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ABSTRACT

The generator coordinate method isinrtroduc~d as a physical description of a
N-body system in a subspace of a reduced number of degrees of freedom. Special atten-
tion is placed on the identification of these special, '"collective" degrees of free-
dom. It is shown in particular that the method has close links with the Born-'
Oppenbeimer approximation and also that considerations of differential geometry are
use’ul in the theory. A set of applications is discussed and in particular the case

of nuclear :ollisions is considered.

I. INTRODUCTION. NUCLEAR COLLE~TIVITY

A major, and somewhat surprising property of nuclear dynamics is that the low-
lying spectrum of a nucleus is often dominated by collective states and transitions.
The observation of collectivity results from experimental data and more recently,
from time-dependent-Hartree-Fock (TDHF) calculations. Indeed, one often finds bands -
of nuclear levels,or a path of nuclear states, strongly connected by specific transi-
tions, and the point is that in such cases the nuclear dynamics is expressed in terms
of a small number of simple modes (translations, rotations, quadrupole vibrations,

octupolevibrztions, and so on).

Such a reduction of the number of degrees of freedom of a nucleus can be descri-
bed by phenomenological models of course. It would be more satisfactory to understand
why it occurs. A first, and qualitative aﬁéwer, is available. A certain amount cf
correlation between the single-nucleon coordinate degrees of freedom x co Xy (or the
associate momenta Bl"’~A) is obviously the result of the binding of nucleus, into a
quantal liquid drop, with its surface tension and its surface and volume waves. The

Pauli principle, furthermore, obviously correlate XXy It is therefore not sur-

A
prising that some combinations Q(glgl...EAEA) emerge finally as normal, dominant de-

grees of freedom rather than KyeeoXye

The exact nature of the new variables Q as well as an explicit change of varia-
bles from xi's to Q's represent, however, a formidable mathematical and physical pro-

blem. The purpose of these lectures is to show that a few steps to solve this problem




have been undertaken, in particular with the help of the generator coordinate method.

The central concept in these lectures is that of the collective subspace. This
subspace must be,up to a good accuracy, an eigensubspace of the many-body Hamiltonian
v
¥ . For a significant amount of deccupling is necessary to isolate a degree of free-

dom.

It must also likely contain, up te a good accuracy, the arbit of a Lie group,
generated by the‘algebra of che collective degrees of freedom Q and their associate
momenta P. For a time~dependent description of the dynamics will replace the evolution
operator exp(-i¥t) by an aoproximation expl-i jﬁc’Q;?,t)] where N%, a time-dependent
function of the collective variables, will often be linear like i1~ the case of trans-

lations, rotations and small amplitude vibratic=s.

4s a third property of the subspace, its collective states ¢ have to show a lar-
ge amount of coherence with respect to @, best expressed by the limit case of factori-

zation between Q's and complementary (spectator) degrees of freedom ¢,

O3(x,)---x,) = 8 (2,8) = 0 (D X&), (1.1

where the "spectator" wave function x weakly depends on the collective quantum num-
bers v in the subspace. This ensures that transition matrix elements inside the sub-

space

<¢v'IQl¢v> = <¢%,1QJ¢V> <x|x> , (1.2)

are large, with <x|x> = 1.

Last but not least, the collective operators ), P are expected to be essential-~
ly one-body operators. For an exponential exp(-ilﬂc), with 1fc linear in 9,79 , can
then be interpreted as an evolution operator for which all nucleons move alike, since

the one-body nature of @, for instance, reads

A
Q=1 ¢ . (1.3)
i=1 '

Another advantage of one-body operators is that their commutators remain one-body
operators, a useful condition for the closure of a Lie algebra. Furthermore it is
known that exponentials of one-body ope. 2tors convert Slater determinants into Slater
determinants, a result of interest for the connection of the theory with the time-
dependent Hartee-Fock (TDHF) approximation. One thus expents to span the collective
subspace by means of a path of Slater determinants. It may also be noticed that well-
known collective operators, such as the centre~of-mass position and momentum, the to-
tal angular momentum, the quadrupole, octupole...(etc) momenta and various 2APA opera-
tors are one-body operators. Finally it may be conjectured that there is less ergodi~
city to be expected from the exponential of a one-body operator than from the true
evolution operator (~ift), the latter being known to induce ergodicity in many ge-
neral cases. Prevention of ergodicity is essential for the isolation of the degrees

of freedom under study.




.

The wain emphasis in these lectures will be laid upon the fulfilment of these four
criteria, in an attempt to derive collectiveness from ¥ rather than guess it. This is
the subject of cubsections II1 A to III D. As a preliminary subject, the formal as-
pects of the generator coordinate method will be described briefly ia section II.

Finally a set of applications is displayed in sections IV and V.

I1. ELEMENTARY TECHNOLCGY OF GENERATOR COORDINATES

Tha oue-channel, one-generator-coordinate ansatz

W(§]...§A) = }dq f(q) ¢q(§l...§ ) » (I1.1)

can be generalized into a multi-channel, multi-generator-coordinate form

= n

W(gl...fA) = 2 I dq]...qu,féq]...qN) @q ...q (51"'§A)’ (11.2)
n ] N

which is of interest in a caupled-wave theory of nuclear collisions with polarization

phenomena. We shall mainly be concerned in the following with the simpler.form,

eq.(1I1.1).

The continuous label (generator coordinate) ¢ acquires.a physical meaning if it

is the expectarion value of the collective coordinate @ in the generator function ¢

g = <¢q!Ql¢q> . (11.3)

It will be assumed in this section that Q{x.p,...X,p,) is known in adavance and that
, X181 XaPA

-~

the set {¢q], usually a path of Slater determinants, is also known.

