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A b s t r a c t

Mass splittings and e+e"" widths of heavy quarkonium

states are considered for such values of the quart mass

that the properties of the quarkonium levels are determined

dominantly by the Coulomb-like short-distance gluon exchange

and deviations from the "Coulomb" behavior can be considered

as corrections. The corrections discussed are due to interac-

tion of heavy quarks with nonperturbativa fluctuations of gluo-

nic field in the true vacuum of QCD. Expressions for correc-

tions to mass spacing of 2S and IS levels are obtained as

well for 2S - IP splitting and for e
+
e~ widths of \ £>^

and 2*$4 states. The results obtained suggest a very na-

tural interpolation of the e+e~ widths between the mass region

of applicability of our approach and the data on T reso-

nances. With this interpolation numerical estimates of the

widths for arbitrary quark mass above Mf are given incor-

porating the Л. boson contribution.

© ИТЭФ t979

М.Б.Волошин

Предкулоновское поведевяе уровней тяжелого кввркоахя

Работа постушиа в ОНТИ 20/1У-1979г.

Подписано г печати 20/1У-79г.Т-07149.Формат 70x108 I/I6
Печ.л. 1,25.Тираж 290 экз.Заказ 54.Цена 9 коп.Индекс 3624

Отдел научно-технической информации ИТЭФ,II7259,Москва



The discovery of the jf family of reeonaaces 1

made from £ -quarks with nasa around 4.7 GeT and widely

discussed expectations of new still heavier (top?) quarks

convince oneself that a consideration of quarkonium system

made from very heavy (tens of GeV mass) quarks is sot en

entirely empty exercise and can have a direct bearing to fu-

ture experiments. Prom theoretical point of view the dynamics

of lowest states of superheavy quarkonium is greatly simpli-

fied since a dominant part of it is described by ал essentially

Coulomb-like interaction potential

;= - £ °!±i£l) (l)

where <*£#/ is the QCD effective coupling, obeĵ ng

the famous asymptotic freedom relation

That lowest energy levels of superheav; quarkonium are

described by the potential (1) is a trivial consequence of

the nonrolativistic potential mocal * (in fact tnic behavior

is built inAit from the very bogining), but it con be also

traced back to th<- first principales of QCD. To verify this

one needs only to recall that if a quark of mass Щ> and the

corresponding antiquark are interacting via the potential

(1), the wave function of the K.-th eigenstate is localised

at distances г & k^
1
 , with /f^ beiny the solu-

tion of the equation

I



(5)

Therefore if the aaae fo, is large enough, for few first

valueз of fb 'the heavier the quark is - the larger is

the critical value of IV ) the wave function localizes

the quarks at sufficiently short distances belonging to

asymptotic freedom, which in turn is reduced in the nonrela-

tivistic (static) limit bo the interaction potential (1)

(see e.g. Ref. 4 ).

A acre interesting problem, however, is not the Cou-

lomb-like behavior but deviations from it emerging fox each

specific level as the quark mass goes down. In particular

these deviations' place limits on validity of "asymptotically

free" description, in terms of the potential (1). Becently
eg * .*

it has been demonstrated * . that deviations from asympto-

tic freedom at larger distances -rise from nonperturbative

QCD effects rather than from growth of the effective coup-

ling oijg • These nonperturbative phenome л come into play

when o/j is still small*

In dynamics of heavy quarks these effects are due to

interaction of quarks with nonperturbative fluctuations of

gluonic field in the tyrue vacuum of QCI». The very existence'
of such fluctuations became obvious after the discovery of

the instanton solutions ? . It turns out, however, that ins

tantons are not the whole story aod that the main role is
8

played by large scale fluctuations for which the instan-

ton (quasiclassical) approximation * faii
B
 to be helpful.



