Ь •= У ' ' ' - ( Ш . П ) V 
KJM m i i Ф ) . (•'*) 

The part of this function, corresponding to .1 M 
i s 

.i,.i„ . . 'fM 
Y, ~ (ra.nb i. C. 

m nip.. 'i'"l 
(m) Y. (II) . С П 

w h e r e 

t 
a = -г 

a n d j , j ,j a r e t h e a n g u l a r m o m e n t a , c o r r e s p o n ­
d i n g to r/ and £ . 

1 , , ( Ф ) - \ „ ; , (siinlO'i (пвФУа р 
1 1 

(),<- 5". Jo ' .. > 

K - i , - j . (ccxs 2Ф ) . 
( o ) 

where we used £s+ ц 2 =1 and therefore could 
introduce 

cos Ф = £ sin Ф - ц 



The normalization factor NRJ.J is well-known 
from the theory of Jacobi polynomials: 

Kj.j. 

2(K,2)V( —gi--i Л)1Ч—^-.---.-2) 

l'( Ц£к -)Г( К^Л) (7) 

Let us introduce now two three-dimensional 
vectors Pj and Q, having the properties 

and (8) 

P. Q. -- 0 . 

We can write then 
02 „ г . 

1 2( P* (9) 

where the factor 2 is introduced for the sake о 
convenience. For reasons, which will become 
clear later,we consider in the following iQf 

instead of Qi . Further, we substitute one of th 
P; -s and Q j ~s by P k and Q h , which are 
connected with the original vectors by the orth 
gonal transformation 

(10) 
P k = sin iA i Q ( - cos P, 

(Because of the orthogonality of this transfor­
mation the properties (8) are invariant). Thus, 
instead of (9), we have 

- Й Р P, cos<£ - g Q Q, IMS<1> + 2 i P Q sin<A + 2 i U P, siil<A 
i k l k i к i k (1 I ) 



U s i n g t h e p l a n e - w a v e e x p a n s i o n 

e ' P X ^ v i j (px)Y|*. ( p ) Y . ( x ) 

we c a n r e - w r i t e ( I I ) i n t h e f o r m 
pfr-t- q f s 

^ (-1) ^ J „(SiR lV'o.s,/,) j rao, КKJii..Mj,/2P1Qksiii..'.)jj:>iQiQkroso 
p r ( | S p 1 к r 1 К 'I ' • 1 h 

(\2) 

• Y * ( P ) Y * ( P ) Y * ( Q ) Y " ( Q ) Y ( P ) Y ( P ) Y f Q ) Y (Q ) . 
l»r ' i ) \ ' r p ' к" I p " k r/' k ijv k s " k 

where P , Qj . P k and Q k denote the three-
dimensional polar angles. 

Remember now the so-called Rateman expansion, 
which is usually given in the form ( /5•' p. 9 74, 
f . 8.442 (2)). 

(*L)"(J«~)(1 (-.l,k(^.)2kF(-k,^-k;/I,l;l'-L') ] 
j ( B 8) j d,z) . £ ?... 1 a _ „. .. .•* 
'' '' 1Ч/-.П k-.o k'l'(i- + k.l) 

and note, that t. he hypergeometrical function can 
be substituted by the Jacobi polynomial ( '' 
p. 1050, f. 8.962 (4) ) : 

p (X)« '-_-( „_) F(-k,-k-r:,(,l; ) 
k k! 1(1 if' ) 2 x-1 

or by Wigner's d -function. Substituting 

j (x) - v'^-J , (x) , A 2x A+— 2 

we can apply these formulae to the spherical 
Bessel functions which occur in (12). It is easy 
to see, that the step from the hypergeometrical 
function to the Jacobi polynomial is possible 



only, if we consider the^imaginary vector id , . 
Replacing the lengths of Pj ,Qj , PR .Q k by unity, 
we can write then 

j (SiuoscAJj ( З в ш й Ь - Ц - S ( - l ) " (sinc/if!os</>) ' d 
P + q + l ii - p 

(r:os2<,6)-

^ - p i q , K j t p - q , K,i-pfq K ) - p - q - '? 