The physical meaning of q becomes even more transparent if it turns out that the

fluctuation

&= < |8 > - (11.4)
q q

remains small when compared to a typical order of magnitude qi of the range of q in

the problem under study. It is then clear that ¢q represents a wave packet narrow

with respect to 9,

¢ (2

. 21) :
q 2,8) F(Aq xq(i) R (11.5)

where the wave packet ' has a width Aq and one recognizes from eq.(I.1) the "specta-

tor" wave function Xq and spectator degrees of freedom £. It must be checked separa-

tely whether x depends strongly on q or not. A weak dependence will be assumed in the

following.

When y is fixed the ansatz, eq.(II.l), induces

¥ o= gD x(5) , (11.6)




g(®) = deq r (%“-1"—) £(q) . (11.7)

It must be stressed here, and this is mayb2 . the main property of the generator coor-
dinate formalism, that eq.(II.6) achieves in practice a change of coordinate from the
microscopic coordinates Xp.--X, to the collectivr and spectator coordinates 0, £.

This change of coordinates was impossible in an explicit, direct way. It is remarqua-
Lle that the ansatz, eq.(If.1), bhas solved this problem in an indirect way, while all
calculations remain explicitly in the representation x -++X,, @ most practical featu-

re.

It is interesting at this stage to introduce the "sharp basis”, where the change
of variables becomes even mure obvious. The diagonalization of Q in the generator

subspace proceeds via the equation

{dq' <¢q|(Qrk)l¢q-> j @l =0, (11.8)
to generate "sharp states"”

_rl' )
k> = jda' j (@) o> . (11.9)

Under suitable conditions of normalization, 'spectrum density and so cn, the sharp
states obey the conditions

xk|k'> = §(k-k") (I1.10)

«|Q[k'> = k S(k-k') . (I1.11)
The sharp states, as approximations to eigenstates of Q, yield the interpretation

<Q glk> = 6(2-K) x, (©) - | (I1.12)

They still make a basis of the generator (collective) subspace, but this basis iden-
tifies the label k with the coordinate itself. The change of variables from x oo Xy
to 0, & is thus very explicit.

In this sharp representaticn the collective Hamiltonian is now trivial. Its ma-

trix element reads

h.opp (kok') = <k[I [K'> (11.13)

where again all calculations remain in the x oo Xy

Schrgdinger equation may result from anexpansion of the non locality of hc011 up to

representation. A collective

second order




1

'y - (k-l-k'\ vy .y ]
hCOll(k’k ) = vco 6(k-k') k+k'\ 8" (k-k )_i (11.14)

2“‘cou( 2 ) sym

provided of course m remains positive.

coll
The diagonalization of ¥ in the sharp basis has thus more physical interpreta-

tion than the usual Griffin -Hill-Wheeler derivation of the energy basis
= v ' A
¥p qu £:(a") ¢q. R (I1.:5)
where fE(q') is given by the integral equation

g - n=o0. :
qu <¢ql,3 E)l¢q.> fr(a') =0 (11.16)

With the usual energy and overlap kernels

H(q,q") <¢ql :(+€'ld>q.> , (11.17)

I(q,q’' < 1d > ’ 11.18
(q,9") q| q' ( )

the matrix notation (H-EI) f = O of eq.(I1.16) can be reduced into a diagonalization
form more general than the usual transform via the square root 11/2. Any kernel J,
possibly non Hermitian, which fulfills the equation I = J+J, may provide a reduced
Hamiltonian kernel h under the condition H = J hJ. The final equation to solve 1s
thus

J'(h-E) JE=0 , (11.19)
where J+ may be erased and (Jf) is the new unknown.

In particular, if one uses a matrix notation {|k>} = j{lq;>} for eq.(11.9), then
eq. (II.13) reads hcoll = j+ H j. Although j may be nearer to a rectangular than a
square matrix (because of null states in the subspace), it is obvious that the sharp
basis c¢orresponds formally to the special case J = j—l. All these considerations can

be made more rigorous, the details being omitted in the present lectures.

There is another technical point with generator coordinates which is not con-
nected with diagonalization, however. It has rather to do with inversion and is of
special interest for the theory of nuclear collisions since this theory makes great

use of the resolvent (E-&ﬁ)-l.

Consider the functional

F=<¥|¥> + <¥'fy.> - <y'l(E-3C) >, (11.20)

where ¥, ¢ are given, square integrable vectors (usually the product of an optical
]

wave and a residual potential). A variational principle with respect to Y gives

-




§F .
0 o qf{ - <Y'|(E-3) =0 . (I1.21)

With respect to ¥' one obtains
|\vi> = (E-¥6) [¥> . (11.22)

As a consequence of eqs.(II.21) and (II.22) the stationnary value of F 1is

F- o<y |E-3)7"]y,> . (11.23)

There is nomed to stress that suck a resolvent matrix element is exactly what is

needed in a theory of nuclear colllsions.

In the generator coordinate method, with a trial function Y defined by ec.(II.l),

the form taken Ly eq.(I1.22) reads
[ £ .
dq' <¢ |[(JC-E)[® ,> f(q") +<¢ [¥.> =0 I1.24
jaa’ <o |@GE-B)]e 1> £a") oY . (11.24)

which is an inhomogeneous generalization of the Griffin-Hill-theeler equation. The

same holds, of course, for eq.(II1.21), with a source term given by Wf instead of Wi.

ITI. SEARCH FOR COLLECTIVE PATHS

A. Curvature as a necessary condition

As mentionned ealier the generator coordinate description of an eigenstate (time
independent) is provided by the ansatz, eq.(II.l). Collective motion can rather be

expressed by time dependent states

Y(t) = qu f(q,t) ¢q , : (I11.1)

and, if furthermore the generator states are sufficiently coherent to be long-lived,
it then occurs that f may be a sharply peaked wave-packet around a classical posi-

tion in phase space, q_(t)

f(q,t) = T [q-qo(t)] . (111.2)

The path {2, (t)}, and actually {@q} itself if one takes g rather than t as
)
current parameter, is therefore more than an abstract basis of a subspace. It can
actually be understood like the physical trajectory of the system in its Hilbert

space when the collective motion occurs.

