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ABSTRACT s An improved version of the 
direct density method for solving the 
static Hartree-Fock equations is presen
ted. A simple relation with the imaginary 
time method is exhibited. 

The aim of this note is two fold : to 
present a rapidly convergent method for 
the solution of the Hartree-Fock (HF) 
equations and to establish a connection 
between the imaginary time [ 1] and the 
direct density (DD) [21 methods with each 
other and also with the conventional i 3) 
HF method. 

In the DD method, the HF density 
matrix p is obtained by the following 
iteration procedure [ 2] 

Ph+1 - s l X n pn e " ± X n »> • 
with x n - -X[i[h p(p n),p n)l + (2) 

where n is the iteration number and h„ is 
the HF Hamiltonian [4] . Let us note that 
when the density changes from p n to P n +,i the energy decrease, up to third order, 
may be shown to be 

4E = Trace! hptpj* | h£(pn)4p + 

+ | hJ(p n)(Ap) ! +...1 up (3) 
Or 

AE = Trace h . . Ap (4) 
with 

W n » " W + T «*<P»>»P + 

+ | h£(p n)(Ap) 2 + ... (5) 

Where hi and h F are the first and second derivatives of the HF hamiltonian with 
.respect to the density matrix . From eqs. 
(3—5) it seems natural to try to improve 
the convergence of the iteration scheme 
of eq.(l) by replacing eq.(2) by 



x n - - M i [ h e f f < p n ) , p n l ] + (6) 
with h f i £ f as in eg.(5). 

The higher order terms in eg.(S) that 
contain derivatives of hp have a simple 
relation to the conventional RF method 
and also to the imaginary time method. 
The conventional HF iteration scheme uses 
the HF Hamiltonian h p(p n) at the n t h 

iteration. However, It has been found (4) 
in practice that an average Hamiltonian 
eg{hF(pn)+hF(pn_j)}/2 leads to faster convergence. It is easy to see that this 
prescription is identical to eg.(5) up to 
second order. Xn the imaginary time 
method the iteration scheme at the nth 
operation uses t l] 
(n+ «• ) . *. 

h p 4 t h F ( en , + v<w> + §i ( «'n + i - 'y 2 

(7) 
where t| is a constant of the Skyrme 
interaction. It can easily be seen that 
eq.(7) is identical to eg.(5) up to third 
order. 

Computationally the DD iteration 
scheme of eq.(l) and (2) is simple. Howe
ver as previously observed [2] the con
vergence rate of this method is much 
slower than the HF method, but this is not 
a serious drawback because the DD method 
is much faster. Nevertheless, as shown 
here, the convergence rate of the DD me
thod may be significantly improved by the 
use of the operator h ef f. Such a procedure requires a careful linearization of eg.(5) 
since h eff is dependent on Ap. To calculate *P=Pn+i"Pn w e u s e t n e Pre<3ictor correc
tor method in which Ap is estimated by 
successively introducing the higher order 
terms of eg.(5) to obtain a progressively 
better approximation for Ap during each 
iteration. 
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Now we compare the convergence rates 
in Figs.l and 2 for the total binding 
energy and charge quadrupole moment for 
the three cases : (i) the conventional HF 
method I 4) (ii) the DD method, which 
uses the iteration scheme given by eg.(l) 
and eg.(2) (iii) the DDH scheme, which 
uses the iteration procedure of eq.(l) 
and eg.(6). In all cases the full skyrme 
Hamiltonian for the SII force [4| is 
used. It can be seen that the DDH scheme 
has the fastest convergence rate. Also in 
contrast to the HF and DD cases, the 
binding energy and charge quadrupole mo
ment converge simultaneously in the DDH 
method. 

In this note we have shown that the 
DD method may be improved by including 
higher order terms in its Iteration proce
dure, but without any loss of its compu
tational simplicity. We find that the 
convergence rate is faster than the con
ventional HF method. 

We are indeed most qrateful to 
D. Vautherin for this unstinting assis
tance . 
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