a n d 

К о — r i 
j ( 2 i c o s , i ) j (2sin<6) = —S ( - 1 ) 4 

2 ' u 
(sin</> cos ф ) d " (cos2cA)-

S t T 1-1 Г - S 

K - r i s i K + r - s i K + T 4 S K - r - s 
|(_a + J.).(_S ( -L)!(_£ fl)'( 2 ,, |-

2 2 2 2 2 2 
(13) 

Returning now to the matrix element between two 
states (5), we obtain a long but simple expressi­
on for .(3) : 

К + -3- - — t 1 
JLS C J M C J M , . . / S S ( _ i ) * г , : 

8 т , т г J t"" 1 J £ 2 m а Ч т 1 J S

m 2 prqs K ^ g 
m'rn ' "PX'O 

1 2 

K j f l K g + 1 

( b i n 2 0 ) _ 1 d 2 ( c o s 2 0 ) d 2 ( c o s 2 d ) 
p 4- q + 1 q - p s + r t 1 r - s 

2 2 2 2 

7 



I 

< [ ( i ^ I 3 ^ ) ! ( l i 2 ^ f i ) ! ( J l i ^ f l ) , f J i i i ! l ^ L ) r | 
2 2 2 2 2 ' 2 

K„-r + s i K , t r - s 1 Knt r t s K o - r - s -
x [ ( — ? - f - ) ! ( — ^ - t - - ) ' ( - - f 1 ) ' C— ) ! l 

2 2 2 2 2 2 

( 1 4 ) 

x Y * ( P ) Y* (P )Y (P )Y* (Q ) Y * ( Q )Y fQ ) 
P " ' 4 Y ' j m i xp i s « i j „ m „ • 

xY (P, )Y (P )Y* , (P ) x on к гр к j m к 

* Y < Q k ' Y , C T ( Q " v > Y * - ( Q . ) d p " d Q . d P dQ . ЧХ k SCT к ] g I I l g к i i к к 

Using the well-known properties of the spherical 
functions 

Y* ( 0 . 0 ) = ( - l ) m Y ( 0 , 0 ) 
"m r - m 

and 
2 я rr 

о о "i"'i 2 "а "з""з 
/ d 0 / d 0 dsinO Y„ ( 0 , 0 ) Y. ( 0 . 0 ) Y* ( 0 , 0 ) 

( 2 P l + l ) ( 2 P g + l ) И Р30 f 3 m 3 

= [ 4,(2Р3+1) ' V ^ V , ^ * 
( s e e / 6 / p t , 2 4 , f. ( i ) and p . 1 3 1 , f. ( 5 ) ) , 
( 1 4 ) c a n b e r e w r i t t e n i n t h e f o r m 

.TM JM j , m , j „ m „ 
1 S S С С , , , . С i ' С 2 2 

, , j m j r o j m j m ., л л V г о s я 
Ptqs m 'm 'K.Kg 1 1 2 2 1 1 8 2 P " 4 * r p s 

пока 1 2 ' •= 
K m ,m 2 



j I m , |L; 111!, j ,0 j g a j ' , 0 j ' a O 

' | f.7 r/j q\'*<» pO qO rOsO |iOrO qO NO 

К - P ' q d ( К , p - q (1 _ . Ч - Р - Ч , К - p i q , , , - ' ' 

K „ - s . [ t l K y x - r i l K . , - s - r K ; J - s i r 

K., • 1 

-1 
•.( sui2<!>) d 

1 ч " ДГЛ. 
( c : o s 2 o ) d r t s l l 4 _ r ( ( 4 i s 2 . ' . ) . ц - , , 

The parameters K. and К., are lixed by the 
condition К "К fК Instead of the sum over 
К, , К., it is enough to consider a term with a 
definite K. The summation of the Clebsch- Gordan 
coefficients leads to the 9i coefficient 

c

 J i 8 m i 3 c Ja4» 'a4 c J '" 

V - t V ' 3 V a U "4 j i n m i . i i £ 

" V S [ ( 2 J l 2 a )C2 j ] 3 l l X2J 2 4 , l ) ( 2 J 3 ^ ) | -= J j 
Jo J 12 



Substituting this expression into (15), we obtain 
the following form for the transformation coef­
ficient: 

X [ ( 
prqs 

Kj-p+q+1 K.+p-q+l K.+p+q K,-p-q )!(--L- )! ( «.!)'( )'] 

:f(-
Ko+r-s * 1 

- ) ! ( • - ) ' ( - - — • 1 ) ! (- -)'l 

1 2 

К i 1 1 
(sin2<i) ' d 2 (cos26)d И (cos26). 

