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Abstract

Acceleration o.f polarized proton beam is studied by computing the spin
as well as orbit motion step by step throughout the whole acceleration
period. Acceleration is feasible without cr with a vz—jump technique.

Without a vz—jump technigue, the vertical polarization will change
the sign with a small loss (2 %) at 239 MeV, the only one intrinmsic
resonance, if the vertical beam radius is 10 mm at the resoﬁance. Though
synchrotron oscilla.fion may cause an additional polarization loss, it
will be much less than 10 %.

If a v~ Jump technique is employed, the initial polarization is
majntained ineluding the sign. The depolarization will be as small as
6 % by pulsing 10 cm thick quadrupole megnets added on both ends of each
straight sedtion up to 0.1 kGauss/cm within 3 usec. In this case the

influence of synchrotron oscillation is negligibly small.



1. Introduction

In strong focusing proton synchrotrons (PS), the intrinsic depolari--

zing resonances are sometimes so strongl) that the initial polarization

of the beam is easily lost unless a technique of fast crossingg) is
employed at the resonance.

The KEK 500 MeV booster PS has only one resonance at 239 MeV correspond-

ing to a condition
YG =V . (1)

Here y is the conventional Lorentz factor of particles (y = (1 - 62)_1/2;
B = the particle velocity in units of the light velocity), G = g/2 - 1 =

1.7928 the anomalous magnetic moment of protons in nuclear magnetons, and
v, = 2.25 the vertical betatron wave number.

1) 3)

Khoe™ " and Sasaki™’ examined depolarization problems in the KEK

booster PS and gave the following predictions based on an approximate
analytical estimate:
(i) Complete depolarization occurs.
(ii) In order to reduce the depolari:ation to AP/P0 = 0.1, v, has
to be quickly changed by 0.21 within 1 usec.
(iii) The depolarization resonancé can be avoided by
(a) chenging v, from 2.25 to 1.75,
(b) transfering the booster beam into the 12 GeV main PS at
200 MeV or (e¢) injecting the linac beam directly into the 12
GeV PS by skipping the booster PS.
Methods avoiding the resonance require significant mechenical changes in
the machine construction and therefore we will not consider them here.

It has been predicted;’h’S) that without a vz-jump technique the



initig.]r-’ppgl‘.a.riza.tion only changes the sign without reducing much the
magnltude 1fthe fesionaxvlée is strong and/or crossed slowly. This
ﬁré“di”cfion hés been recently studied in more detailg)

In order to study the above possibility, we have traced the spin as
well as the orbit motion step by step throughout the whole acceleration
period. As analytical solutions are used for the spin equation of motion,
no serious asccumulation of errors in the length of spin vector occurs
such as was experienced'?’a) before if numerical integration was employed.

The result of computation verifies the above possibility if synchro-
tron oscilletion is neglected. Though the synchrotron oseillation msy
sometimes have & dameging effect on the complete spin flip, the effect
is much smaller than 10 %.

If a vz—jump technique is employed by quickly pulsing additional
quadrupole magnets at the resonance, the depolériza.’cion will be as small

as 6 %, showing that this is another possibility of accelerating polarized

beams at the present PS.

2. Equation of Spin Motion

Let us employ a turing rest frame of particles, whiéh is moving with
particles and has its one of the axis (y) always on the equilibrium orbit.
The z-axis is always vertical if we assume the equilibrium orbit in a
horizontal plane by neglecting the distortion. The x-axis is always
radial (see Fig. 1).

The presgnt reference frame resembles in bending magrets to the
rotating rest frame of partiele except the fixed z axis and in the

straight sections to the inertial rest frame respectively. Let us call



it simply the turning rest frame. Wé use mostly the time t(R) in the
‘vest frame vather than the lsboratory time t%) = yt(®),

The' equation 6f spiii métion in the turning rest frame can be found
by starting from the Froissart-Stora equa.tion9 ) established in the

laboratory frame:

d:?L) = %E x{(1 + G)_ﬁ}(,L) +(1+ yG)('ﬁiL) + 'ﬁil‘))j (2)
-+

where s is the spin vector of unit length, m the proton rest mass and
ﬁ(L) the laboratory magnetic flux density.

In ﬁnoving to the turning rest frame, the coefficient for ﬁ(ZL) has
to be changed. For bending magnets, the coefficient is changed from
1 + yG to vG by subtracting the angular velocity of e<§iL)>/my
which corresponds to the rotation of the present frame. Here <-]§iL)>

denotes the guiding synchrotron field.

