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Abstract

Mass splittings and e*e™ widths of heavy gquarkonium
states are considered for such values of the quark hasa
that the properties of the quarkonium levels are determined
dominantly by the Coulomb-like short-distance gluop exchange
and deviations from thé "Coalomb" behavior can be considered
as corrections. The corrections discussed are dus to interac-
tion of heavy quarks with nomperturbative fluctuationa of gluo-
nic field in the true vacuum of QCD. Expressions for correc-
tions to mass spécing of 28 and 1S levels are obtained as
well?:'t'or 25 - 1P splitting and for e*e” widths of {35,
and é?%;ﬂ states. The results obtained suggest a very na-
tural interpolation of the ete” widths between the mass region
of applicability of our approach and the data on 2” 1280~
nances. With this interpolation numericel estimates of the
widths for arbitrary quark mass above /Mg  are given incor-

porating the j? boson contribution.
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The discovery of the T family of resonances 1
wade from { ~quarks with masa around 4.7 GeV and widcly
discussed expectations of new still heavier (top?) quarks
conviﬁce onessclf that a consideration of quarkonium system
made from very heavy (tens of GeV mass) querks is not en
entirely empty exercise and can have a direct bearing to fu-
ture experiments. From theoretical point of view the dynamics
of lowest states of superheavy quarkonium is greatly simpli-
fied since a dominant part of it is described by an euenti-'.na
Coulomb--like interaction potential

. __y (™) 1
V)= %t X (1)

where d:‘/l/ is the QCD effective coupling, obﬁng

the famous asymptotiz freedom relation 2

ol (£)= 22— (2

L)

That lowest energy levels of superheav, quarkonium are
described by the potential (1) is a trivial consequence of
the nonrela?iviatic potential mouel 5 (in fact thig behavior
is built in:;.t from the very begining), but it can be also

traced back to thc first principales of QUD. To verify this
one needs only to recall that if a quark of mass /. and the
corresponding antiquark are interaeting via the potential

(1), the wave function of the h=th sigenstate is localized
at distances % < l;’ , with [,,_ being tke solu=-
tion of the equation



b=t fmdlh); pae, 2,5,

Therefore if the masd Mz is large enough, for few first
valuea of N “the heavier thes quark is - the larger is
the critical value of # ) the wave function localizes
the quarks at euZficiently short distances belongirg to
asymptotic freedom, which in turn is reduced in the nonrela-
tivistic (static) limit to the interaction potential (1)
(s8e e@.g. Ref. 4 ),

A mcre interesting problem, however, is hot the Cou-
lomb-like behavior but deviations from it emerging for each
spec.fic level as the quark mass goes d.pwn. In particular
these deviations place limits on validity of Masymptotically
free® description.-' in terms of the potential (1). Recently
it has been demonsti'é.ted > '6_ that deviations from auympto-
tic freedom at larger distances .rise from nonpaerturbative
QCD eoffects rather than from growth of the effective coup-
ling oy .« These nonperturbative phenome a come into play
when o(, is still small,

Iﬁ dynamica of heavy quarks t}aeae effects are due to
interaction of quarks with nonpartli,rbativo fluctuations of
gluonic field irn _the tyue vacuum of QCL. The very existence
of such fluctdations became obvious after the discov~ry of
the instanton solutiong 7. It turne ofxt, Lowever, that inc-
tantons are not the whole atory and that the main role is
played 8 Sy large scale fluctuations for which the instan-
ton (quasiclassical) approximation 9 fails to be helpful.