(] ^ p I 1 q — p rf к t 1 s - г 

fid] 

where we introduced the notation 
' • p r }• 

l j , ie

 J 

• f ( 2 J 1 + l ) { S J a + l ) (2 j ' l + l ) ( 2 j ^ l ) l 

: ( 2 p + l ) ( 2 q + l ) ( 2 s + l ) ( 2 r + l ) 

( p q S< s г J « > c p r г >)( 4 s 4 
0 0 0 0 0 0 0 0 0 0 0 0 

q s j ' 

( 1 7 ) 
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C o n s i d e r i n g the w h o l e basis f u n c t i o n (4.) instead 
of ( 5 ) , we can w r i t e down the final form of the 
o r t h o n o r m a l t r a n s f o r m a t i o n c o e f f i c i e n t : 

'J, J., i -. J 1 2 1 2 K J M 2 i)'( 
K, + i.>l К.,-],, K.,.j..»l 
_ ! — L ) i ( _ r ~ i _ ) • ( - —,-

aKi',i',» , K.-p+q-tl К , +p -4 »1 K.-P-q 4,'P'O 

fC-st-rt-1 It t s - г Л К.,, г -s К.лг.-s 
v (с -л—.—)• (—3 ) : {-J. ) • ( ._- : 1 >' ) 

2 3 2 2 

K. i 1 К , . 1 
p r J l ) l - 1 Pq s j'U (sin26) (1 (c'OK2,i) d -1' ' q' рч 1 p — q Г* s*-l ii-at.2t!>) 

( i 8) 

with 

Kjjj, я 2 г i.-

11 
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In the quantum mechanical three-body problem 
there are several ways for constructing basis 
functions. One of the easiest is to choose the 
set of the so-called tree-Junctions Ф JlJ2(i) , c) ''<. 

K.IM 
The transformations of the Jacobi coordinates 
generate transformations of the basis functions; 

The coefficients • j ', j j ' j j j „ ~> K,„ . i.e., matrix 
elements of these transformations, were first 
obtained by Raynal and Revai'*"- and Efros and 
Smorod ins ky '3'' . The results, however, looked 
different to such an extent, that it made neces­
sary to prove the identity of the two forms of 
• J I J 2 I J i J g > ^ J M ' T n * s w a s done in paper / 4 /. Look­
ing for a common form of the two versions, we 
found a much simpler method of obtaining the 
transformation coefficient, which, by the way, 
allows quite surprising group theoretical gene­
ralizations. In the following we present this 
new way of constructing < j' j' |j i > 
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By definition, we can write. 

<K^\WvuK*v%^*K&'^*t- ( 2 ) 
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Making use of the оrthonorma1itу of the basis 
functions, we can formally consider the matrix 
element of unity instead of the overlap integral 

•J,JL, J I ' S ' K . I M "' h *2 'l'-'^KJM en 
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The normalization factor NRJ.J is well-known 
from the theory of Jacobi polynomials: 

Kj.j. 

2(K,2)V( —gi--i Л)1Ч—^-.---.-2) 

l'( Ц£к -)Г( К^Л) (7) 

Let us introduce now two three-dimensional 
vectors Pj and Q, having the properties 

and (8) 

P. Q. -- 0 . 

We can write then 
02 „ г . 

