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Renormalized Compton Scattering and

Nonlinear Damping of Collisionless Drift Waves

John A. Krommes
Plasma Physics Laboratory, Princeton University

Princeton, New Jersey 08544

A kinetic theory for the nonlinear damping of
collisionless drift waves in a shear-free magnetic
field is presented. The general formalism is a
renormalized version of induced scattering on the
ions and reduces correctly to weak turbulence theory.
The approximation studied explicitly reduces to Compton
scattering, systematizes the earlier calculations of
Dupree and Tetreault (DT) [Phys. Fluids 21, 425 (1978)],
and extends that theory to finite ion gyroradius.
Certain conclusions differ significantly from those
of DT. 1In particular, at long wavelengths the non-
linear ion “growth" rate is large and positive, pro-
portional to kiD both at zero and at Finite gyro-
radius. (Here k, is the perpendicular wavenumber
and D is the test particle diffusion coefficient.)
Nevertheless, the rate of change of total mean kinetic
energy because of the nonlinear interaction is small,

. —~2 -
proportional to q),.» where qa, is a typical parallel

wavenumber.
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I. Introduction

The importance of a turbulence theory for plasma fluctuations
has been recognized at least since the picneering work of Dupree1
and Galeev.2 Quite naturally, the early theories were based on
physical intuition and heuristic arguments. In particular, Dupree's
lucid and persuasive physical arguments for the resonance broadening
effectl (scattering of particles away from their unpe;turbed orbits)
have influenced all later theories of weak plasma turbulence.

In the resonance broadening theories (RBT)l'3 the turbulent
fluctuations are considered to comprise a fixed (statistically spee-
ified) bath which imparts random accelerations or ExB drifts to
the particles. These particles are thus assumed to be test particles,
in that they neither participate in the wave motions of the medium
nor affect the bath in any way. Such a theory does not describe
properly the nonresonant, weak turbulence limit in which the fluctua-
tions can be systematically expanded in powers of the first-order
wave fields; it can be expected that this trouble carries over to
the resonant, renormalized limit as well. This fact was noted by

several authors,2'4’5

who generalized th2 simple RBT in a number
of directions. However, although these generalizations were not
unreasonable, they were asystematic and incomplete--that is, not
all effects of a given order in the fluctuation intensity were
included. In part this can be traced to the primitive and cumber-
some nature of the mathematical techniques used.

In the usual RBT, the nonlinear dispersion relation is obtained

from the linear one by the replacement ur+w-+imc, where w 1is the
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frequency and w, is the inverse of the turbulent decorrelation
time. TRecently, Catto6 proposed another generalization of RBT,
Catto argued heuristically that an improved theory would result if
one would apply the resonance broadening approximation only to the
nonadiabatic part of the fluctuating particle distribution.7 In
such a theory w is not replaced everywhere by u;+imc , reflecting
the fact that only the nonadiabatic part can be resonant with the
waves. Unfortunately, Catto did not provide a systematic justifica-
tion for this prescription. In large measure the problem with such
justification lies in the fact that the wave-particle resonance is
not well-defined at finite turbulence levels; new concepts are
required to effect a systematic renormalization. Furthermore, Catto
considered only electrons. While Catto's arguments imply that a
related correction should also exist for the ions, the form of this
correction is not clear from Catto's work. For any mode such as

the drift wave for which the physics of the electron and ion response
is very different, one should not expect a priori that the form of
the correction is structurally the same for both species.

Recently Dupree and Tetreault (DT)8 considered the problem of
turbulent saturation of long wavelength, collisionless drift waves
in a shear-free magnetic field. They also emphasized that simple
RBT was not correct for this problem. Because in their model the
dominant nonlinearity arises from turbulent ExB convection, the
resonance broadening prescription becomes us+us+ikin, where k,;
is the perpendicular wavenumber and D is the perpendicular test
particle diffusion zoefficient. DT pointed out that this prescrip-

tion leads to an energy loss, from the waves to the ions, vhich



persists even in the limit of purely perpendicular fluctuations
(klf+0)' Such energy transfer is unphysical; the ExB coupling

is nondissipative and in itself merely redistributes energy in k
space. 0Only for finite kﬂ can resonant wave-particle interaction
and energy transfer occur. (For finite ion gyroradius, resonant
energy transfer can in principle occur directly into the perpendic-
ular modes; however, this requires an unrealistically large fluctua-
tion amplitude which is not observed in experiments.)

While this argument is correct and describes an essent.ial part
of the drift wave physics, it is noteworthy that DT proved it only
indirectly and only in the limit of zero gyroradius. What they
showed was that at zero gyroradius any proper theory must satisfy
<5j;‘5§¢>5 0 (where 63 is the fluctuwating current), and that the
RBT violates this property. The RBT fails because it focuses on a
given test wave k and treats the remaining waves as a fixed, tur-
bulent bath, or reservoir of unlimited energy. In reality, however,
the total ensemble of waves (including the test wave) is an isolated
system; to conserve total energy the test wave must constantly
exchange enhergy with its environment. RBT describes absorption of
energy from the environment, but omits emission to the environment.
Although this back reaction would be small for one test wave, each
wave can be considered in turn to be a test wave and the effect is
cumulative; the net size of the terms omitted is of the same order
[O(Ez)] as the term retained. DT corrected this defect by adding
certain terms to the RBT for the drift-kinetic equation which pre-

served <§8j,-8E,>=0,
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That <8j,*8E;> vanishes in the drift-kinetic description
implies that the heating is proportional to kl% at zero gyro-
radius, but says little about the total heating at finite gyro-
radius. Furthermore, one must distinguish carefully between the

energy transfer to or from a single mode, <63'6§> and the total

kK’
energy transfer to the particles <Gj(§,t)-6§(§,t)>= E<52'6§>k'

(By <ab>, for arbitrary a and b, we mean <a(g,t)b(§',t')>
Fourier-transformed in §-§‘ and t-t'; specifically, the conjngate
variables are {§-§',t—t'}<+ (E,mk} = k.) Oniy the total transfer

need vanish as hl-»o ; for any given wavenumber, <§j-8E>  can be

k
large. There is no contradiction because particles can absorb

energy from one mode and re-emit into another. A familiar example
occurs in the weak turbulence theory of induced scattering, where
total plasmon number and energy are conserved by the nonlinear inter-

action although the individual nonlinear growth rates are finite.