As mentioned also in section I, it is felt that this trajectory is (at least
part of) an orbit of a Lie group, generated by an algebra of collective operators 0.
All these geometrical intuitions lead to the need for the definition of a metric, for

instance the following




a2 9% Ao
(Tﬁ) -2 g2 (111.3)

in order to define various characterizations of the trajec.ory, such as curvatures.

The choice, eq.(I1I1.3), of the metric may not be unique. It appears at first,
wwever, like that which naturally uses the length in Hilbert space and applies it

d¢
to the tangent TE? of the trajectory. The unit tangent vector is then :

d¢
|T>=l-—j->

s » (111.4)

and the unit normal vector comes with the next derivative. A curvature C is then de-
fined by

2 4T | 4T
C = <y IE‘;>' (I11.5)

In the special case, of wide interest, where ¢q is a Slater determinant or a

correlated RPA state and where the time dependent evolution is approximated by

¢qo(t) = exp [-iktQ] ¢qo(°) , (111.6)

with Q a quasi-boscn operator, it can be checked that the curvature resulting from
eqs. (II1.6) and (III.5) reaches a critical value, C2 = 3, when § 1s a traditional
collective quasi-boson operator. The basic step of the proof of this result is to
consider the spreading of the particle-hole matrix 2lements Qph' One finds that the

curvature reaches a maximum when all Qph have the same order of magnitude.

It is empirically well known thai the particle-iwvle matrix elements of those RPA
boson operators which correspond to maximum collectivity are evenly spread. The same
magic value C2 = 3 can also be found in the orbits of various'groups such as SU(3),
SP(1,R), SP(3,R)... which are known to be of interest in the theory of ccllective

motion.

It can be concluded that a curvature close to v¥3 is likely necessary (but cer-

tainly net sufficient) for a path {¢q} to be a good candidate for collectivity.

B. Born-Oppenheimer approach

Let us assume that @ is known in advance. Such a collective degree of freedom

“

must likely have a large inertia, since all nucleons move alike when governed by

this mode (. The other degrees of freedom % must therefore have a smaller inertia.

If these degrees of freedom & are light enough when compared to @, the Born-

~2

Oppenheimer approximation becomes valid. Indeed, like in eq.(I1.12), a spectator
wave function vk(g) develops with a minimal energy locked to the sharp value k ta-

AN

ken by Q. The sharp basis of the generator coordinate formalism thus proves the




equivalence between this formalism and the Born-Oppenheimer approximation.

To “find X} One may think of a minimization of the total energy (involving both
Q and &) under the constraint 6(0-k). Such a §-function constraint, however, is
obviously too sharp for practical purposes, for it restricts all moments <k[QFlk> at
the same time, whatever the value of the exponent n. A milder constraint, clearly a
more practical one, takes care of the first moment <¢q[Q|®q> only. This is nothing

but the form shown by eq.(II.5). When ¢q 1s a Slater determinant, it is thus obtained

by a constrained Hartree-Fock calculation.

There are cases, however, where precautions are necessary in a constrained va-
riational principle. This occurs when <J> may diverge while <30> remains finite. Let
for instance () be the quadrupol: moment operator and consider a fixed wave-function
¢o, with a finite energy e = <¢ol:¥6[¢o> and a finite quadrupole moment
q, = <¢olQl¢o>. Consider now an auxiliary wave function ¢1 lying around ¢o like the
"Saturn ring"” around the planet Saturn. This function ¢l is designed to have an enor-
mous quadrupole moment <) through its extension and ellipsoidal deformation in space.
Sinultaneously, the nuclear matter density shown by ¢1 is designed to be very thin.
Because of this thin - spreading, ¢1 carries no kinetic or potential energy. Because
of ¢] lying around ¢0, and far enough, there 1s no cocupling matrix element between
¢o and ¢l. Therefore any small admixture of ¢l into ¢o, of the form ¥ = ¢o + E@l,
keeps for ¥ the energy e,- It is clear, however, that the quadrupole moment shown by
Y will be 9, * €49, which can differ arbitrarily from 9,- This arbitrary value of
the constraint <¥|Q|¥> for a fixed value of the energy ¥[$%|¥> makes the constrained
variational principle inefficient.

Such a breakdown casts doubt on manv theories of fission, for instance, if the
fission barrier has been predicted by a constrained calculation. Indeed.the life time

is very sensitive to the barrier and it has just been seen that the barrier may be

washed away by Saturn-ring-like admixtures.

To solve the paradox one may notice that the admixture of ®l also increases
enoriously the fluctuation Aq as defined by eq.(II.4). Indeed the quadrupole moment
is a local operator, whose eigenstates are localized while ¢l is thinly spread. If
therefore one considers a doubly constrained variational principle including both
moments <0> and <Q?>,a reduction of Aq forces ¢1 to shrink. The shrinking produces
density (and phase) gradients, thus kinetic energies, and it also induces larger den-
sities, thus potential ener ies. The energy will then differ from e, and generate a

significant energy surface.

To summarize these considerations, an equivalence between the Born-Oppenheimer
and the generator coordinate approximations can be derived, provided one keeps under

control the fluctuations of the collective coordinates Q.




C. Fiber bundle and adiabatic time-dependent Hartree-Fock approach

It "is obviously desirable to have a theory which contains more dynamics than the
considerations of subsection A, which are only geometrical,and those of subsection:
B, where one is prejudiced about the nature of Q. It is known that the random phase
approximation provides a dynamical description for which the collective operators
are by-producis of the theory rather than prerequisite. Unfortunately the RPA is res-
tricted to small amplitude nuclear motions. Large amplitude collective paths must
therefore be identified by a more general theory. The adiabatic time-dependent
Hartree-Fock (ATDHF) approximation has been suggested by Baranger and Veneroni for

that purpose. It will now be considered.