3. Solution of Spin Egquation in Bach Element

Solution of the spin equation becomes pretty simple in each element

and is presented in Table 1 in a form of the transfer matrix I defined by

Lo,

Szlout z/in

where the suffices in and out indicate the entrance to and exit from each
element respectively. In each element whose length is much smaller than
the unit betatron wave-length, the transverse coordinates of particles are

approximated to be constaent in celculating Z. We show below a derivation

of the metrices ¥ for a few typical elements.



~'Bending:Magnets

.
Stibtrdacting from (2) a term e<B(L)>/my and neglecting a small difference

z
BiL) - <B2L)> which is much smaller than vyG BiL), we have the equation
of spin motion in the turning rest frame as
ds_ _ e~ (L) (L) (L)
==38x {(1+a&B7 + (L+y0)B +vG BT} (3)
gt B T m y x z

As the fringing region is treated separately, the longitudinal field
ﬁ}(rL) is neglected here.

The solution of (3) is as follows:

(R)

sx(t(R)) (aQ/A){ cosa - cos{At + a)} + (sx)0 .

(R), (R)

sy(t Q sin{At + a), (4)

1 sz(t(R)) = (ba/a) {cos(at'®) + o) - cosal + (s )

z'0°

eyG B(ZL)/m 5

©
i

where

e(l + yG)BJ(CL)

o
]

/m,

=
|

= (a2 + b2)1/2

(s ), > (5)

Q sina v/0

. Q cosa

{(bs, - asx)/A}0 .

(R) (R)

Putting w = At with t the transit time through the magnet, we have

the transfer matrix I as shown in Table 1.

Edge Effects of Bending Magnets

(1)

Only an impulse of longitudinal field _ﬁy is assumed here. Vertical

-k -



fields. can well be described by bending magnets and are neglected here.

The equation of spin motion becomes from (2)

o
ds ge + _ 2(L)
PR By (6)

The solution is given by

ot
-t
p—
]

(s_)

x <o cos(a.t(R)) - (sz)0 sin(at(R)),

5 (t(R) = ()

(1)
y'o’

. (sx)0 sin(at(R)) + (s.z)O cos(at(R)),

where a = geBa(rL)/Qm .

(L)

Taking an approximation of BZ falling linearly with the distance

from the end plane of bending magnet, we have

(L)
dB
(L) _ 7 - (L)
By =z g 7 z(BZ )max/a (8)
where (B(L)) is the field inside the magnet, § the longitudinal length

of fringing region and n = +1 (or -1) for the entrance (or exit). Then,

at(R) (t(R): the transit time over the fringing region) no more depends
on §:

2mv6c . (9)

The fringing region can, therefore, be taken negligibly thin in consis-

" tency with a thin lens approximation in the orbit calculation,

Accelerating Gap

*(R)

In the particle rest system, & magnetic field B arises by applying

HL),

a Lorentz transformastion to a laboratory electric field E

-5 -



'Bj('cR)‘: TYB(EiL). - E3(rL) _%zr ),
.,Bl(,R),z 0, (10)
3™ = e - M) &),

Here dz/dy and dx/dy are the small angles in the vertical and horizontal
directions respectively which the particle trajectory mskes with respect to
the equilibrium orbit. One can take an effective laboratory field

_ﬁfcI:i = _ﬁi?l /v instead of the electric field. As the effect of an energy
gain on the spin motion is small, the laeboratory electric field E(L) is
approximaetely equivalent to the laboratory magnetic field _ﬁ(L) given

above, as far as the spin motion is concerned.

The equation of spin motion (2) then becomes 11)

>
ds

(R)

= (14 ya) Tx (~(z'8) _ g(E) 4z 2

dat z vy dy

+ (E}(CL) - E;L) % )z } (11)

where x (or z) is the unit vector in the direction x (or z). The above

equation is of a similar form as (3). The solution is given by (k&) with

a and b redefined as

gmg (1 + yG)(E}((L) - En(rL) % )
(12)
(L)

zZ

| p——t—
o' [
It

)

% (; + yG) (B E](rL

&
dy
L. Computation

The accelerator ring consists of eight cells and has the following



numbers: injection (or maximum) kinetic energy = 20.8 (or 500) MeV, bending
“(or vra%ré'régé:)"}fadiué =:3.3 (or 6) m, betatron wave number v, = v, = 2.25,
and 'n-=vdlue = 12.091. The repetition rate is 20 pulses per sec. The
magnet ,eyxc:Ai.tation is sinusoidal with the accelerating time of about 18 msec.
‘ The structure of unit cell is %OFDDF%O in the horizontal plane,
where O indicates a straight section, F a focusing sector and D a defocus-
ing one. Magnetic field distribution on the equilibrium orbit is taken
flat inside a magnet sector, falling to zero linearly with the distance
from the edge. The magnetic sectors are treated in the sharp edged
approximation. The longitudinal field in the fringing region is treated
in the thin lens approximation at the edge. Edge effects between adjacent
F and D sectors almost completely cancel out each other and are neglected.
These simplifying approximations give a slightly different number of v,
from the experimental one of 2.25. In order to obtain vz = 2.25, the
lengths of magnetic sectors are slightly modified from the actual ones (see
Fig. 2).