(By "nonlinear growth rate” we mean the nonlinear part yén) of the

~

coefficient in the rate equation for the plasmon number density Nk:

atNk==2yka-+... . Of course, yén) can be positive or negative.f
Nownwhat~D% actually computed wag-the nonlinear growth rate yén)
in the long wavelength limit ("Markovian approximation"). Thé}
found that, with the new terms added, Yén) ~ - (ﬁlvti/m)zkiD.
Unlike simple RBT, which predicts yén) :-—ki“ , the new result
vanishes as ﬁ?. DT used this factnio argue for the consistency
of their theory and to support their physical picture of total
parallel heating. However, we do not agree with their result.

First of all, no a priori conclusions about the total heating can

be drawn from the long-wavelength limit, because that limit does



not hold uniformly over the spectrum and a sum over all k is
(n)

required. More importantly we have reccmputed Yy in the long-

wavelength limit and find that

yé“) ~ +kiD ,

~

both at zera and at finite ion gyroradius. The difference in sign
between our result and the simple rescnance broadening theory should
be noted. The positivity of cur result reflects the fact that the
induced scattering processes favor energy transfer tc long wave-
lengths. Furthermore, we can exhibit the term in our theory whose

asystematic omission leads to the DT result,

(n)
k
eschew the Markovian approximation and show that when the non-

(n)

Markovian version of Yy

~

Although ¥ is not explicitly proportional to Hf , we can
is summed appropriately over all modes,
the result for <§j-6E> is indeed prcportional to the square of a
typical parallel wavenumber and thus correctly vanishes in the per-

pendicular limit. Fuathermore, let us define the plasmon number

density N by
o€
I £ )ini2oas2
g [_-W ],151 wrt (1)

where €y is the real part of the dielectric and er[g,w(E)] =0,

and the total modal energy & by

E=Juwlk)N, . (2)

(-

We can then show that the usual conservation law
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w5 = = <8j-8E> (3)

holds, which reduczs to the statement of energy conservation

%%(<K>-PE) = (divergence of heat flow) , {4)

where <K> is the mean kinetic energy:
1 2
<K> = | dv omnvo<E> |, (5)

n being the mean density and f heing the distribution function.

That Yén)

is large while the total heating is small means
that spectral energy transfer between stable and unstable modes

is likely to be impertant. However, a number of details concerned
with the effects of shear, electron nonlinearities, and an effec-
tive energy sink at long wavelengths remain to be resclved before
this process can be studied in depth. The present calculation
should therxefore be viewed as a preliminary model calculation which
illustrates several important aspects of the nonlinear drift wave
physics.

Ore can understand qualitatively why most approaches to the
plasma turbulence questions have fallen short of a systematic deriva-
tion. Almnost always, the apprcaches begin with the usual coupled
equations for the statistical mean <f> and the fluctuation &f of

the particle distribution. Generally, truncations or other approxi-

mations are made on the equation for 6f . Straightforward trunca-

tions, of course, lead to secularities. One can attempt more



sophisticated procedures such as summation of infinite subseries
. 9 . .
of perturbation theory,” or reorganization of perturbation theory,

via operator techniques,l'5

followed by some truncation. In such
methods it is very difficult to understand what has been omitted.
Mathematically, this is related to the fact that the expansions are
probably asymptotic at best. There is also a more philosophical
point. The problem is that, in the statistical sense, 6f is not
an observable. Observables are guantities, like the fluctuation
spectrun1<6§6§>k.m which result from averages over a statistical
ensemble; they.ére thus smooth functions of their argumsnts. On
the other hand, functions like &f describe the "microscopic®
dynamics of individual realizations and can thus be quite jagged
and, at certain phase space points, very large. If one wishes to
employ any sort of ordering, it would be much better to have a
formally exact set of coupled equations for relevant observables
(which have smooth shapes and definite sizes), rather than for
fluctvations (whose shapes and sizes are indefinite).

Such a theory was provided by the fundamental and elegant theory
of Martin, Siggia, and Rose (MSR)“10 MSR defined the observables
by means of‘functional derivatives of a certain generating functional,
a procedure gquite analogous to the derivation of equilibrium thermo-
dynamic variables by derivatives of the free energy. In the MSR
theory, and also physically, the most important observables are the
mean distribution <£>, the correlation function C(1,2) = <6£(1)8£(2)>,

and the mean response function R(1:2) = <86£(1)/6n(2)>. Here "1"

denotes the complete set of phase space variables including the



time, and 71 is a nonrandom source inserted on the right-hand side
of the relevant dynamical egquation, quadratically nonlinear in the
dependent variable Y : schematically, BtW==aW~+bWW4-ﬂ, where a

and b may be operators. Examples of such equations are, of course,
the Vlasov equation and the drift-kinetic equation. Additional
observables of importance are certain vertex functions Fi(1,2,3),
which describe the three-point correlations in the system. By means
of straightforward functional manipulations, MSR find coupled equa-
tions, relating <«<f>,C, R, and Fi' which are exact for Gaussian
initial conditions. {The assumption of Gaussian initial conditions
is usually adequate; it can be relaxed if necessary.ll) Furthermore,
MSR demonstrate that a certain reasonable expansion around Gaussian
statistics of the fully interacting nonlinear system leads to the
well-known Direct Interaction Approximation (DIA).IZ’13

The DIA is an extremely interesting and useful approximation. )

Kraichnan has shown12

that a model dynamical system exists for

which the DIA represents an exact statistical description. This
implies that the DIA satisfies certain realizability constraints
(e.g., the energy spectrum is positive definite; time correlations
decay to zera). The DIA is thus a well-motivated starting point
from which to derive further approximate theories. Orszag and
Kraichnanl4 have written down the DIA specifically for Vlasov plasma

by using the Kraichnan method of stochastic models., This important

paper is often overlooked.15

1l R
Krommes 6 was the first to discuss the possibility of employing
the MSR foermalism for plasma physics applications. In particular,
he pointed out that the DIA reduced naturally to renormalized Vlasov

weak turbulence theory. Krommes also attempted to give a precise
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definition of the terms "coherent" and "incoherent" introduced by
Dupree17 in his discussions of renormalizations based on the fluc-
tuating distribution J¢f . However, vhile the formal factorization
of the DIA given by Krommes was exact, the propagator which appeared
did not correspond to the test particle propagator g= <6f/6ﬁ>l<E>.
This was discussed by Dubois and Espedal,lB who provided an altéina-
tive, more physical factorization in which both g and the dielectric
function €, relating the mean response of the nonlinear medium to

a linear external disturbance, appear naturally. We have recently
discussedl9 aspects of the relation of the Dubois factorization to
rencimalized weak turbulence theory. We shall utilize results of
that discussion in the present paper.