Let 9 be a Slater determinant and p the corresponding one-body density matrix.
Out of p and the many-body Hamiltonian J€ =6 + U, one makes the Hartree-Fock
Hamiltonian

W=8+W (111.7)

where the average, one~body potential W is given by the usual antisymmetrized trace

U= 1 'f!’p . (I111.7a)

The time-~dependent Hartree-Fock (TDHF) approximation then specifies which determinant

will occur at time dt on the path i1f one starts with ¢ at time t = 0

d(dt) = [1-i dt W] & + 0(dt?)
(111.8)

exp[-1i dt W] ¢ + O(dtz) .

The two forms of eq.(II1.8) are equivalent up to order dt only, of ccurse. It is
clear, however, that they suggest that W is the generator of a Lie group, actually
the generator of displacement along the TDHF trajectory. One expects a close connec-

tion between W and a collective operator Q.

Since (/ depends on ¢, see eq.(III.7a),tne connection between {/ and Q will like-
ly provide too many Q's if one follows an arbitrary TDHF trajectorfj To reduce the
variety of Q's we might follow the suggestion by several authors to consider only
periodic TDHF solutions. This is clearly a global approach. Alternately, onc may try
to select Q's which locally correspond to several TDHF trajectories. This can be

achieved in the framework of the adiabatic (ATDHF) trajectory.

It is useful at this point to realize that in the simplest and most frequent
case a generator coordinate path {¢q} is made of real Slater determinants ¢ _. More
precisely the single-particle orbitals which are filled in @q can then be described
by real wave-functions in coordinate representation and the density ¢ is even under

time reversal. An even density like that will be denoted P in the following and the




corresponding Hartree-Fock Hamiltonian by wo. It i1s clear that WO, given by
] - 4 + Y .
W G+ Tr \rpo , (111.9)

is also real (even under time reversal).

On the other hand, a TDHF trajectory is complex most of the time. As shown by
eq. (I11.8), if one starts at time t = 0 with a real ¢, then ¢(dt) acquires at once an !

imaginary part. Also W(dt) is complex

Wede) =€ + Tr U p(dr)
=€ + Tr Vo, - 1 delld ,p 1)

= wo -1idt w] ’ (I11.10)

with wl = Tr V'[wo,po] (IT1-11)

The main feature of the ATDHF theory is that ¢(t) always remain almost real.
Imaginary components in wave functions and operators are associated to velocities and
kept small. The splitting of I into a real and imagirary component wo and wl can thus
be retained as of interest despite its validity limited to first order with respect
to imaginary parts, see eq.(II1I.10). It can be stressed at this point that there are
one and only one, well defined wo and w] for each real determinant ¢o. Indeed ¢o de-

fines Pys then one finds UO through eq.(III1.9) and wl through eq. (I11.11),

One then notices that wo is a real, Hermitian operator anc that i wl is a pure-
ly imaginary (odd under time reversal) and Hermitian operator. If one uses i Wl as

a Lie group generator

¢°(de) [1+1 deiwll ¢o(0)

(1-d6 Tr V [(’lo,po]) ¢°(0) (I11.12)

it is a clear that ¢°(dt) is real, like ¢o(0). This induces a step along a real path

and can be considered as the beginning of the making of a generator coordinate path.

This path equation can be written, from eq.(III.12)

d¢
L Vv v
7 (Tr V[€ + Tr V‘pq, pq]) d>q , (I11.13)

q
where pq is the real density defined by @q and one writes ¢ 1instead of ¢o(0) in
order to specify that one is running along the path, step by step. It generates a
path as soon as one initial determinant ¢o is given. The question, of course, is

whether the path is acceptable as collective.

One first check is to measure the curvature alongthe nath, as discussed in

subsection A. A seccnd check consists first in noticing that i (!}, the displacenent

4+—
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operator, behaves like a momentum since it is imaginary and Hermitian. One then no-
tices that wo, real and Hermitian, behaves like a josition operator. Indeed, consider
eq. (111.8) with ¢ = Qo real. It must here be remembered that rcal determinants, in
the Baranger-Veneroni analysis, are interpreted as motionless. The imaginary compo-
nent -i dt &b ¢o which then appears in ¢(dt) is thus associated to the creation of
collective velocity, under the acceleration operator wo. The acceleration being
usually given by the coordinate operator, one may relate &% to the collective coor-
dinate. Because of the high coherence which has been assumed for the collective sta-
tes in section I, the second check now consists in assuming that Ug (coordinate) and

i wl fmomentum) have proportional particle-hole matrix elements, like in RPA,

(€ + Tr i Pq ™ A Tr V[ T+Tr ﬁ’pq,pq], pq] =0 . (I11.14)

It is interesting to point out that this path equation, eq.(III.14), is a cons-
trained Hartree-Fock equation. Indeed wo is nothing but the Hartree-Fock Hamiltonian '
for the real determinant ¢q. Then the constraint is A wl, with A as Lagrange multi-

plier and wl as a rather unusual, because anti-Hermitian, constraining operator.

A consequence of eq.(I1I.14) is the existence of a fiber bundle of ATDHF tra-

jectories. Indeed, consider at time t = 0 the set of initial determinants

¢(Q) = (1-1dt Wo) ¢0(0) , . (11I1.15)

with ¢o(0) one of the real determinants ¢q on the path. The path {Qq} will be the
basis of the bundle. The functions ¢${(0) parametrized by the real and small number dt

will be the firs~ fiber of the bundle. The point is that, at time dt, one outains

$(de) = [1 - i de(W ~.i dt 11)] 8(0)
= -3 L]
= (1 -idt’0) 6 (0 (I111.16)
with
dt' = dt +cn-if‘-T—A-5’—t , (111.17)

because the particle-hole matrix elements of wo and wl are proportional. Except for

the fact that dt' is complex, the form of eq.(III.16) is exactly that of the fiber,
eq. (I1T1.15).