‘In this paper I ahall consider a nonperturbative con-
tributicn to the properties (mass splittings, ete™ widths)
of superheavy quarkonium levels for such quark moss that
this contritution can be considered as a small perturbatién
on the "Coulamb™ background. As & result eatimates will be
obtained for mass spacing of 28 and 13 ievels, 28 - 1P
splitting and the e*e~ widths of the 73S, ama 2°5,
states of superheavy quarkonium. A comparison of the resultas
obtained for the widths / (1 J,S', »ete”) and 2 '39;-" e'e’)
with experimental data on T and ]T' ragonances (which
are far bellow the mass fegion in which the apprvach conside-
red can be trusted) suggests a very natural interpolation of
the widths Letween the Z‘ regior and superheavy masses.
With this interpolation it is possible to estimate the
ete™ widths of lowest quarkonium levels for arbitrary quark
mass laiéer than hzg which is of particular importance
for experimental search fcr new quarkonium.

Here I shall use a general approach to nonperturbative
effects in dynamics of heavy 4uarkonium‘developed in Ref. 10,
which is more or less anaiogous to the standerd Wilson ope-
rator product expansion. In partiéular, it has been sjown 10
that.the leading corrections to the "asyuptotically free’

. behavior of quarkonium levels is due to nonvanishing vacuum
expectation value of the square of the gluonic field temsor
<olJ ey 6'/3/0)4/':}/0)107 . " Pbis \acuum
expectation value {v.e,v.) had been esvimated by Shifman et
ai 2% from experimental data on hidden charm production in

the e*e™ annihilation
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= (0.17 Gev) ¥
with a possible (20-40%) uncertainty.
To avicd possible confuslions it should be noted that

2tz T <o 1T G2, (o) €5 (03105 = )

élons with the nonperturbative corrections there are surely
usual corrections, say, of the Breit-Fermi type whose rela-
tive magnitude ia‘ ~ a{: + They are not considered here
aca most of them can be adapted from posgitronium results.
The nonperturbative corrections are parametrically different
form these and rapidly become the most important ones with
dlminighing the gquark maass,

. Specific effects in quarkonium due to the v.e.v. (4)
can be evzluated from the expansion of the nonrelativiatic

Green'e function of relative motion in guarkonium 10

G F €)= Guoy (R, FrE) -
(5)

- Xx'f/c,,,ff,é’. €)% by (B EE)] 6,00, F,6) e b

where £¥ is the total nonrelativistic energy and
Gy [;?,i, Y, is the Green's function for the poten-
tial (1)1
[-m ) £ 5% -2 [a, (g0 =565
A s
and 6'(, ) is the same for the potential in the colorwoc=-
tet state

2 . > = . -
T LS R



Here X (§) 18 the relative coordinate betwsen the
quark and the antiguark : X = zq - % Q

The term 6’,,) in e4s (5) describes the Coulomb-
~like dynamics in the potential (1), while the second term
in the right-hend-side generates the correc. sions we are
interested in. The d®ts in eq. (5) refer to comtribution of
vacuum expectation values of operators of dimensio: J >4,

It should be noted also that the Green's function (,, dos-
cribes dynamizs of color-octet quark-antiquark pair (which
appears-in the intermediate state), Since we need only chort
distance behavior a consideration of colcred states seems quite
legitimate.

The terms in the expansion (&) beyond the two expli-
citly written out can be neglected a4 fer 25 relevance of
only shoet distances 1s asuged; moreover the second term can
be considered as a small correction to the first one. This

corresponds to negative energy

= 2 '
f’:- - k*/m k>0 8

and é belng sufficiently large. In this case tMe
Greent's functions fade es exp. { - e )} and a contribution
- of distances 7 » é" in the integral in eq. (5)
is exponentially suppressed if one considers the function
CR7, -ksm)  tox IR/, (F/ < k7.

Eor large enough mass, such that the momentum .é,, in
eq. (2) belongs to asymptotic freedom, one can consider eq.