In the present work, we discuss and extend the DT model of
collisionless drift wave turbulence by beginning with the DIA or,
more specifically, with the renormalized weak turbulence theory
approximation to the DIA discussed by Krommes and Kleva.19 In
Dupree's language, the approximation corresponds to the neglect of
all incoherent noise; we call this the Coherent Approximation to
the DIA (DIAC). Although the DT remark in physical terms on the
neglect of incoherent noise, there are some nontrivial differences
between their procedure and ours. Dupree attempts to define inco-
herent noise in terms of certain ("mode-coupling") contributions to
the fluccuating distribution &f. Any such definition is of
necessity imprecise because cf the nonobservable aature of &f. We,
on the other hand, can give a precise mathematical definition of

the incocherent source term in terms of expressions involving only

observables. The Dupree procedure is analogous to a Langevin

pr
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O R (10a)

O 5 F o= e 4 8F L {10b)

Esgentially all renormalized theories enforce some form of Egq. (1l0Qa).
However, many early theoriesl'3 replace Eg. (10b) by f(O) > <£>,

thus omitting 8f. Tt was originally Galeev2 who emphasized that

5F was necessary to ensure energy conservation. The "new" terms
which DT add and which we shall also discuss represent a certain
approximate form of 8% appropriate to the drift-wave problem.
Catto's procedure of resonance broadening only the nonadiabatic

part of the distribution also follows from a certain approximate
treatment of &I [see Sec. VT).

In constructing a renormalized theory, it is very useful to
keep in mind the relation of the renormalization to the limit of
weak turbulence. For example, away from the linear wave-particle
resonance mk"hIWl:=0 one can expand the solution of Eq (6):

9 = 90 =9, g0 . (11)
When this is inserted into Eq. (8), the first term of Eg. (l1)
produces the linear dielectric while the second term generates
part of the induced scattering processes (with unsymmetrized matrix
elements) when the order E2 version of Zk is used. The remaining
part of the induced secattering (necessary for symmetrization) arises

2 . . =
from the O(E") approximation to 6fk. Furthermore, we can write

both in weak and renormalized turbulence theory
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g = g 4 s(e)

(12)
sF = s 4 57(@

where "d" stands for diffusion and "p" stands for polarization.

In weak turbulence theory, the diffusion terms generate Compton

scattering while the polarization terms generate nonlinear scat-
tering from the shielding clouds. 1In the renormalized theory

(a)

)3 represents the familiar orbit diffusion effect of the turbu-

lent fluctuations on the test particles while Z(P) represents

sT(Y ana sFP) gescribe the associated inverse

pelarization drag:
effects of the test particles on the medium. In the DT theory and
also the one we present here, the polarization terms are neglected.
Although it is easy to write down formal expressicns for these terms,
it is difficult to evaluate their practical effects. Preliminary
estimates and analogies with weak turbulence theory suggest that
omission of the polarization terms may not alter the qualitative
conclusions of the present paper significantly, particularly at finite
gyroradius. However, substantial quantitative errors are likely to
arise from this omission. We will address the polarization terms
in detail in a future paper.

The remainder of the paper is organized as follows. In Sec. IIX
we briefly discuss the Coherent Approximation to the DIA and set
down the relevant formulas for '@ and §F%) . 1n sec. III we
apply the DIAC to the drift-kinetic equation and review the DT
calculation. In Sec. IV we discuss certain conservation laws and
energetics of the DIAC and find an expression for the total heating

rate <§j-8E>. 1In Sec. V we find the nonlinear growth rate in the
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limit of long wavelength, both at zero and at finite gyroradius.
We summarize the work in Sec. VI. Finally, we devote the Appendix
to a review of some aspects of Compton scattering of dri: waves
which emphasizes the similarities between the renormalized and

unrenormalized theories.

1T, Statistical Theory of the Vlasov Equation: Coherent

Approximation to the DIA

We tabulate here the important ideas and formulas which we
will need in the subsegquent sections. The discussion is brief and
incomplete; further details can be found in Ref. 19 and in Refs. 10,

16, and 18.

Consider the Vlasov equation

2%

+ veVE + [§+—i-yx}~3°)-§f =0 . (13)

Here 3= (q/m)3/3v, B0 is constant, and the electrostatic electric

field E =-V¢ is determined from Poisson's equation:
2 - (s)
V98 (x,t) =-4% ] (ne) | dv £ (x,v,t) . (14)
S

Here "s" is a species label equal to either "e" or "i", ng is the
mean density and eg is the signed charge of species s, It is
convenient to adopt a compact argument notation wherein the set
{gl,yl,sl,tl} is wepresented by the single number "1" and the

integration-summation convention for repeated indices is adopted.
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Thus, we may represent the solution of Eq. (14) by the operator

expression F

¢ = ¢f . (153)

which appears in x space as

]

6(1) = ¢(1,1)£(1) , (15h)

or in k space as
by = Qk(l)fk(l) . (15¢)
(When a k subscript appears explicitly, the explicit coordinate

dependence and summation convention ref.. to just species and velocity.)