* In this paper I «hall consider a nonperturbative con-

tribution to the properties (mass splittings, e+e"* widths)

of superheavy quarkoniua levels for such quark: maes that

this contribution can be considered as a small perturbation

on the "Coulomb1* background. As a result estiaates will be

obtained for Base spacing of 28 and IS levels, 2S - IP

splitting and the e+e" widths of the /4/£y and «? S£f

states of superheavy quarkoniunu A comparison of the results

obtained for the widths Г(ity -> &**') end Г(2
1
&-* **&)

with experimental data on X and T resonances (which

ore far bellow the mass region in which the approach conside-

red can be trusted) suggests a very natural interpolation of

the widths between the T region and superbeavy masses.

With this interpolation it is possible to estimate the

e
+
e~ widths of lowest quarkonium levels for arbitrary quark

*
mass larger than tKp which is of particular importance

for experimental search for new quarkonium.

Here I shall use a general approach to nonperturbative

effects in dynamics of heavy ^uarkonium developed in Bef. 10,

which is «ore or less analogous to the standard Wilson ope-

rator product expansion. In particular, it has been shown

that.the leading corrections to the "asymptotically free"

. behavior of quarkonium levels is due to nonvabishing vacuum

expectation value of the square ot the gluonic field tensor

<0 / Zfolj 6^1 (0) £%/ h) /° > . This vacuum

expectation value (v.e.v.) had been estimated by Shifnan et

ai '* from experimental data on bidden char» produotion in

the e+3~ annihilation



s %f <o

with a possible (20-40%) uncertainty.

(Do avicd possible confusions it should be noted that

along with the nonperturbative corrections there are surely

usual corrections^ say, of the Breit-Fermi type whose rela-

tive magnitude is ~ oSg • (They are not considered here

and most of them can be adapted from positronius results*

The nonperturbative corrections are parametrically different

form these and rapidly become the most important ones with

diminishing the quark mass*

. Specific effects in quarkonium due to the v.e.v. (4)

can be evaluated from the expansion of the nonrelativistic

Green's function of relative motion in quarkonium

(5)

wherb £ is the total nonrelativistic energy and

(2t*i &'S' *•) is *^e Green's function for the poten-

tial (i)t

(rft/ i s *a e s a m e * o r t Q e potential in the color-oc-
tet state



Here лГ (ч) is the relative coordinate between tb«

quark and the antiquarit ; X » Х д - * a

The term <£?
Л;
 in eq. (p) describee the Coulomb-

-like dynamics in the potential (1), while the second tern

in the right-hand-side generates the corrections we are

interested in. The dftts in eq. (5) refer to contribution of

vacuum expectation values of operators of dimension J>*1.

It should be noted also that the Green's function Q
(ti
 dos-

cribes dynamics of color-octet quark-antiquark pair (which

appears in the intermediate state). Since we need only phort

distance behavior a consideration of colored states seems quite

legitimate.

The terms in the expansion (S) beyond the two expli-

citly written out can be neglected аЛ §ал- 0* relevance of

only sheet disbances is asazedj moreover the second term can

be considered as a small correction to toe firet one. This

corresponds to negative energy

k*>0
 ( 8 )

and £ being sufficiently large. In this case tHe

Green*s functions fade as exp. ( - kt ) and a contribution

of distances t » K~* in the integral in eq. (5)

is exponentially suppressed if one considers the function

For large enoug;'! mass, such that the momentum Л
н
 in

eq. (2) belongs to asymptotic freedom, one can consider eq*

(.5) at energy £ around the palue

~ - C9)



which corresponds to the Coulomb pole of the function

4м ' V
 г
 '

Here ^ ^ ^ 7 ^
8
 *

n e
 wave function of the n-tji Coulomb

level (problems with degeneracy of states with different L

be readily resolved by expanding (5) in partial waves).

Correspondingly to eq. (10) the Laurent series for the in-

"2.

tegral in eq. (5) starts with a term oc (£-£*.) which
can be considered as the effect of a shift Si^ of the

pole position

Using eq» (10) one obtains

Note that the shift ot^ is strictly positive.

Eq* (11) can be rewritten in A form convenient for

computation of the energy shift of a level with quantum num-

bers ( ft/, L ) using the partial wave expansion of

IA II
^ (f*t t) are the radial eigenfunctions of the conti-

nuum spectrum of the SchrSdinger operator involved in eq» (?)