" The r.f. acceleration is made in one of the eight straight sections.
Though two accelerating gaps exist in the same straight section, we
a.ppro.xima.te them by one gap placed in the centre of the straight section.
The adiabatic damping for betatron oseillations is taken into account at
the accelerating gap by a shrinkage in the orﬁit divergence in proportion

to (momentum)_l .

Computational Results

The final polarization at 500 MeV is presented in Fig. 3 as a
function ot the vertical oscillation amplitude z of particle at the

resonance. The initial polarization at 20 MeV is +1.0 in the vertical



direction Complete spin flip occurs if z max is largér than 3 mm. The

‘ flnal polarlzatlon hardly changes, in agreement with a theoretical

V “" Mexp’ectatlon, even if the radial oscillation amplitude is widely changed.

Variations of the polarization in the course of acceleration are
presented in Fig, b for three typical particles. No depolarization is
seen except at the resonance.

From Fig. 3 one can estimate the final beam polarization by assuming
a uniform distribution of partieles in the phase space. Fig. 5 gives
the final beam polarization as a function of the maximum of the vertical
beam radius at the resonance. For a beam radius of 10 mm, the finalis

beam polarization is higher than -0.98.

Comparison between Computation and Analytical Formula

Let us compare the computed depolarization with an analytical formulaa)

P/PO =1 - exp(~X)}
{ (13)

X = [n(1 + yo)r12/aay

where P (or PO) is the final (or initial) polarization, Ay the increment
of ¥y per revolutlon and r = 2z v /ZR ( here R = average ring radius;

ZO = the a.mpl:n.tude of cos(v e) component of vertlcal betatron oscillation
6
at the resona.nce). For the presen‘t case y = 1.255 and Ay = 8.7 x 10~

Fitting the betdatron oscillation by

z =2 cos(v 0+ ¢, } {1 + .2z _cos(8m8)} (1)

0 m=lm

we find z. = 0,71 z___ . We have then r = 0.30 X 1073
0 max

= O’GOZiax(in mm). The final polarization givem by (14) agrees well

7z {in ym) and
ax

with the computed one.



5. Influence of Synchrotron Oscillation

" -Onlysthe ‘synchronous particles have been treated throughout the

above comp "éitiqh'.l,:,, The synéhfot?on:..oscillation has two effects .6"12’13)

Flrst, ‘ftﬁe' ‘sy’n'(vzjilfvotrén 'ost:iilétion modulates the crossing speed
apross thé resonance. By comparing the peak accelerating voltage of 16 kxV
with 8.5 ¥V for the synchronous particles, the maximum crossing speed
is twice that for synchronous particles. This effect is roughly equiva-
lent to a decrease in the horizontal field {i.e. the vertical beam size)
by a factor of 1/v2 with the crossing speed as before, as seen in (13).
If the maximum crossing speed is assumed for half amount of particles,
the final polarization changes from -0.98 to -0.97 as seen from Fig. 5.

Second, the .synchrotron oscillation may cause multiple crossing
across the same resonance energy. The synchrotron osecillation at the
resonance has the following paramaters: the synchronous phase ~ 30°,
the stability region ~ -30°-+490° and the frequency ~ 10 kHz. From the
shape of the longitud:';nal phase space three gquarters of particles may
experience decelerating fields. From the peak and average accelgrating
voltages, less than 2/T of particles may cross the resonance three
times, if they have the maximum amplitude of synchrotron oscillation.
7ro v Combining "ﬁhe’:’a}.'b'év':e' ‘two numbers,and :i‘edu(";iiril-gi;ﬁﬁé.rbesult‘ by half
because »tl'ie‘ éyiichi;otrgn k'os;':i»ilati:c;_»z‘;ﬂ-:ém»lj')iit?xde' 1s distributed between
zero and the maxmum, ‘we.’_' flnd that less than J_O %Vof particles may cross
the réSbnahcé threetlmes If Weassumea.‘worst cé.ée that the
multiple érpssing' might destfoy the pblariiation completely, the
polarization loss. ié less than 10 %.

SUnming up tﬁe above two-effects, we may expect that an additional

polarization Joss due to synchrotron oscillation is actually much smaller



than 103%.