Explicitly, )

= _ AT
e (1) = ——i(ne)E . (16)
x|
We also define the zeroth-order particle propagator g(o) by
a . 1 (O) - ' = - !
['8? +v Y""EY"E‘ 3l g (1;1 ) = §(1-1) . (17)

1

(o)

An explicit representation of g is given in Eq. {62). Further-

more, define the mean response function R by

R(1;1%) = <8£(1)/671") > 5 (18)

0 r

where 0 is an arbitrary source function inserted on the right-hand

side of Eq. (13). One can shov119 that
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R (1;17) = g, (1:1) [6(2-17) +(ig-gfk)ieilék(z;gk(2;1')1 ,

(19)

where the renormalized propagator g and the renormalized distri-
bution F obey Egs. (6), (10b), and (12). It is possible10 to
write explicit expressions for I and §f in terms of Ck(l,l‘) =
<SE(L)6E(L')>, , <8£8¢>, , and I, =<8¢8¢>, . The correlation func-
tion C obeys an equation, sometimes called the Wyld eguation, of

the form16

’ {20}

where "T" denotes transpose [R(l;2)T==R(2;l)] and I is another

functional of the observables for which an explicit expression can

also be written. Equation (20} is the formal representation of the

physical statement that fluctuations are driven by a certain

"incoherent noise" source : . This can - seen more clearly when

the balance equation for the spectrum I is formed. Using the identity

oR = e log (21)
one finds
Py (9 Ty 0 Oy
Ik 2 a7 {22)
™
which we may write suggestively as
<6565>k
I, = 7= . (23)
le, |

[It is to be understood that <6565> is just a sherthand notation

for the numerator in Eq. (22).] In particular examples, Dupree has
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written an expression of the form (23). The source term <6$6$>

describes n-wave coupling, clumps, eic.

In this paper we shall be concerned only with the dielectric

properties of the turbulent medium and shall ignore the incoherent

noise altogether:

This is called the Coherent Approximation19 and has several con-

(24)

sequences, First, in order that the spectrum not vanish identically,

one must satisfy the operator expression eI=0. As is well known,

when this is written out explicitly for a medium slightly inhomogeneous

in space time, one finds that

I = 21rIk5 [wk—u(_]f)] ’

where
Reelk,w(k)]l =0 ,
and that
BIk(t)
—S— = zYka + (additional wave-kinetic terms) ,
where

3 Inelk,wik))
Tk = "ReSeK,u (B I78w(K)

-~

Another consequence of the Coherent Approximation is that the

relation R™IC=0 allows us to write

Ck = gk(ig-gfk)<6¢6f>k

(25)

(26)

(27)

(28)

(29)

o st s

et s o T
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and, by applying the ¢ operator from the right to Eg. (29),
<6f£8¢>) = gk(lg-gfk)Ik . (30)

Thus, all correlations involving 6f can be expressed in terms of
Ik . The procedure which Dupree uses to renormalize the Vlasov
equation is closely related to the Coherent Approximation,

The results (29) and (30) can be used to simplify the forms
of I and 6F. In the DIA (on which we do not expound here) the

expressions for the diffusive parts of these operators become19

@ i}
-- . 1:2)T g+ 3,6(2-1) , 1
. (L, 1) gg 3 9xq (12T g 3,8(2-1) (31)
268 (1) = Tq-8,9,_ (1;2)1 3,9 (2:3)g - 3, (32)
k g~ ~17k-g 7’ q-27-q 7’72 37=q

Similar expressions exist for the polarization terms, but we shall

not study those here.

+IT, Review of the Dupree~Tetreault Calculation

In this section we introduce the basic model for electrostatic
collisionless drift waves studied by DT, and review their calcula-
tions and approximations. We give this review in some detail
because our description is kinetic while theirs was based on the
fluid equations. Of course, each step in the kinetic theory has an
analogue in the fluid treatment.

DT assume that the slectrons obey linear dynamics and are

destabilizing. That is, if we write the dielectric in terms of the

susceptibilities X(S),
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e =1y Syt (33)

the electron contribution Y}EE) to the total growth rate will be

positive,
%
I x ' [k, (k)]
v\® = R >0 (34)
k Re Be[lf.m(lf)]/am(lf) -
We shall write !
x® - L (1-iay) (35) b
(lee) {
2,1/2 . :
where xDs Z (T/4wne )S is the Debye length of species s . Basically,

oy = Y]ie)/m(k) .

We assume a constant magnetic field §° in the 2z direction and

a canstant density gradient in the x direction. Sshear is ignored.

The drift frequency of species s is defined by

() .y = [cr] .5
w T (k) S Eﬁslf zx71nng

(36)

where L nl = Vx Inn. In the DT model the ions are assumed to obey

the drift-kinetic equation (limit of zevo gyroradius):

?Ti“ [v" %+yE-g]f+q|a“£ =0 , (37)

where the E*B drift velocity Ve is defined by



R T

p—

-2}~

Vg = (c/B)E:x% =- (c/B)Z x (ik)8dy - (38)

(In Secs. IV and V we shall consider the more relevant case of

finite ion gyroradius, but here we wish to follow the DT calcula-
tion as closely as possible to exhibit clearly the parallels and
differences in the formalisms.) We take the mean distribution to

be Maxwellian:

<f(v“)> [n(x)/n]fM(v“) .

_ 2,-1/2 2,2 )
fM(v”) = (Zwvt) exp(-v“/ZVt) p 0 39)

where vf__ ET/m . Spatial variations of fluctuations in the direc-
tion perpendicular to B are taken to be short compare to the

equilibrium scale length: kJ-Ln >> 1.
The renormalized theory for Eq. (37) follows immediately

from that for Eg. (13) with the transcription
{o) =(o) _ . -1
gk - gk = [~ .-(wk‘k”V“)] r (40)
3> 23 + (c/BIRXY . (41)

Following DT we shall ignore the effects of parallel nonlinearities.