(5) at encrgy g around the palue
¥

En == 4n fi2 (%)



which corresponds to the Coulomb pole of the function

é.(g) (?Ii’ E) H
Geor (%,45,8) = f?,_(;"j Z‘.@) + 0[‘(3-&)’]' (10)
n-E&

Here % (Z) is the wave function of the n~th Coulomd
level (problems with degeneracy of states with different L
cen be readily resolved by expanding (5) in partial waves).

| Correspondingly to eq. (10) the Laurent series for the in-
tegrel in eq. (5) starte with a term o (&- 8, )-2 whick
can be conglidered as the effect of a shift 8 €n . of the

pole position

1 -— ! _ 9&,_ ':_ + O(J'z)
£,,+5£,,- £y -£ {;n"s)
X0

Using eqs (10) one obtains
3¢, = 5""] GHEIT; Gy (B, B En ) ¥ o () L2 1)

Note that the shift S£,, is strictly positive,

Eg, (11) can be rewritten in a form convonient for
computation of the energy shift of a level with quantum num~
bers ( i, L ) using the partial wave expansion of

Gy (2,55 - 4&ihy)s
/ (3)x o
ColE 2 ) = 2 j/w(' Z 2“ Bl tp R 0B, (%)

L0

g/ .
l (p,e) are the radial eigenfunctions of the conti-
nuun spectrum of the Schr¥dinger operator involved in eq. (7).



{This operator corresponds to the repulsive “Coulomb" potenw-
tial and thus it has only continuum spectrum labeled by the

- a)
momentum P )e The functions ﬂt 69, ¢ ) are norma-
lized by the condition '

jt‘JCL{')Co,z)-thtlﬂﬁt)Jzz Zfs.(l”f’}

and they have the followirg form n

F[L-f"-fl )J & Lo

B(, e L, e’ . o
pit)= Zmdde )(21. o] (2p%) az
- @(L+1+iv, 20+2; -2(p2 ),

w@em V=/net,,/3/a and 5(@,4:;2-)24 F, (a,c;2)
is the standard confluent hypergeometric function.
Thus, usihg the wave function of a level with given

( n,,l ) in the form

Vu,t,m = Yo (%) Bns (®)

and Juggling a little with spherical harmunics we arrive at
the final expression ‘ .

86 = ;’2’2’:0 P+l"{ (z.m[jz or, 0B gesde |+

*4 J’t’ enlf’)kl-" p.e) d2 | j (43)
[
In cach specific case the integrals over 2 ip this ex.

pression are resdily calculable and th® last integration- over

P cen be performed aumerically.



~ Tor the energy shifts of 18, 28 and 1P llcvoll the

. results u.'u

S&L - z‘tln.! [r{‘ 2/d,g x"{?ﬂ\"") af (2_,‘“‘:‘“":{-[)
ul | (1+x% (eT%— 1) (14)

115 5

s

8fas - 2bm? ;‘[ ;’ )] 7Jx lhx*)/l!x'-—s)sz;rﬁ'

' Zhn
: "f %
- ,
?__LL-.— :evmz 2 /'[5) ij X fﬂ)[{/hz o
1€ | :
" (16)
32 (1+43)(4+ x’}] ~ 24 )e‘f;:a_?:

_ A ’
" where in the last two integrauds

Pl exp(&xawcﬁw,xJ
(hx‘}’ e X _ 4

Since quarks are confined objects it is more appropri-
ate to discuss energy apuc’i.ngi of levels rather than the
saergies measured from the threshoJ:d_ Zm . Thus for the
28 ~ 13 spasing one obtains

- _ ».‘.&l_ézz e eim
| "’(*".’, M{,S)- pe -,;z-// 45 z:‘e’-/ (17)

- fhis expresaion car be trusted as long as the correction (45)

osn be considersd as saall.- (Note, that the shift of 1S lavel
is negligioly small in comparison with that of the 28 since
‘ l,_.-:;la )« The splitting of the levels 25 and 1P



(which are degenerate in s pure Coulomd potential) is given

by
-MA o~ {9 2im
M(2s5)-M{AR) 5 (26)