- ’6 Reduc:mg 'l:;he" 'D“éinélai‘iiation“by & v -Jump Technique

kIvn‘stes.d of the compiete spin flip, we may employ a \)Z—,jump technique
to maintain the initial polarization including the sign. A computed
result is shown in Figs. 3 and 5 by dotted lines for a case of pulsing
10 cm thick (effective thickness) quadrupole magnets added on both ends
of each straight section up to 0.1 kGauss/cm within 3 psec (see Fig. T).
The fall time of excitation pulse is take. ... ..., to which the result
is not so sensitive. The change of v, is 0.12. A typical variation of
the Polarizafion with respect to energy is shown in Fig. 8. If the
beam radius is 10 mm at the resonance, the depolarization is as small
as 6 9. Influence of synchrotron oscillation is negligibly small

because the change in vz is much faster than the oscillation in vG.

T. Conclusions

The beam polarization is expected to flip almost completely at 239
MeV, the only intrinsic resonance in the KEK 500 MeV booster PS. For the
~-initial -beam polarization of +1.0, the final beam polarization is as high
as -0.98»( or -0.92) if the beam radius is 10 mm (or 6 mm) at the resonance,
and if synchrotron oscillation is neglected. Though synchrotron osei-
llaj;ion may cause an additional polari_za;tion loss, it is smaller than
10 %.

If a yz—,jump technique is employed the initial polérization may
be maintained including the sign. The depolarization will be as small

as 6 % by pulsing 10 em thick riua.drupole magnets added on both ends of

- 10 -



ight-section up to 0.1 er_a_t_zss/cm within 3puusec. In this case

-~ . the influence of synchrotron oscillation is negligibly small,
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. Figure Captions

Fig: 1

Fig. 2

Fig. 3

Fig. b

Fig. 5

Fig. 6

Fig. 7

The turning rest frame of particles, (xyz).

Structure of the unit cell. Lengths are in m. T shows transition
sectors. In computations, the following lengths are used to

give \)Z = 2.250 by neglecting the transition sectors (see text):
0.65311 m for F and 0.64279 m for D. These lengths give vx =

2.299 (the & sign value n 2.25).

The final polarization of particles as a function of the amplitude
of vertical betatron oscillation 2 ax at the resonance. The dotted

curve is obtained if a v -jump technique is employed (see text).

.Typical variations of polarization with respect to the kinetic

energy of particles. The amplitude of vertica.l betatron
osci}.la.tion Z oy 80 the resonance is: () 1.1 mm, (b) 2.9 om and
(c) 30 mm.

The final polarization of beam as a function of the maximum of

the vertical beam radius at the resonance. The dotted curve is

- obtained if a v -Jjump technique is employed (see text).

A scheme of vz—jump technigue employed in computation. (SYr =
0.000125 (3 usec), 6y, = 500 6y, = 0.0625 and v, = 0.12.
A typical variation of polarization with respect to the kinetic

energy of particle when a VZJjump téchnique (see Fig. 6) is

-employed. The amplitude of vertical betatron oscillation Z o

at the resonance is 10 mm.
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Table 1

Transformation matrix for spin vector

#*

Q - Magnet

Accelerating Gap

-bsinw a2+b2cosm
2 ]
AQ A A2

ab(1l-cosw)

A=( 8.2+b2)1/2 , w=AL/yBe

Notes
Fringing Region of gezB
nging Reglon o cosw, 0, -nsime - o
Bending Magnet 2myBRe
0 1 0
Fringing Region of i 0 gexzl
g v.E eg. nsinw COBW m—emYBcg
~Magnet
Rl n=+1(-1) for entrance(exit)
Bending Magnet . aecosm+b2 asinw  ab(l-cosw) . EYGBO’l nx) b_e(l+YG)BOnZ
’ ] L1+ ) -
(Hor. Focusing Sector) A2 A Ae m P me
Bending Magnet -asinw bsinw ~eYGBO nx -?(l"'YG)BOnz
o R a=— (1-—=), br_m____
(Hor. Defocusing Sector) p P

= =£
a=_ (l+yG)GQx, b=_ (l+yG)GQz

_eB _
a= (1+yG)(Ex E

_eB
b= (1+yG) (EZ-E

ax

—_):

ydy

4z,

ydy

longitudinal length of each region

charge (positive for protons)

0 = lébora.tory bending field on the equilibrium orbit (negative)

Q flux density gredient of quadrupole magnets (negative for horizontally

focusing 'quadrupoles)

=04
]

laeboratory accelerating field (Ey :

absolute value of the conventional n value

negative)
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FINAL BEAM POLARIZATION

Fig. 9
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