We then have the more explicit rule

e
ked<t> » () (o, ~kyv )6y (42a)

kedg_ - ~zx(iq)g
k394 (c/B)k z><(1<:£)gq ' (42b)
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and Egs. (8), (31), and (32) become

MR él)gk[[ D -k v T) £y * ko aﬁf(d)] , (43)
(a) =

caeEld) +36%

keBof 7 = ZM .qgk-q q%-q [( T Lo, (@ - gy 15 +g Eaf-q] r U9

where we have introduced the coupling coefficient

2 ~ 2
= - . 4
M~!::q = (c/B) |n ('lf x g) | (46)

Consider long-wavelength fluctuations, “f' << |g| . where g

is a typical wavenumber of the spectrum. One can then write

AR (47)
k
where
D = EDq . (48a)
D = Y%(c/B)?Re(3 )qoT_ . (48b)
q q' g

In writing expressions (48) we assumed that the spectrum is isotropic
and averaged over the angle between k, and g, . We also used

g_ a = g; to show that D is redl. Furthermore, we can use the identity
- = ip 2
gy lw, =¥, v,) =J.+gk(u.*\é) -y - ik$p) (49)

to write Eq. (43) as
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4 _ 1 i N T D
(B = - i Jdv|lgk [ 0~ uy - o) ey
(kAp;) Di

+ (-E]i:-gsféd)] . (50}

To simplify expression (45), we again make the Markovian

d
approximation and also neglect g-?ﬁffq):

T =) | _ .2 = (i), oy _
(E)}S.Eéfk —-k_LCZ!Dqg__q[m* (E;) Qv g, (51)

(i)

Noting that W

=171, (@) , where T:=T_/T,, using the fact
*
that mq=fm(e)(q) (true only in the zero gyroradius limit), and
® ~
recalling that wq>°'qlﬁl' we can approximate

(1) Lol
{m* (g)-—qlqﬂ = it . (52)

9-q
To arrive at Eg. (52) we have also neglected qiD in E_q following

an implied argument of DT that this term is small near the sto-
chasticity threshold (for direct interaction of the waves with the
bulk ions). This approximation is crucial and we do not believe it

is consistent. We shall return to this point in Sec. V; however,

we continue here with the review of the DT caleulation. With Eg. (52),

Bg. (51) simplifies to

Q& | _ .2, ~lce
ke36E, Y = - i(kyDIc o, (53)

and the susceptibility becomes
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X(i) _ 1 . 1 [mk—w:l) +ikiD(l+T_l)]z[m+ikiD] (3)
k 2 2 ’ 2
(kXDi) (kxDi) fihlvti /ihlvti
where
1 (” exp ( u2)
Z(w) = -‘/—E[—mdu i (Imw> 0) (55a)
1
~ == (1 —15) (lw}>>1) . {55b)
2w
The dispersion relation then follows from quasineutrality:
(e) (i)
Xk + Xk - 0 i (56)

The solution of Eg. (56) is straightforward if one treats
both o and (k”vti/m)2 as small and also neglects terms of order

aD or D2. One finds

2
o ) e
;Tej- = 1+ (1+7) [W] . (57a)
* *
2 .2
Y ke [ kiR
ey T %k T (1+T)[m(e)] [ &) - (37b)
x * *

Noting that DT tock 1=1 and defined their thermal velocity
to be larger than ours by v2, we verify that Fgs. (57) agree with
their result,

In the calculations leading to the form (57b), sensitive
cancellations occur between dominant terms of order kf_D . This
can be seen by examining the form (54). If we retain only the

first term of the asymptotic expansion (55b) and set u, =m£E) ’



a term wie)-+ika cancels between numerator and denomirator in
Eg. (54) and xﬁi) becomes purely real. Such cancellations are

suspicious. They imply that the calculation may be sensitive to

the precise way in which the imaginary parts are handled. Further-
more, the result (57b) is also sensitive to the fact that Wy = m:e)’
which does not hold in the finite gyroradius case. These problems
motivate us to examine the calculation more critically and in the
absence of the zero gyroradius approximation. We begin by examining

some consequences of the DIAC which do not depend on the Markovian

approximation.

IV. Symmetries and Fergetics

As DT emphasized in somewhat different language, it must he
true in any sensible theory that the equal time, equal space point

correlation <6VE-Y(6f)6¢> vanishes identically, because by statis-

tical stationarity

(58)
by the orthogonality of the ExB drift with the field. It is

<6YE(§.t)'Y[Gf(f.vn.t)]5¢(x1t)> = -<6f6VE-V6¢> = <6fdyE-§E> =0

easy to check that this identity remains true in the DIAC. We note
that the function on the left-hand side of Eq. (58) is the diagonal

version of the displaced correlation <6VE(x,t)-V[ﬁf(x.ql.t)]6¢(x',t'b

4

so that

<SYE(§,t)-Y[Gf(x,v“,t)]6¢(x,t)> =7 <[6VE.V(6f)]6¢>k . (59)
- ~ b ~E <
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The latter triplet correlation is the sum of all nonlinear terms
in the evolution equaition fer <6f5¢>k, which we obtain by multi-

plying Eq. (30) by g-l. We find

(d)

d
<6VE-V(6f)6¢> ) {Zé )<6f6¢> - ike auf <§pS¢> ]
e k

(d) -
) [Ek gy ik dE D - i]f-gdf}(cd)]l

)

k

ae(d) (a}
i Z k,q —quIq[ng éfk t9_ q af -gq ]

It
o
~

(60)

where the last step followed upon interchanging {k,q} + {-q,-k} .
This proof casts into our language of statistical observables a
similar calculation of DT. The proof remains true in the Markovian
limit, which consists merely of neglecting the k in gk_q, or when

the polarization terms are included.

Of more direct interest is the net ion heating rate <6j(l)
= E<5j(l)-6E>k . This quantity was not computed by DT and indeed is
e ® -

not accesible from a Markovian theory, as we remarked in the

. §§>

Introduction, Although DT state that when a certain "stochastic
threshold" is exceeded wave energy goes "directly" into the ions,
implying that one could compute the heating wavenumber by wave-
nurber, this assertion must be viewed cautiously. The assumption
of stochasticity merely justifies the usual expansions about
Gaussian statistiecs (the random phase approximation in WIT). In

weakly turbulent induced scattering, for example, the beat resonances
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{n)

are stochastic and the Yy 's are individually finite, yet the

ronlinear interaction conserves total plasmon energy, I w(&)yén)mk==0.
Here, there is no "direct" energy channel from the wav;s to £he i
particles although the particles do participate in the turbulent
motions. In the renormalized theory a net loss of wave energy to

the particles is to be expected; however, the size of the effect

is unclear. We now attempt to compute it.