¥ow we proceed to consideration of corrections %o ote”
widths of 35,  states dus to v.e.v. (4). The width of
pures "Coulomb™ lovel is given by the well kmown eupression:

[(n38,~e%) = h‘..(z@z{ o) |* (/.. a,)}=(19)
= 4«‘01 //— £ o (m))

where (J  is the electric charge of the quark. In this
expression the first “radiative™ correction ( 4 ~ 3%‘6' ol (m)
is included, which can be found from QED results (see e.g.
Ref. 12 ), Por a large quarkoniummass the e*e” width is also
contributed by the 7 exchange. The modification of eq.
(19) which accounts for this contribution is quite straght-
forward and will be givea below.

To eveluate corrections to the width due to v.e.v. (4)
one should consider the vacuum polarization P (1" ) vy
the e_]:ectromagnetic current of th§ heavy guarks //, (x} =
= -Q{g}/ Kx) in the near-threshold region of the

; 2 Jariable, 7"= YmE— Y42 « In the nonrelativie-
tic limit ( 4% << /2% ) the amplitude _P{tm‘— 4z

1s proportional 1% 13 ¢o the /Y, 7/ lisit of
the G:._-een's functior (5) at enerzy =- K4 2/#: H
_P/“"a—- #"Z/‘: C','@foa al’é"/’k/-f CJ (20)



the ¥/, Ijl-’o limit of G(?,}’;—ﬁ‘/m) is
eingular, but the singularity is independent of L and
can be absorbed into the nomphysical subtraction constant 02.
The constant C, depends on mormalization of Pe 1") and can
be reconstiucted 10 sgay using eq. (19).

The amplitude 2 (4m* - 4£%)  developes poles
corresponding tc 3,34 quarkonium states, whose residues
are proportional to the e*e™ widths ( 31), poles do not
“contribute to the order im v/¢ considered). Therefore, the
relative magnitude of the corrections to the widths is zivon
by the relative magznitude of the corrections to the residues
of the poles of the function 4(0, o0, - kt/m) . (One
should also remember that the positions of the poles are
shifted by S_Eu Ye

To find the correction it is convenient to rewrite eq.

(5). in the following form

§ro.0,-b/m) = &,, (0,4%) + &, (£) (21)

where
G, (£)= ‘333"[57(o;(t, £ ¢, Eogy (B2, -km) & (22
* Cro (¥, k) d3z 3

and
C(,) (t.vkz) = C/o)_(ol El*kllﬁt) - (23)
The poles of G. , (o, k%) correspond to Coulomb
S levels

Io



Pn _ N’,‘“le' - m ¥ (0t

En-€ - Entkim k- kY (24)

and ths residues oC I 'P,‘{O)l" reproduce eq. (19). With
the correction included the pole term takes the form

(Pn+8Pn )(En+8En-£)"? wnich 1s perpoduced by egs. (21)
and (22) in a form of the expansion -

) - M _mpde
C(O, o, k_l/ﬂ'b) ~_-Z£,.(£‘k.) 4/5. I(é- é.)a (25)

an?é'n, A mSE,L . . .
i Y15 ] (h-ky) 2k (b-ky) Of tk-£)°f+ 0659

The double pois ters o (- L,‘)-z - corresponds 0 3.
(11) while among those with the simple pole there is one
with the correction 8 ‘0,,, « Therefore extractirg a plece

proportional to &, } trom &, (%)  and using
f" = & /7 (eq. (24)) one finda from eq. (25)

$7 - $Pn (% 2 S‘f
'/f"} }f.' z3‘[@;( }(é k) 7/ -4 )

The Laurent expansion of &, ( Z‘/ around k= én
can be performed using an explicit expressior for by, (k%) -

Gor (0 )= R (1= Tyse) €%
Vs 2—;—3""' , 2, 2k )

whers the singular at 2 = 0 confluent hyperzeoastric funce-

(27

11



tion '_‘E (a., c; 2) has the following representation

(see e.g. 1)