Actually nothing prevents to write eq.(II1.16) as

$(dt) = (1 - 1 dt" WO) @o(dS) (I11.18}




'with
_ / _dt dt \
‘Oo(de) = \l - Wo} ¢°(0)

= (1 - dt dt w]) d>o(0) (I11.19)

and

dt" = dt + dT1, d6 = dT1 dt. (I11.20)

It can be stressed that ¢0(d6) is real, like d1 dt, ard that dt"' is again real. A
new fiber, strictly analogous to that described by eq.(III.15), has been described
by eq.(III.18).

The physical meaning of this fiber bundle approach is obvious. Under various
initial velocities dT1 as specified by eq. (III.15) the system follows always the same
kind of steps on the basisof thebundle , the path generated by eq.(III.19) and acqui-
res always the same kind of accelerations, described by the fiber; eq.(I11.18). In
other words the system is stable under changes of velocities. Although this conclu-~
sion is based on first order arguments in dt and d1 and should be checked up to se-
cond order at least, it corresponds to a decoupling of the mode, governed by WO and
wl, from other modes perpendicular to the fiber bundle. Thus the number of degrees

of freedom has been (approximately) reduced.

Last but not least a third check is necessary. For ﬁ% (and wl) may change
strongly along the path, while one expects the collective algebra to be reasonably
constant. Despite this last difficulty ‘the two path equations, eqs.(III1.13) and
(I1I.14), seem to provide a self-contained (dynamical) derivation of a generator

coordinate path of some interest for collertive motion.

D. Time as a generator coordinate

Let ¥(t) be the solution of the time~dependert Schr8dinger equation. Any eigen-

state WE can be recovered by a Fourier transform
v = Jdt MEC vy, (111.21)

which is actually nothing but a generator coordinate ansatz with respect to time
where fE(t) = exp(iEt). Of course one nceds that the initial condition ¥(0) have a

non-vanishing component on WE'

One may notice at this stage that any eigenstate can be obtained from
eq.(1I1.21) if ¥(0) is "random" enough, namely, in the present context, if it has
corponents on all eigenstates of j¥;. This may be understood as a kind of ergodicity,

the trajectory Y(t) winding around so much on the unit sphere that the ansatz,

E



eq.(I11.21) allows one to pick up any unit vector.

In that sense, the opposite case of "non ergodicity" corresponds to ¥(t) having
components upon the states of a collective band only. Incidentally, if the number
of eigenstates in that band is finite, the trajectory {¥(t)} is seen to coil around

a kind of multidimensional torus.

This geometrical image reminds one of the fiber bundle discussed in the previous
subsection. Since an exact time-dependent SchrBdinger trajectory is not available in

practice, one may rather consider the ansatz

WE = {dt fE(t) d(t) , (I11.22)

where ¢(t) is now a TDHF trajectory. Obviously there is now no reason for fE(t) to be
equal to exp(iEt), so that one needs to solve expiicitly a Griffin-Hill-Wheeler equa-
tion identical to that shown ty eq.(II.16). Conversely, if it turns out that the so-
lution fE(t) looks like exp(iEt) one may conclude that TDHF is an excellent dynami-

cal approximation in that special case.

Of special interest of course would be the case where $(t), instead of showing
a large amount of "ergodicity", would remain collective at "all" times (during at
least a typical time for collective processes, namely a few 10_215). Although the
curvature criterion of subsection 1 is neither necessary nor sufficient, it is clear
that one may calculate the curvature as a function of time and that time intervals
where the curvature remains of order v3 may provide an interesting first guess for

®(t) in the ansatz, eq.(III1.22).

An other advantage of this ansatz relates with the theory of nuclear col'lisions.
It turns out that, as time goes to +», a TDHF solution $(t) usually does not reach
an asymptotic state. This difficulty prevents one to use in TDﬁF the standard concept
of channels, and TDHF "cross sections'" are thus often of a classical and statistical

nature. On the contrary it can be shown that a suitable choice of boundary condi-

tions for fE(t) allows to reconstruct a quantal scattering wave W; from eq.(III.22).
The details of the proof are too technical to be given in these lectures, but they
have been published elsewhere. It can be stressed here that the TDHF theory is non
linear, hence the difficulties for asymptoticity, while the generator coordinate
ansatz is linear. It is the linearity which allows the various channels to evolve

independently and provide cross-sections without spurious interferences.

A third advantage of the TDHF ansatz, eq.(III.22), is a stability property of
the energy of ?F with respect to a change of the trajectory {&¢(t)}. Indeed, the

energy is

E = Jdt dt’ fg(t) <o(e) |$8 ] o(e"y > £ (t"), (111.23)




whose variation under a modification & ¢(t) is

8E = fE(t) {dt' <8 &(t) %8 | o(e") > (e, (111.24)

It is reasonable to consider as dominant, in this integral, the neighbourhood of
t = t'. Since 6 ¢(t) is then a set of particle-hole elements with respect to ¢(t),
the full Hamilltonian can be replaced by the Hartree-Fock Hamiltonian. One thus

obtains
<8 o) |30 | o(t) > = <8 &) W] o(r) >, (I11.25)

and, because of the TDHF equation of motion

<o) ol o) > =i <5 o> . (111.26)

A significant variation of the generator coordinate trajectory, however, must at
dd
dt ’
are already in the generator subspace. Therefore < & $(t) | d¢/dt > identically

least be orthogonal to the trajectory itself. For both ¢(t) and &(t+dt), thus

vanishes in eq.(I1I.26), which is the stability property considered earlier for E.

IV. APPLICATION TO NUCLEAR REACTIONS

A. Definitioqg

Typically one considers here an elastic scattering a + A + a + A, with the pro-
jectile a and the target A, or a transfer reactiona + A+ b + B, where b is consi-
dered as the core of a, and A as the core of B. In other words a = (b+vi) and

B = (A+vf), where Vi and Vg are the initial and final clouds of transferred nucleons.

