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Abstrach

A new iterutios procedurs for the studying of the Stark
effect in hydrogen i- preposed. The method e very sccuoratbe
pumerioally ior sny value of the ~lectric fisld strength,
The approximate sxplicit expression obtained for the ground
state energy eigonvalue has anslytlic propurtles similar to

thuase knowﬁ for the exaot solutlion.
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The hydrogen atom behgviour in an electricz field was re-
cently subjected to a considerable attention -9 | For
small valuss of the field strengh E the perturbation expan—
sion in powers of E glves sufficlently accurate results,
This power series is known 510 o be divergent however,
end for E > 0.1 a.ue the perturbation theory does not work,
The 8tark splitting caleunlations outside the framework of the
perturbation theory were done with various npumerical me -
thods -9 being in mutual contradiction for E 32 0.15 a.u.

In what follows we will describe a new iteration proce-
dure which results in analytic expressions for the energy
eigenvalues and are applicable to strong as well as to weak
fields., We confine ourselves here to the calculation of the
skift and width of the ground state energy level. The me -
thod can be easily generalized to the exited states too,.

Our results agrees with the numerical calculation of rof;7.

In essential features the method presented coincides

with that of ref. " where it was applied to the one di-
mentional anharmonic oscillator problenm.

The Schrodinger equation for hydrogen atom in external

eleotric field is
A )
(2+E+r Ez)\{/ 0 .()

where £ is the energy and E is the electric field
atrength in atomic units. In terms of the parabolic coor-
dinates § =)y + 2 and Q:f—z . oé. (1) 1s
splitted into two equations for the ground state wave



function (seo e,g, ref. 12

- ‘fF” +F'+ (%gg—%E}z,,.()F:o‘ (2a)
pIC” -rG""(%E?"'%E?z‘ﬁ)G‘O (2b)

where th: substitution V=Fl (ﬂ(;(?) (}-.l)' 9';1 was -;do. The

separation constents o and A satiafy the conditiom
A+S=1. &)

Fuaction G ana parameter /B are the analytic contiouations
in Eof ¥ and « respectively:

G(E)=F(-£) e B(E)=A(-E). @

The basic point is the dealing with the Riccati eqati-
on instesd of eq. (2a). By the substitution /f = F '/F we
ohtain

/] 2 1 E
f*f*z}}’z*?“%"gf‘?"“’- -3

A perturbation theory for this equation is developed. As the
soro order approximation we chose the function

1 4 ‘( ?
7c0=;? “z ’+Ef (6)

which tends to the exact solution whem f - o= and F —+0,

The deviation of f ( f) from f; ( f ) being small, the
perturbation series is constructad with subsequent neglect

of the noalinear term in eq. (5) ., We define

HR-ALE)=2 A (F), 4= Etn 62T 60

"=t



where )[.,( f), An and &, are deteramined order by or-
der through the following recurreant relations

£ olf )= - - () @

Hera x..--(zfn ¢ ,,,)/‘/ Pe(E) = —vi+£f/1; EAW
and P, = g:/((f/ /_((f) fr >4,

The solution of eq (8) van:lqhing as F - o= i

A= - Fenle) e ni 3]

where K ({' -'-(Z/SE) ("Et) V2 » From the condition
f‘t' (f)-b as f -0 the parsmeter o, oan de

founds

0(,' =<t(ku"an)) (:‘0)

where the notation is introduced

Cys = Jdt -k(}#} /f# kM)
(v]

Using conditions (3) and (4) we find for the separate

A}

terms in the energy eigenvalue expansion &

1y, >+
x"= ( 50> <t¢h>+ nt (11)
<{t> +<t)

where S 4 1s the Krcaecker symbol and the bar means ana-
lytic continuation from Z to (-E). Recall that f .--( '/1)
-2, -

The coefficients x” are conplex and determine the
shift as well as tue wiath of the ground state enrrgy level
of hydrogen atom. The expansion of Z £ in pouwers of
E reproduces the standard series of perturtation theory,

each term of this being determinei by a rinite numoer of



2,’'S . Inaginary part of X, is exponentially small
vhen B — 0 and differs from the quasiclassical expressiom 10
in nonexponential factor only, For large fisld values

it follows from eq. (11) that

- a.[" .- i%E%{f L0 (E-’/s)} | -

ware Cyz-4 (3 /1lirs) ana €, =02

It the series Z C, wore convergent, the resvlt (12)
would be in ocontradiction o that of ref, 5 whers 1t was
claimed that 20 ~ £ L, E . We can show that our
péoccdnro is convergent for sufficiently small E and it
seems probable ;hat it is convergent for “arge E soc. In
the latter :ase, however, we faliled to get a rigorous proof,

Numerical results for ths energy snift and the width of
the ground state are presented in figs. 1 and 2 respectively,
firas two orders of the described iterative procedure being
taken }neo account. In fig, 3 the ratic of the second order
teras to the first order ope for real and imaginary parts of
the emnergy oige‘_nvalue uﬁ presepted. These ratios are small
' and 0 the methid proved to be numerically accurate. There
is ldn increasae of these ratios at larger values of Ej
eq. (12) lho;- however that asymptotically, as £ o2 ’
the ratio of EZ to E' is about 0.2.

rﬁo n.ppliou:.:ion of this method to ;he higher levels of
hydrogen atom will be published elsewhers.
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Width of the ground : sate level vas.electric field

E « The notations are the sam¢ as in 2iz.2.
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The ratio of the second order term to the first

'18. 3.
order one for the shift and width ((a)and(b) res-

peotively).
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