It is convenient to consider immediately the finite gyroradius
case; the drift-kinetic results then follow as a special case. We
shall proceed directly from the magnetized Vlasov eguation (13);
ane might equally well begin with a so-called gyro-kinetic eguation
(drift-kinetic equation with finite gyroradius corrections). If we
introduce a cylindrical coordinate system in velocity space (Fig. 1),

the particle propagator is formally

-1
— = -3 - - - _a_ 1 - '
9 (viv') [ 1{mk k-v QB‘b +1zkH S(v-vj (61)
wHere £ ZaB/mc . When the ¢ dependence of Zk can be ignored, one

hag the explicit representation

oY) = g 038") -8 v - vty - ), (62a)
gkw;¢W = EBTebeﬁﬁr+ikm[5nﬂ¢-ak)-Shﬂ¢'"ak”
~Ekr)A(¢+QT—¢') , (62b)
where ;kE(uk-k“V”, PEZv,/R, and A(¢) is a periodic Dirac func-

tion of period 2n . 1In general, Ek has ¢ dependence, which com-

plicates the problem considerably,
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We are now prepared to compute the net wave damping on the

ions:

<63 (x,4) -$E(x,0)> = ine I dv § kev<8£8¢>
3 X =X M
d
= 1nejdv2k-v géo)[— ):( )<6f6¢>k
TR

+ik-§(<f>+af}£d)}<6¢6¢>k] . (63)

The part of Eqg. (63) explicitly proportional to <f> is exponentially

(o)

small because 9
can be written in the symmetrized form

<63t se> = -lﬁnejdv I kevg{®gra+ (ko]

k,q

(d)

Formula (42b) remains valid to lowest order in /n . We can also

write
(o) ; (o)
dokevg Ol .. = 0 d¢ | mitug e (65)

so that Eg. (64) reduces to

(o) _ (o)

(1)
<62 k rd k q[ W9k q q ]gk+q

< 8E> = ‘/znefdv ZM

* (g k-3%) - gqg-gfq) . (66)

is nonresonant: k“vti<<(nﬂd <<Qi . The remainder



~29-

Note that one can add any symmetric function of k and g to
either of the groups in parentheses in Eq. (66) without changing
the value of the expression.

To understand Eq. (66) in more detail, we shall approximate
Ek by <f>. Aspects of this approximation are assessed in a related
calculation in Sec. V. 1In order to perform the velocity integra-
(d)

tions, we shall approximate I in all g's by its angle-averaged

value:

(@
fasas’ = ° tose'y = Im & IAelk-ahT, .
q 73 (67)

]
-~
+
AN
1
~
~
m

(We use the notation J_(k) =3, ([k[) =3 (ky0).] We believe that
this procedure makes a gquantitative but not qualitative error; it
is exact at zexro gyroradius. With the representation (62) the
remaining ¢ integrals can be performed. Details of a related

calculation are given in the Appendix. If we take

<f> = {1+ (vy/Q +x)/L ey (v)

we find
(1) i Yk _Yq)-
<§j «§E» = Id Z M (k)J {iQI,I [,_——-.._ g
= ~ anxbﬁi Myla k.q’0 kTqldy @) k+q
(i) - (i)
[gk{ k) = k] 'gq[“’* (@ '“’qﬂ -

Because we and mq are nonresonant, the form of the group in
parentheses makes this expression vanish in the limit of zero
parallel wavenumber. Dimensionally, Eg. (68) is of order

= 2
(1) G Ves 2
83 7! +8E> ~ {T} l2(()»:1_1))1\1k . (69)
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This is reminiscent of the DT damping appropriately summed over the

spectrum, but arises here from a quite different point of view.

V. Nonlinear Dispersion Relation at Finite Gyroradius

We now study in detail the nonlinear growth rate in the
Markovian approximation. We allow for finite ion gyroradius. The

ion susceptibility is in this case

(i) _ i () . TYpenss (d)
Xg ' = —-‘ZJGY 9k[[‘"* (k) -k Y]fM+ (3K 208, ] -
;) (70)

For clarity, we shall initially neglect the Gf_q term of Eg. (32);

we return later to assess this approximation. We have then

Ty onez(d) (1) .y _ ] (71)
(e)b 3oty EME,ggk-qug—q[“* (g) vty -
We may use the identity
gy [w_(k) - kevlf, = [i +gk[m* (k) ~w, - i Zk]]fM (72)
RS v S
[which is similar but not identical to Eg. (49)] and a similar
expression for k-+-g to rewrite Eq. (70) as
(i) _ 1 i (i) . (d) LT M If
X = 7 " 7 | ave|{u ) muy - i B e eI oy Tofy

_ (i) _ . (d)] )
EM‘S'%gk-qxqg-q[“’* (D-wg*it, fM]

(73}
We recognize the first term under the ¢ sum as Eéd), so a cancella-

tion occurs. Near the stochasticity threshold we can neglect Z_q
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in the last term. If we again replace I by <I> in the renormalized

propagators, we can carry out the ¢ integrals to find

(1) - 1 _ i (1) _
(P = ; )ZjdvfM 20050 {0 - 0y

(kADi) (kADi

_ (1), . _
ngf qgk ~q o(q)I 9 q[“’f (q) “’q” :

(74)
To take the imaginary part of x(l), it is convenient to write
_ (d)
gk=[ 1[w +1(Z )]]
1-i%)
-1
= ""—'A_L [ (75)
- iwy
where
- (a)
5 5( i (76)
a ~ - ,2
w, = mk{l*'lf.k( ] . (77)
We have
. -
p 1-+Zk_
) =1In —k=gi 52 (‘R-QHI ' (78)
k k., q
q -~ < mk-q

which becomes in the Markovian approzimation

=%

b
= 2
¢ = (Z,Mﬁ'q[i]%(q”q . (79)

~

If we also make the Markovian approximation on Zq + the solution
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of Eg. (79) is purely real. This approximation is somewhat ill-
motivated; it cannot be correct for sufficiently large gq. Never-
theless, we shall treat <Ek> as real for all k. This ignores

nonlinear frequency shifts which may be substantial; however,

comparable frequency shifts have already been ignored by neglecting

the polarization terms. For real Ek’ then, one finds
(1) 1 2 . rt (i) )
Im = - ———— 1 dvE, I (k)| =—]w " {k) - w
k 2 Yo . x k)
(kAp;) “r

(r. +3 +Z ) .
2 k k-q -q’ [ (i) “
M -
+§ k J (q)Iq - lu\* (%) Wy ’

’q o A A .
P [ W
k'k-q"-q (80)
where because of the Markovian approximation we have
I+l +3 - - 2% -
k  k-q -q q (81)

It is at this point that we find a substantial difference with DT.
Tn their calculation, the term E—q . which stems from the real part
of g_q in Egs. (51) and (74), was neglected, thus changing the
factor of 2 in Eg. (8l) to 1. This approximation would be correct
in the weak turbulence limit (see the Appendix). In the present
renormalized theory the error is of order unity, and the additional
factor E_q will prevent the cancellation of dominant terms about
which we remarked in Sec. III.