Yiase;z )'r()j et ) MUt e

With the help of this reprosentation the expansion of
G, (&, £*)  is airectly found in the following form

2 A -k ¢ G
Coy (e k) = .‘."._. Z?_L;Z/: + 12)74-0(&.4:}(29)

Here “he function % (t) is related simply to the n-th

S-wave eigenfunction

e'-é"‘tﬁ(z).-: sﬁlz)/tk.(o_) (30)

while the functions 7n {Z) are somewhat more complicated.
Substituting expresaion {29) into eq. (22) and using eq. (26}

one f£° nally obtains
[~ .Y

- fe 46"2% j rogelll ( ] Z-‘f,’,‘?z)e“"”

°

TA
27,24 ). ”z’ """‘Kz knx) @, (2) +

+7 (z)]k, (P,z)Jz -._a._. jzﬂe,/t)e

o &) s d rf-4 3_*-‘_»..
« l&.}]
The explicit form of the fumctions 50” (z) and

7,, (r) for n=x=1 ari2is given by

(31)



. Yq(z)=" ; 7, (t)- "‘4_2&2 C ;

‘fz ()= (1- kt) ;
7 (z)- v ok [bzkr-Lec]-2bu2e-c

where C = 0,5772.is the Bermoullli constant. A computation
of integrals entering eq. (31) with these functions gives
the following results

r . U2 Up,2
St w506 XM, 8L . 290 ‘5—-—‘:‘ (32)
y 4 7 £

In M. 1 plote of the widths ['/f38 - e*e”) ana
- [(2°%5, » e*e™)  ¥s. the quarkonium mass M = 2m
are displayed. These plots are calculated from egs. (19) amd
(32) ftor ' Q ’ = - 1/3. Phese expressions do not include
the Z contribution and we refer to these widths as to
~ normalization ones ( [° (noxa)y " In numerical estimates we
take in eé. (2> A = 0,1 Gev 85,6413 4na caldulate
J‘,. and tz_ from eq. (3) by iterations. The solid lines
in Pig. 1 are the predictions and they refer to such masses
M that the corrections (32) contribute less than
308, or ¥ and 7'  resonances the normalization
widths coincide with the experimental ones 1 and the latter
are also showm in Fig. 1 with the orror bars. 4 remarkable
feature of the mass depsndence of ihe widths shown in Fig.l
is thpt when the mass M goes down and the corrections (32)

13



come into play they sbablllize the widths in a wide range of
mass at levels practicaliy equal to those of T and T'
This behavior suggests a tempting and quite natural inferpo—
lation of the curves between the superheavy mass reglon and
the 'r Tesonar:es. The interpolation shown im Fig, 1 by
dashed lines corresponds to constant widths F (norm)
(138, » ete” ) = 1,0KeVena [ (PO iy3g

—» e+e-) 2~ O. 39'KeV. An experimental test of this
suggestion seems very interesting and will surely be pcssible
with discovery of new quarkonia in e*e™ annikilation.

In view of the possibility of experimental verification

I d.iaplay in Figg 2 a/ad{/ the plots of predic‘ed experimecn-
tal o*e” widths of 1S and 25 quarkonium levels for both cases:

R=2/3 and @ =-1/3, with & ~boson contribu-
tion incorporateu in the framework of the standard Weinberg-
~Salam theory. The conversioy .from plots of Fig.l is quite
straightforward and is perfcrmed according to the formulas

r@=2:)= 4/""'“""{ 1+2 (1-£5)(n5-1) M? ]
(1- % 2 3(08) Hr
2 UU-55) M z
N [3"- §(1-5) f(f—hZ] 9,
Tle=-14) = f'(""""’{j 1+ A-£s)s-1)H? ]2
5 (1-5) (kiKY
+[3 (1-%5) M* ]}
16 $U-€) KW
with § = s/n*6y . In calculating the plots of Pig . 2
the numerical value ,S/¥#f,= 0.25 is used which also