1 2( P* (9) 

where the factor 2 is introduced for the sake о 
convenience. For reasons, which will become 
clear later,we consider in the following iQf 

instead of Qi . Further, we substitute one of th 
P; -s and Q j ~s by P k and Q h , which are 
connected with the original vectors by the orth 
gonal transformation 

(10) 
P k = sin iA i Q ( - cos P, 

(Because of the orthogonality of this transfor­
mation the properties (8) are invariant). Thus, 
instead of (9), we have 

- Й Р P, cos<£ - g Q Q, IMS<1> + 2 i P Q sin<A + 2 i U P, siil<A 
i k l k i к i k (1 I ) 



U s i n g t h e p l a n e - w a v e e x p a n s i o n 

e ' P X ^ v i j (px)Y|*. ( p ) Y . ( x ) 

we c a n r e - w r i t e ( I I ) i n t h e f o r m 
pfr-t- q f s 
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l»r ' i ) \ ' r p ' к" I p " k r/' k ijv k s " k 

where P , Qj . P k and Q k denote the three-
dimensional polar angles. 

Remember now the so-called Rateman expansion, 
which is usually given in the form ( /5•' p. 9 74, 
f . 8.442 (2)). 

(*L)"(J«~)(1 (-.l,k(^.)2kF(-k,^-k;/I,l;l'-L') ] 
j ( B 8) j d,z) . £ ?... 1 a _ „. .. .•* 
'' '' 1Ч/-.П k-.o k'l'(i- + k.l) 

and note, that t. he hypergeometrical function can 
be substituted by the Jacobi polynomial ( '' 
p. 1050, f. 8.962 (4) ) : 

p (X)« '-_-( „_) F(-k,-k-r:,(,l; ) 
k k! 1(1 if' ) 2 x-1 

or by Wigner's d -function. Substituting 

j (x) - v'^-J , (x) , A 2x A+— 2 

we can apply these formulae to the spherical 
Bessel functions which occur in (12). It is easy 
to see, that the step from the hypergeometrical 
function to the Jacobi polynomial is possible 



only, if we consider the^imaginary vector id , . 
Replacing the lengths of Pj ,Qj , PR .Q k by unity, 
we can write then 

j (SiuoscAJj ( З в ш й Ь - Ц - S ( - l ) " (sinc/if!os</>) ' d 
P + q + l ii - p 

(r:os2<,6)-

^ - p i q , K j t p - q , K,i-pfq K ) - p - q - '? 

a n d 

К о — r i 
j ( 2 i c o s , i ) j (2sin<6) = —S ( - 1 ) 4 

2 ' u 
(sin</> cos ф ) d " (cos2cA)-

S t T 1-1 Г - S 

K - r i s i K + r - s i K + T 4 S K - r - s 
|(_a + J.).(_S ( -L)!(_£ fl)'( 2 ,, |-

2 2 2 2 2 2 
(13) 

Returning now to the matrix element between two 
states (5), we obtain a long but simple expressi­
on for .(3) : 

К + -3- - — t 1 
JLS C J M C J M , . . / S S ( _ i ) * г , : 

8 т , т г J t"" 1 J £ 2 m а Ч т 1 J S

m 2 prqs K ^ g 
m'rn ' "PX'O 

1 2 

K j f l K g + 1 

( b i n 2 0 ) _ 1 d 2 ( c o s 2 0 ) d 2 ( c o s 2 d ) 
p 4- q + 1 q - p s + r t 1 r - s 

2 2 2 2 

7 



I 

< [ ( i ^ I 3 ^ ) ! ( l i 2 ^ f i ) ! ( J l i ^ f l ) , f J i i i ! l ^ L ) r | 
2 2 2 2 2 ' 2 

K„-r + s i K , t r - s 1 Knt r t s K o - r - s -
x [ ( — ? - f - ) ! ( — ^ - t - - ) ' ( - - f 1 ) ' C— ) ! l 

2 2 2 2 2 2 

( 1 4 ) 

x Y * ( P ) Y* (P )Y (P )Y* (Q ) Y * ( Q )Y fQ ) 
P " ' 4 Y ' j m i xp i s « i j „ m „ • 

xY (P, )Y (P )Y* , (P ) x on к гр к j m к 

* Y < Q k ' Y , C T ( Q " v > Y * - ( Q . ) d p " d Q . d P dQ . ЧХ k SCT к ] g I I l g к i i к к 