If we continue to work near the stochasticity threshold and
ignore thermal corrections, we can write Gk =Wy e Using the finite
gyroradius linear theory result

1 w e

[ oK)
Rezz———2[1+‘r-r(k)l'r+——m———] ' (82)
(kApe) ° k
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where T_(k) = I_(blexp(-b) , b= (ky0;)? , we find

(e) I‘o(k)
w(lj) = UJ* (!’S) [1_*_.1.[1_]10(]{)]] r (83)
and
(1)
o, PR cw) g .t o0
m(E) - FO(KT *

Equation (80) then becomes

-1
(i) _ L+t ™) 2 =
o W[deMJo(k)[Lk/ro(k)

Di

~

E
2y 1w, 32 d
- (=)In Ja)I [—- /r (q)] . {85)

Wy a k,g o d mq o

To proceed, we will write the velocity integral as an average,
JdeM S K,,.»

and factor
. (86)

«s2mad@» = «a2 (k) «al(q)» = 1 ()T ()

This is in error by an amount of order unity for comparable k

and ¢ but is sufficient to elucidate the principal features of

the result:

i ~1 21 (k) 3
(1) . (L +
Imx = (k)\T [<(>\ [ ]ng'qu[é]]
-1 T_ (k)
{1+ )[1_ o ] -
o2 U AT T R (87)
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where g is an appropriate mean wavenumber and we have taken note

of Eg. (79). Finally, we write <Ey > EkED/mk and use Egs. (28)

and (82) to find

2
;ﬁi. = (1.+T‘1)[__2__._ 1 ] a0
w (k) ro@ FO(ET wieuk)
> 0 (88)
*l..c€ q>»>k. In the limit of zero gyrcradius,

- 2
v, > L+t hdo
In this limit, the approximations (67) and (86) become exact.
Let us consider the total change of plasmon energy cdue to the
ion interaction. We write

(1)
oF (n)
at \Z{z‘““f”lf Ny

-~

1 (n) 2
‘33?%“‘5)€k [k | I}f . (89)

If we use Eq. (44) in Eq. (80), minor algebra shows that Eq. (89)
is just the negative of Egq. (68). Thus, the ion energy budget is
balanced; ions heat at the same rate as energy flows from the tur-
bulent plasmons due to the resonant ion interaction. Notice that
it is plasmon eneryy,rather than electric field energy, which is
being discussed, and that expression (24) of DT is missing a factor
of the dielectric. The second velocity moment of the Vlasov equa-

tion leads to
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(1) . .
ﬁﬂ&;._.= _v.<q>(l)+<5j(l).5E> ,
¢t ~ 2 2 -
where q is the heat flux, or
532““(1)”(“ v

Thus, the renormalized theory behaves in the same fashion as quasi-
linear theory: the mean distribution describes the evolution of the
resonant particles while <§f8f> describes the turbulent waves,
including both electric field fluctuations and particle "sloshing".
The total energy balance (4) follows by summing over species and by
assuming that since the electrons are linear, the quasilinear con=-
servation laws hold for the electrons.

We now wish to discuss briefly how these results are modified
if the Sf( ) term is not neglected in Eg. (32). 1In this case we

have a compllcated integral equation to solve for Gf(d):

le lfq keqlqdql¥, (@) ~TvIfy .

~

(90)
If we pass to the Markovian limit and approximate
o 2
Mlj'S_I o k_,_mq ’
my = Viterm®al (91)

Eq. (90) can be solved by multiplying by mngquq and summing over

q
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T =) -1,2
(e)]f.g(ka * (1+a) klgmngxng[w*(g) -q.vlfy (92)
where
a:fgmglg . (93)
a tg’q g q

It is easy to verify that a is real.
One can think of the correction a as a turbulent renormaliza-

tion of the temperature:

az §T/T . (94)

To see that this is plausible, define a turbulent temperature by

T = (l+a)T = T+38T , {95}

1

and extract from Eg. (70) a factor of (1+a) - so that in the

Markovian limit

(i) 1 (i)
Tm Xy WRE J dv 9k{‘“* X) - wy

Di

+ kf. qugqlng[wii)(g) - mq]+ [a[w:i)(lf)-mk -i Zk
q

-ixi] "q9qq% Ek]} ' (96)
q

where XDi is the Debye length defined with T instead of T. In

Eg. (96), the terms in brackets are both of order a. If they
are neglected, Eg. (96) reduces correctly to the Markovian version
of Bg. (74). This is correct sufficiently near the stochasticity
threshold, where a<<1l. For finite a, little can be said ak

present. Not only are the last terms of Eq. (96) important, so are
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the polarization and mode coupling terms which have been completely

neglected here. Much further work is called for.

VI. Discussion and Conclusion

In summary, we have considered a renormalized theory of colli-
sionless drift waves in shear-free geometry which begins with the
so-called Coherent Approximation to the Direct Interaction Approxi-
mation. This theory is basically a description of dielectric
response in a turbulent medium; it reduces correctly to weak tur-
bulence theory. A central feature of the theory is that not only
the propagator, but also the mean distribution function are renor-
malized by the turbulence. This is necessary for consistent energetics;
simpler theories renormalize only the propagator and violate energy
conservation. We retained from the DIAC only the so-called diffu-~
sion terms, thus making the theory a renormalized version of Compton
scattering and the systematic kinetic generalization of the Dupreea-
Tetreault calculation. We find that the lona wavelength limit of
the nonlinear growth rate yén) is proportional to kED , ~n dis-
agreement with DT. However, when yén) is appropriately summed
over all modes, the net resonant particle heating is proportional
to the square of a typical parallel wavenumber, as DT argued. The
sum of the mean particle kinetic energy and the turbulent energy
in all waves (including both electric energy and turbulent "sloshing")
is conserved.