(This operator corresponds to the repulsive •'Coulomb" poten-

tial and thus it has only continuum spectrum labeled by

momentum f> ). The functions Я^ (Pfb) **
e
 norma-

lized by the condition

and they have the following form

a,

where ]) = Н^/Зр and $ (л, cj2j*j Ff (<*•*C; i)

i s the standard confluent hypergeometric function.

Thus* usihg the wave function of a level with given

( n,j t* ) in the form

and juggling a little with spherical harmunics we arrive at

the final expression

fbk}

In each specific case the integrals over Ъ is this ex-

pression are readily calculable and the last integration over

f> can be performed numerically*



for the energy shifts of IS, 23 and IP level» the

results «rei

«bare in the last two integrands

Since quark» are confined objects it is more appropri-

ate to discuss energy apaoiags of levels rather than the

energies measured from the threshold £frt • Thus for the

2B - IS spaeing one obtains

А

Shis expression can be trusted ae long as the correction US')

oan be considered as «aall. (JTote^that the shift of IS level

is negligibly smell In comparison with that of the 28 since

). fh» splitting of the levels 2S and IP



(which are degenerate in a pure Cooloab potential) is gives

by

i/ (18)

low we proceed to consideration of corrections to e*e~

widths of
 5

S
4
 states due to v.e.v. (4). She width of a

pure "Coulomb" level is given by the well known expression:

where Q is the electric charge of the quark. In this

expression the first "radiative
1
* correction ( 4 - /^ <& #»

 1
 )

is included, which can be found froa QED results (see e.g.

fief.
 1 2
 ). Рог a large quarfconiuai mass the e*e~ width is also

contributed b7 the Я exchange. The modification of eq.

(19) which accounts for this contribution is quite straght-

fcrward and will be given below.

To evaluate corrections to the width due to v.e.v. (4)

one should consider the vacuum polarization JL(^) by

the electromagnetic current of the heavy quarks У* 1%) s

« 'QMjL Ql*) in *be near-threshold region of the

^
4
 variable, ^^//m*- 44

Z
 «In the nonrelativis-

tic limit ( /
г
 г < / «

г
 ) the amplitude £С*/#гг

- ?**•/

is proportional
 1 0
»

 1 3
 to the fi(

t
 tj?t -* о limit of

the Green's functior (5) at energy £ =- £a/»t x

?- MV = C, •£ (: <>> - £'/*M c2 (ao)



The \t\
%
\p-+O limit of &(*,$*- Pfa) is

singular, but the singularity is independent of к and

can be absorbed into the nonphysical subtraction constant C
2
«

The constant C^ depends on normalization of P(q
b
) and can

17 '

be reconstructed *-' say using eq. (19)»

The aaplitude j? (Чт.
х
 - 4^6*•) developes poles

corresponding to Д у quarkonium states, whose residues

are proportional to the e
+
e~ widths ( Df poles do not

'contribute to the order in v/c considered). Therefore, the

relative magnitude of the corrections to the widths is given

by the relative magnitude of the corrections to the residues

of the poles of the function $•((>> O, - k*-/**-) . (One

should also remember that the positions of the poles are

shifted by $£»». ) .

To find the correction it is convenient to rewrite eq.

(5) in the following form

where

faj { c(t) (e,r. -к*/»,)*!. (22)

and

The poles of (jhf», (&* * V correspond to Coulomb

S levels

Г0



к*- к* (24)

and the residue* eC \ty
n
«»\

t
~ reproduce eq. (19). With

the correction included the pole term take* the fora

.- £ ) ~ A »bich is perpoduced by eqs. (21)

and (22) in a fora of the expansion

The double pole term oC ^i,- /&nJ corresponds to eq.

(11) while among those with the sisple pole there is one

with the correction Sp*. . Therefore extracting & piece

proportional to (*• ~ *ц ) f roa £z (& V *ad using

J>n » ifA
3 /JT (•<!• (24)) one finds from eq. (25)

The Laurent expansion of Qt 1&
1} «round

can be perforaed using ал explicit expression for ^

where the «insular at £ » 0 confluent hxpergeoaetric iunc-

II



tion ^ (л*
 t
 с ; £) has the following representation

(see e.g. )

With, the help of this representation the expansion of

&•> (*>, кг
) is directly found in the following form

Here ^he function % (t^ is related eijnply to the u-th

S-wave eigenfunction

while the function* ^
л
 ^t^ are somewhat more conqplicated.