Using the well-known properties of the spherical 
functions 

Y* ( 0 . 0 ) = ( - l ) m Y ( 0 , 0 ) 
"m r - m 

and 
2 я rr 

о о "i"'i 2 "а "з""з 
/ d 0 / d 0 dsinO Y„ ( 0 , 0 ) Y. ( 0 . 0 ) Y* ( 0 , 0 ) 

( 2 P l + l ) ( 2 P g + l ) И Р30 f 3 m 3 

= [ 4,(2Р3+1) ' V ^ V , ^ * 
( s e e / 6 / p t , 2 4 , f. ( i ) and p . 1 3 1 , f. ( 5 ) ) , 
( 1 4 ) c a n b e r e w r i t t e n i n t h e f o r m 

.TM JM j , m , j „ m „ 
1 S S С С , , , . С i ' С 2 2 

, , j m j r o j m j m ., л л V г о s я 
Ptqs m 'm 'K.Kg 1 1 2 2 1 1 8 2 P " 4 * r p s 

пока 1 2 ' •= 
K m ,m 2 



j I m , |L; 111!, j ,0 j g a j ' , 0 j ' a O 

' | f.7 r/j q\'*<» pO qO rOsO |iOrO qO NO 

К - P ' q d ( К , p - q (1 _ . Ч - Р - Ч , К - p i q , , , - ' ' 

K „ - s . [ t l K y x - r i l K . , - s - r K ; J - s i r 

K., • 1 

-1 
•.( sui2<!>) d 

1 ч " ДГЛ. 
( c : o s 2 o ) d r t s l l 4 _ r ( ( 4 i s 2 . ' . ) . ц - , , 

The parameters K. and К., are lixed by the 
condition К "К fК Instead of the sum over 
К, , К., it is enough to consider a term with a 
definite K. The summation of the Clebsch- Gordan 
coefficients leads to the 9i coefficient 

c

 J i 8 m i 3 c Ja4» 'a4 c J '" 

V - t V ' 3 V a U "4 j i n m i . i i £ 

" V S [ ( 2 J l 2 a )C2 j ] 3 l l X2J 2 4 , l ) ( 2 J 3 ^ ) | -= J j 
Jo J 12 



Substituting this expression into (15), we obtain 
the following form for the transformation coef­
ficient: 

X [ ( 
prqs 

Kj-p+q+1 K.+p-q+l K.+p+q K,-p-q )!(--L- )! ( «.!)'( )'] 

:f(-
Ko+r-s * 1 

- ) ! ( • - ) ' ( - - — • 1 ) ! (- -)'l 

1 2 

К i 1 1 
(sin2<i) ' d 2 (cos26)d И (cos26). 

(] ^ p I 1 q — p rf к t 1 s - г 

fid] 

where we introduced the notation 
' • p r }• 

l j , ie

 J 

• f ( 2 J 1 + l ) { S J a + l ) (2 j ' l + l ) ( 2 j ^ l ) l 

: ( 2 p + l ) ( 2 q + l ) ( 2 s + l ) ( 2 r + l ) 

( p q S< s г J « > c p r г >)( 4 s 4 
0 0 0 0 0 0 0 0 0 0 0 0 

q s j ' 

( 1 7 ) 
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C o n s i d e r i n g the w h o l e basis f u n c t i o n (4.) instead 
of ( 5 ) , we can w r i t e down the final form of the 
o r t h o n o r m a l t r a n s f o r m a t i o n c o e f f i c i e n t : 

'J, J., i -. J 1 2 1 2 K J M 2 i)'( 
K, + i.>l К.,-],, K.,.j..»l 
_ ! — L ) i ( _ r ~ i _ ) • ( - —,-

aKi',i',» , K.-p+q-tl К , +p -4 »1 K.-P-q 4,'P'O 

fC-st-rt-1 It t s - г Л К.,, г -s К.лг.-s 
v (с -л—.—)• (—3 ) : {-J. ) • ( ._- : 1 >' ) 

2 3 2 2 

K. i 1 К , . 1 
p r J l ) l - 1 Pq s j'U (sin26) (1 (c'OK2,i) d -1' ' q' рч 1 p — q Г* s*-l ii-at.2t!>) 

( i 8) 

with 

Kjjj, я 2 г i.-

11 
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