One defines the creation operator Af(g) of nucleus A around the shell model cen-

ter t

’AT(E) =1 nT(g) oo nZ(g) ’ (Iv.1)

where nf(r) is a single-nucleon creation operator in a shell model state ((x-r) cen-

tered around r and where the necessary configuration mixing is shown symbolically by

In coordinate representation one demands

+ N Y _
..§A|A (r)[0> = ¥ (g,~t,. + %, -D)

<X,.
~1

A
- 2
M(RyD) ¥ (5.0, ). (1V.2)

. . ; . A
Here |0> 1s the vacuum, the variables X, are the single nucleon coordinates, Y 1is

~

the total wave function of the nucleus, BA is the center of mass coordinate and one

defines the usual (A-1) Jacobi coordinate (internal degrees of freedom) %Z. It is

~




. ' A

important that Y  factorize into a wave packet F for the center of mass and an in-
ternal wave-functicn Wé nt” Otherwise the fornal1sm would be plagued by center of mass
spuriosity. For the sake of simplicity FA will be assumed to be Gaussian in the fol-

lowing.

In the same way one defines creation uperators a (r ), B (r"), b ", Vs (r )
and v (r") for the other nuclei and clouds of nucleons around their respective shell

model centers. One finds in particular that a+ = v+b+ and B+ = V+AT

f

The generator function for the channel a = A + a is then
= LT +
lar>= A (N r/N) a' (-N, /N) |o>, (1v.3)

where Na, NA and N are the mass numbers of a, A and the total mass number, respecti-

vely. In coordinate representatiorn this means

<KpeeeX, cea Xy, lor> = ﬂrA(gA—Na I/N) T_(R +N, 1/N)

~A+1

int

int
wA (gl"'EA ]) W (&

2 ...E' ]) » (Iv.4)

where & is the antisymmetrization operator.

Let Py = Ra - R, be the channel degree of freedom and R be the total center of

mass coordinate. The Gaussians FA and Fa have a product which is also Gaussian with

respect to Py and R

Iy(R,-N_ r/N) T SR N, r/N) = 30‘(12 P, - (IV.5)

It can happen that E?a also factorizes
ZaRspy1) = G(R) T (p,-1) (1V.6)

where Fa may be called the channel wave-packet. In such a case the generator func-
tion |ar> is non spurious, because the total center of mass factorizes out. If fur-
thermore a generator function |Br'> for any other channel B is designed like |ar>,

in a way strictly analogous to eq.(IV.3),
' .1- ' 1‘ '
|gr'> = B (N, £'/8) b (-Ng r'/N) o>, (Iv.7)

one may demand that the corresponding product FB Fb factorizes into a product of

Gaussians G FB with the same G(R) as that for channel o, eq.(IV.6).

The multichannel ansatz

|v> = {dg £.(0) loae> + Jdg' £o(r") [er'>

+ :..(other channels vy) (IV.8)

9



reads in such a case, after insertion of eqs.(IV.4) and (IV.6),

_ [,int ,int int int ]
w-c(g)‘/&lwA R A R (1v.9)

where the same G(R) factorizes out for all channels (and commutes with Jl) and one

defines channel wave-functions

ga,B(QG,B) = J[dz(ol' dE') FG,B(QQ,B_E or S') fa’B(E or EV) . (1V.10)

It is clear that the factorization, eq.(IV.6), prevents any center-of-mass spuriosity
from creeping into the generator coordinate formalism. This property will be assumed

until subsection D, where it wil: be seen how it can be relaxed without damage.

B. Connection with the resonating group formalism

It is trivial that

G(R) H T(p,-1) \yi“‘ w;“‘ = G(R) de r,(x-s) [&6(9{;5) yint wi‘“} . (.1
The antisymmetrized function between brackets is nothing but the resomating group
basis function Iaf)RGM' Indeed, in the resonating group theory, the channel degree of
freedom Py is strictly localized by the corresponding 8-function. (The total center-
of-mass wave-packet can be integrated out and forgotten.) Alternately, one may in-
terpret IJE)RGH as the sharp basis of the generator coordinate subspace, as defined

by eq.(I1.12), with Py 28 the collective degree of freedom.

Let us compare a generator coordinate kernel and a resonating group kernel, for

instance the following

HdB(E,E') = <a£|je IBE'> , (IV.12a)
'y - o '
hyg(s:sh) RGM<°‘§|3'6 |Bs">pay - (IV.12b)
As seen in eq.(IV.11), a state |ar> is a linear supersposition of statele}s>RGM
and an analogous result holds for any other channel. It is thus obvious that
"y - r 1 - ] ot
Has(f’f ) de ds Fa(f §) haB(f’E ) FB(E s') . (Iv.13)

In a short notation this reads HuB = Fa * haB * TB,in order to ex»ress the convolu-
tion product. In the same way eq.(IV.10) can be shortened into g =T » £ .
o, B o, B o, B
This convolution correspondence between the resonating group and the generator coor-
dinate formalism is then general, and can trivially be extended to any Hamiltonian,

overlap or transition kernel such H

1 and so on.
oot Taf




C. The high frequency catastrophe. Various methods of solution

Exeept for unessential coefficients, the Fourier transform oi eq.(IV.10) reads
- 2. %
g(m) = exp(-17) £(m) , (IV.14)

where T is the momentum conjugate to p (or r) and f, g are the Fourier transforms of
f, g respectively. As it 1s known from the resonating group theory that g behaves
like a wave-function, the singularities of g in the continuum are thus of a mild na-
ture (principal parts, etc). It is then clear, however, that £ diverges strongly,
like exp(+ﬂ2), when T -+ +~, Thus a Fourier transform of E(H) back to a coordinate

space f(r) will diverge.