(33)

corresponds to ”a = 86 GeV.
In conclusion it is worth zmoting that the comsideration

14/



presented above suggests a wore rapid approach of charec:te-
ristics of superheavy quarkonium levels to the "“Coulomb"™ .
behavior then in the potential model 5 with the potential

V= - -;—’- % + ft (35)

which predicts the relative magnituds of the pre~Coulomb

corrections ﬂ@hé -3 ) « It 12 not excluded that these
two predictions can be distinguished experimentally.
I am thankful to M.I.Vysotcky for valuable help in nu-

merical calculations.
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FIGURE CAPTIONS

Fig. 1. Plots of the normalization widths ( /Q/=14/3 - ang
only the photon contribution is accounted for) of the '4ﬁS, ’
and & 3,3, quarkoniur states VS. the mass M . The
éolid curves are predictions from egs. (19) and (32). The
dashed lines are an interpolation between the data on f
and ﬁ?' e'e¢” widths and the mass regioa where ags.
1) ﬁnd (32) are applicable.

Fig. 2. The tehavior of the e%e~ widths with the .Z con-

tribution accounted for:

a) the wiaths [ (13S, »ete”)
b) the widths [ (238, e*e”). .

16



r I‘ ( nom) ( Kev)

Bsanchund

17



27 p(1%s, - e*om) (KoM

0

P
4+ Q=+2/3
. 3 .-- X
r. |. 1 bt g "'II“Z'J ‘olo'
v : 100 .
10- 3 X (GeT)

18



[ f'(2581—r s¥e™) (K

I

5 Q=+2/3
ir \
N \_/
| Q==1/3 |
o i,
1 [ S P | ‘L i 4 L |
10 100 400
M (GeV)
Pig.2b

19



1.

-

3e

- b

5.

6.

7o
8.

9.

REFPERENCES

S.¥.Herb et al., Phys.Rev.Lett., 39, 252 (1977).
Ce.Berger et al., FPhys.Lett., 268, 243 (1978).
C.W,Dexden et al., Phym.Lett., 76B. 246 (1978).
H.Politzer, Phys.Rev.Lett., 30, 1346 (1973).

D.Gross and P.Wiiczeck, Phys.Rev.Lett., 30, 1343 (1993).
B.Bichten and K.Gottfried, Phys.Lett., 66B, 286 (1977).
V.Novikov et al. i’hys.Repor‘as, 41C, 1 (1978).
M,Shifman, A.Vainshtein and V.Zakharov, Pis'ma v ZhETF
(JBIP Letters) 27, 60 (;9'78),

Nucl. Phys., Bl47, 385 and 448 (1979).

N.Shifman, A.Vainshtein, M.Voloshin and V.Zakharov, Phys.
Lott., 77B, 80 (1978). '

A.Belavin et a1, Phys.Lett., 59B, 85 (1975).

M,Shifmen, A.Vainshtein and ViZakharov, Phys.Lett., 76B,

477 (1978)..
G.Gallan, R, Dasghen and DQG',OSS. Phys.Rev., Dl » 2717

' (1978)0

10.
11.
12,

13.

!.Voloahiﬁ, Preprint ITEP-86 (1978), Nucl.Phys. in
press.

L.D.Landau and E.M.Lifshits. Quantum Machanics. Nauka,
Moscow 1974. Chapt. Ve

J.Schwinger, Particles, Sources and Fields. Volume II.
Addison-Wesley, 1973. Chapte S. -

M.Voloshin, Preprint ITEP-176 (1978), Yadern.Piz. (Sov.J.

. Nucl.Phys.) _a. 1368 (1979)'

14,

20

H.BAtoman and A.Erdelyi. Higher Trenscendental Funotlons,
Volume I, Mc Graw-H1l1, 1953.




MHOAEKC 3624