The turbulent renormalization 6&F of the distribution, which
plays a central role in the theory, is the generalization of the

so-called 8 term of DT. Though they and we considered only ions,
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a similar correction exists for the electrons. If we followed

in the spirit of the approximations leading to Eg. (53), we would

find
= +ikID(2)g® « (97)
e

a cancellation would occur in the electron version of Eq. (50),

and the electron susceptibility would become

(e) .. 2
Oy =W w+ ik{D
@ . 1,1 (yoe) jpendy
)

Xx 2
(kADe) (k2 2 kHvte /ikllvte

De

This is also the result which follows from Catto's prescription.
Hirshman and Molvig used the shear-modified version of Eg. (98) in
their recent discussion of electron nonlinearities.20 Since we
have argued that Eg. (53) is inconsistent on the ions, we expect
similar problems on the electrons, although Hirshman and Molvig
claim that the error is small. 1In any case, Eq. (98) is correct
only in the long-wavelength limit.

In closing, we remark that Kleva and Krommes have applied
techniques similar to those discussed in the present paper to a
certain problem of collisionless tearing turbulence in the presence
of stochastic magnetic fields.21 Finally, before a guantitative
renormalized theory of drift or tearing turbulence can be presented,
the effects of the polarization terms must be assessed. Work on

this problem is underway.22
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APPENDIX: Compton Scattering for Collisionless Drift Waves

The equations discussed in the text are the renormalized
sersion of Compton scattering in weak turbulence theory. We pre-
sent here the technical details of the mapping from the renormalized
to the weak turbulence limit.

As is well—known,23 Compton scattering arises from the so-called

"third~crder dielectric function” €(3) and contributes to the
2
O(E”) nonlinear dielectric a term
e™ (k) = 27 (kfq,k,-9T . Al)

q

We shall consistently ignore polarization effects. The third-order

dielectric is defined in Ref. 19:

3(3)(le.k.—q) = Béi¢kgkg-§gk_q[(-g)-ggk5~§<f> + (k = =q)] . (a2)

The velocity and species arquments of the propagators and distribu-
tion are obvious, and we omit them for compactness. The first task
is to reduce the renormalized dielectric (8} to Eq. (Al). This is
readily accomplished by treating the turbulent collision operator

Z as small and nonresonant, and expanding according to BEq. (1l).
The O(Ez) contributions to Eg. (8) are then

(n) _ (o) (0) 1 i ncfs o ke naE
e, = id.g. {Zkgk ked<f> wkeBSE | . (A3)

If we insert the diffusion part of I [Eg. (31)] and of 8f [Eg. (32)]

2

correct to zeroth order in E“, it is easy to see that we obtain

(d)
4

precisely Eq. (A2); the first term corresponds to I the second
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to sE(d) |

We now reduce Eq. (Al) to the form specific to the drift wave
problem. The form of the propagator is given in Eg. (62), which

can be written as

(°)(¢ ) = [ dr exp(i&kt) i a*'(k)an(k)exp[i(n'—n)¢ - inQT1]
0 n,n' n' ~ -
XA(p+QT ~¢') (Ad)
where
an(E) = Jn(k)exp(inuk) . (A5)

The an's obey the addition formula
gan@)%JE) =JOH§-§ h . (A6)

It is useful to employ the identity (72) and to recall that g_
The integrations can now be performed straightforwardly by inte-
grating first over polar angle, then over time. Retaining only

terms of dominant order in /0 and using formula (A€) twice, one

finds that
{n) _ . (o) (0) ¢
€ = 1§ (k)\D Idvf J (k)qk ZMk v o(q)qk -q q
A5 o, 00 -0,0 452 [, tg) - w g BT

One now assumes that Wy and wq are nonresonant but that mk-wq
= (E—gnlq', so that
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59« miapl 51?—33; = 8wy mug) (A8)

Restricting attention to the ions, one finds the nonlinear ion

susceptibility to be

E(n,i) . 1

= - 1T Jdvf J~ (k)
k (kA_.)>

r—,ei,_,

2 - ~
LZ] X, qu(q)G(mk-mq)Iq

bi

(i) (i)
[w,” (k)-w, ] - [w (q)-w 1
x -k I Aa] | (a9

“x

This formula is to be compared to expression (80). 1In the limit of
small ¥ and nonresonant kand q, only the first term of Eg. (80)

and the Zkuq
in terms of its definition (78) and uses

vart of the second term survive. If cne writes Ek

zk_q/ak_q = mslay —ug) (A10)
one finds that Eq. (A9) agirees with the limit of Eq. (80) except
for the factor Jé(\&—gl) in Eg. (78), which should be replaced by
Jé(q) . This is an artifact of the approximate, angle-averaged
treatment we have given of the renormalized propagator; it does
not affect our gualitative discussion of the renormalized theory.
Because of the induced scattering resonance condition w, = W
and the fact that k, <<k;, contributions to the induced scattering
growth rate arise only from modes |k|~ |g| . What we have shown in
Sec. V is that, in the renormalized theory and for small |k|,

substantial contributions to the nonlinear growth rate arise from

modes satisfying |k| << |q] .
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From the evolution equation for plasmon number,

—_— = All
s 2Yka ’ ( ]

3E _ 1 (n)
3 - A Lewe™ Ixl’y,
! 2 2 2 Rt PP
= 5 Jany ) Mk'qu(k)Jo(q)IquL =416 (i - 5)
Di k,q ~7< “k  “q

a~

(1) (1)
[w (k)~-w, ] - [w (g)~w_1
” [ * - k * g qﬁ} . (Al2)

Wy

This is just minus the induced scattering limit of Eg. (66), so

the proper energy balance

S (1)
at

= - <55 F sms
is maintained. When thermal corrections are neglected, Eg. (A9)
reduces to the form given by Sagdeev and Galeev,24 plasmon ehergy

is conserved, and there is no net particle heating arising from the

ion interaction.
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Fig, 1. Polar coordinate system used in the calculations.