This serious difficulty has been analyzed by many authors and brings many nume-
rical technicities in the solution of the Griffin-Hill-Wheller equation. As an exam-
ple, consider the two—chanmnel equations, which read, with obvious notations

(Haa-E Iaa) %1 + (H

aB-L 1

aB

(HBa—E IBa) fa + (HBB-E IBB) fB =0 .

) £, =0

8
(IV.15)

Because of eq. (IV.13) and all necessary analogous relations for the kernels involved

here, one finds as equivalent to egs.(IV.15) the forms

ra(haa-E iaa) Fa fa + Fa(haB-E iUB) TB fB =0
] (Iv.15a)
FB(hBa-E 1Ba) Ta fa + TB(hBB—E 188) FB fB =0
or
Fa[(hw ) By + (h B) SB]
r ] (Iv.16)
Bl (hBa E lea) 8 + (hB B) gBJ =0 .

. . sees . S . 1
In coordinate space, there is difficulty in defining an inverse operator 1& B For,
’

as shown by eq.(IV.14), the matrix element of Fa 8 in momentum representation reads
’
(unnecessary coefficients omitted)

ar|rl'> = exp(-1) S(r-1") (1V.17)

and thus one obtains

> = exp(+ﬂ2) é(g-g’) , (IV.18)

the Fourler transform of which to coordinate representation is obviously singular.

Nothing prevents, however, to consider eqs.(IV.!6) in momentum representation and




multir~ly the upper (lower) equation by F;I(F;l) from the left. One then obtains

(h. -Ei1 Yg +(t  -Ei )g, =0
oo e’ Sa oB ab B (Iv.19)

(hg, "B ig ) gy * (hggoE igg) 85 = 0, '

which is nothing but the resonating group, coupled channel formulacion. This is known

to be a regular problem.

The transition from eqs.(IV.15) to eqgs.(IV.19), which can be made without singu-
larities in the mowentum representation, is a first method to obviate the high fre-
quency catastrophe. There is a second method, however, which has the advantage of
avoiding the detour through the momentum representation. Indeed, as found by the
Takacsy, a special case of eq.(IV.10) reads, «fter projection onto a channel partial

wave

sin(kp+n) = }dr exp[+k2 - (p-r)z] sin(kr+n) + gs.r;(p) ’ (1Iv.20)

where n is the phase shift and By is a square integrable (short range) contribu-
tion to the resonating group wave—function. In other words, the asymptotic parts of
g and f are proportional. It is easy to show that the same result is also valid for

Coulomb waves

sin(kp—y log2ko+n) =,Jdr exp[+k2

' - (p-r)z} sin(kr-y log2kr+n) + 8s.r.(p)' (Iv.21)

The phase shifts in the generator coordinate theory can thus be deduced from the
short range properties of f, like in the usual theory of collisions.
Practically the second method may go as follows. One defines the short range

part of £ (in each channel) by the condition

re _ =g-Tf_, (Iv.22)

where fas is known from eqs.(IV.20) and /or eq.(IV.?"), except for the phase shift
n, to be determined later. Then the right hand side of eq.(IV.22) is the short range
part g_ of g is that channel. It can be expanded, with strong convergence proper-

ties, in a suitable basis of square integrable functions, {un},

B, .. =1 ¢ u (1v.23)
n
and thus one obtains
f _=Jc I u , (1v.24)
n

where the unknown coefficients s and later the phase shifts, can be obtained by an

insertion of eq.(IV.24) into eq.(IV.15). This makes eq.(IV.I5) inhomogeneous, since »

a source term is brought by the identity f = fs r + fas' The phase shifts, which




" are unknown parameters in the source term, must be determined by any usual variatio-
nal principle of the theory of collisions or any standard matching procedure of fas

and fS .0 OF 8 and g

In practice one truncates the expansion, eq.(IV.23), at a finite order of com-
ponents u . It is easy to show that one may always choose this basis {un} in such
a way that, although F—I is singular in coordinate representation, the product F-lu
is still a regular wave function. Finite order expansions, eq.(IV.24), of the singu-
lar function fs.r. are thus regular and retain the convergence properties of
eq. (IV.23) as regards the fact that the coefficients c, make a square integrable se-

ries.

D. The biased density matrix

Among the various methods proposed by many authors we now discuss that of the
"biased" case, namely that which is still available when eq.(IV.5) does not simplifly
into eq.(IV.6). When this factorization does not occur, the generator coordinate
ansatz, er.(IV.8), breaks down completely since the total center of mass and the re-

iative degree of freedom, R and p, are spuriously correlated.

An analogue of eq.(IV.I1) is available, however. Indeed, one obtains from

eq. (IV.4) and (IV.5) the trivial result

a 2

int int, ., = [ = -
a{?a(g,ga—g) ) WTNE ) = jd R ds € R,rog)

3 . 9
8 (R-R) L/i 8(p,~3) \y;“t w;“‘J , (1v.25)

where again there appears the bracket las> . Here however, the total center of

RGM |
mass is frozen at position R, while it could be integrated out in the case of

eq. (IV.11).

According to eq.(IV.25) and any identical equation for another channel, a kernel

HGB now reads

<ar| 3¢ [Br'> = er R ds ds' ?a(:“,f'f) %B(g’f'"f') ra<0s| 0 18570y »  (1V.26)

where one has taken into account that the total center of mass must be frozen at the

same location R in the bra and the ket provided by eq. (IV.25). If now one defines

jd(’(f-s r' -3 " = deﬁ ?a(g’f-f) gB(E’E'-E') ’

one obtains from eq.(IV.26)

(r r "y = ers ds ?us(f'f'f'"i') haB(ﬁ’f')' (1V.27)




In other words, the information carried by the resonating group kernel is still em-
bedded inside the generator coordinate kernel HGB’ although the ansatz, eq.(IV.8), is
meaningless . If haB can be recovered from HaB’ one may still solve eqs.(IV.16). This
is of great physical interest for the frequent case where the generator functions
!a£> are derived from Gaussians of unequal parameters, corresponding to the colli-

sion of ions of inequal masses.