Substituting expression (29) into eq. (22) and using eq. (26)

one f'nally obtains

(51)
if If.*) it ).J I ̂

The «Tplicit fox* of the functions Ф (%.) and

*L ^t^ for n я X ас 1 2 is given by

12-



where G x 0,5772«ie the Bernouilli constant. A computation

of integrals entering eg. (3D with these functions

the following results

< «

Dx Kg. 1 plots of the widths Z*//
3
/?/ "•

 в
*

Л
" ^

 a n d

Г(2*£4 -* e V * j №. the quarkonium mass Af » 5wt

are displayed. These plots are calculated from eqs. (19) and

(52) for \Q\ ш 1/3* Shese expressions do not include

the £ . eontilbution and we refer to these widths as to

normalisation ones ( Г ( & o x a i
O. In numerical estimates we

take in eq. (2) A * O
#
l GeV

 4
»

5
»

6
»

1 3
 and calculate

A
f
 and 4t trom eq. (3) toy iterations. The solid lines

in Fig* 1 are the predictions and they refer to such jsasses

M that the corrections (32) contribute less than

30£* tor X and 1С resonances the normalization

widths coincide with the experimental ones and the latter

are also shown in Pig. 1 with the error bars. A remarkable

feature of the mass dependence of the widths shown in Fig.l

is that when the mass H goes down and the corrections (32)

13



come into play they stabilize the widths in a wide range of

mass at levels practically equal to those of % and I .

This behavior suggests a tempting and quite natural interpo-

lation of the curves between the suparheavy mass region and

the ¥ resonances. The interpolation shown in Fiy. 1 by

dashed lines corresponds to constant widths Г ̂
п о я 1

'

( f
5
^ -> е*е~ ) с l.OKeVand Г

 ( п о г ш )
/ 2

3
; 2 „ -

—> e+g- ) а о. 3d i(e.V. An experimental test of this

suggestion seems very interesting and will surely be possible

with discovery of new quarkonia in e
+
e~ annihilation.

In view of the possibility of experimental verification

I display in Pig/. 2 o^W£?the plots of predicted experimen-

tal e*e~ widths of IS and 2S quarkonium levels for both casesi

Q s l/Ъ and Q — - i IZ , with ^ -boson contribu-

tion incorporate^ in the framewox-ic of the standard ffeinberg-

-Salam theory* The conversion from plots of Pig.l is quite

straightforward and is performed according to the formulae

1) М
г
 I

2
"

Ht
'
Nt
 (33)

5
4
J

with ^ = ы'п
г
вф . In calculating the plots of Fig . 2

the numerical value ^/'/е
г
0цг= 0.25 is used which also

corresponds to M^ ж 86 GeV.

In conclusion it is worth noting that the consideration

14'



presented above suggests a uore rapid approach of oharaute-

ristice of euperheavy quarlconiu» levels to the "Coulomb" .

behavior than in the potential aodel * with the potential

which predicts the relative magnitude of the pre-Couiomb

corrections 0{j9*tk~ ) • It is not excluded that Sheae

two predictions can be distinguished experimentally.

I am thankful to M.I.Tyeotsky for valuable help in nu-

merical calculations*
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PIGUEK CAPTIONS

Sig. 1. Plots of the normalization widths < /<?/« -f/3 v and

only the photon contribution is accounted for) of the 4 /Sf ,

and 2 fif quarkonium states VS. the oass Ji . The

solid curves are predictions from eqs» (19) and (52). The

dashed lines are an interpolation between the data on 30

and % e?€~ widths and the mass region where eqs.

Cl>) and (32) are applicable.

Fig. 2. The behavior of the e+e~ widths with the ^ con-

tribution accounted fort

a) the widths Tf^S,, -»e+e") t
b) the widths V (2 %£>л -* е+г~) . .

16
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