The derivation of ha from HaB is simple when HaB is a Gaussian. For, as seen

B
earlier, the choice of FA and Fa as Gaussians makes trivially gQB also a Gaussian.
It is then easy to check that haB is also a Gaussian. More precisely, assume that,

except for unessential coefficients,

[ TERY

= - '

Hyg = &P | (r,r) D \e')] - (1v.28)
where j)' is a (2x2) matrix;and denote the Caussian form of 5%13 as

U PP Y]

gms = exp (r-s,xr’~s') % r'-s')] (1v.29)
where § is also a 2 x 2 matrix. Then eq.(IV." 7) prevides
s
hﬂ.ﬁ = exP{-(f;f‘) p(;l)] ’ (1v.30)

with

D- .[iD'_" -@“]-l (1v.31)

except for special cases, wheie haB is a local kernel, and which can be handled

explicitly.

In the more general case of Gaussian wave functions for clusters where HaB
(and all the other kernels under consideration) is slightly more complicated, na-
mely contains products of polynomials and Gaussians, the result, eqs.(IV.30) and
(IV.31), can be extended. One also finds polynomials and Gaussians. Incidentally this
method induced by eq.(IV.31) can also be applied in the special case where eq. (IV.6)

is valid. In this special case § is just diagonal.

It is now possible to define the "biased density matrix" which, analogously
to eq.(IV.27), takes into account the conservation of the information about a state
although some spuriosity is introduced by a spectator degree of freedom (the center
of mass). Let d(g,g') be a density matrix in RGM representation. Assume that the
RGM kernel k(Q,Q') and GCM kernel K(E’f') derive from each other through an equa-

tion analogous to eq.(IV.27)

~ o~

K(r,r') = Jdg dg"j (E—g,£'~g') k(g,g') . (IV.32)




* Define the "biased" (GCM) density D(r,r') by the relation (notice the interchange

of var@ables}
d(p',p) = }dr dg"ﬁ(g—g,g'-g') D(r',r) . (1v.33)

Then the RGM and GCM expectation values are equal,

Tr k d dp dg' k(g,g') d(g',g)

= (dp dp' dr dr' k(p,p") g (r-p,x'-p') D(r',r)

.

= jdr dr’ Kz, ) B(r',x)

Tr K D . (1V.34)

E. Distorted wave Born approximation

Rather than the methods described in subsections C and D, which are attempts
towards a full solution of the dynamical problem of collision, one may look for a

DWBA approximation.

The DWBA form factor for the transition from channel & to channel B has then

obviously to do with the generator coordinate kernel
Kyg(x'D) = <35'|N’T|a5> ) (1v.35)

whereV is the two body potential operator present inﬁe and the subscript T means
that \Y has been truncated into a residual potential such as the post potential for

instance.

More precisely, one may define a specific set of Wick's theorem contractions
’ = - ' [ ' ' ]
Koo (r'sr) = <O[bQNpr'/N) [ AWM X/N) Ve (Nr'/N) | V'

+ o, to o ] .
AT (N, 1/N) [vi( H,r/N) b ( NyL/N) | |o> (1V.36)

!
where Avf corrasponds to the decomposition of B intc core and cloud and, similarly

V;b' corresponds to the decomposition of a+ into core and cloud. The rules for con-

tractions are the following,

i) one pair of creation-annihilation operators of \J’ contracts from v

ii) the other pair contracts from b to bf,

to v.
£ i’

111) what is left inside Avf contrrcts with what is left inside A+vi, for instan-

ce A contracts with A' and what is left in vf contracts with what is left

1n ‘-)+
i?




iv) what is left inside b contracts with b

ThHe first two rules, 1) and ii), correspond to a truncation ochH into the re-
sidual interaction between core b and the cloud of transferred nucleons. The last
two rules, iii) and iv), correspond to an inert core overlap approximation relating

A to the core of B(and the core of a to b)when connecting the ket to the bra.

Once KaB is obtained, nothing prevents to define a resonating group kernel
kBa(E"B) by a formula analogous to eq.(IV.27) or eq.(IV.32). Let now ga(g) and
gB(p') be optical waves for the initial and final channel, respectively. The DWBA

arplitude is then
= | ] * '
Tpusa JdP dp' kg, (P7,0) g,(P) ga(p'") - (1v.37)

Alternately one may consider ga(p) gg(p') as a density operator d(p,p') and define a

density D(r,r') by a formula analogous to eq.(IV.33). One then obtains

= ' | B ' ’
Tousa ,[dE dr' Kg (r',1) D(r,r") . (1v.38)

V. OTHER EXAMPLES OF APPLICATION

A. Axial rotations

This may be the oldest case of a generator coordinate model and it is well known
since the paper of Peierls and Yoccoz. Let ¢K be an eigenstate of Jz’ with eigenvalue
K, usually a deformed Slater determinant. A rotation band is derived from the angu-
lar momentum projected states

Yo, - J[d(cos 8) dix(e) exp(-iB J)) & . (v.1)

The generating function is here, obviously, that obtained from ® by a rotatlon of
angle B around the y-axis. One then uses the reduced rotation matr1x element d

as Griffin-Hill-Wheeler amplitude.

B. Triaxial rotations

The deformed (intrinsic) Slater determinant ¢ is no more an eigenstate of Jz.
The generating function 1s obtained by the most general rotation, depending upon
three Euler angles o B v

@aBY = exp(-i a JZ) exp(-1 B Jy) exp(-1 v Jz) $ . v.2)

The Griffin-Hill-Wheeler equation can be solved in two steps. The first one is a
quasi-band and angular momentum pr.jection,

Yy = Ida d(cos E)d%'DJ (aBy) ¢=B

!
JMK MK Ly’ (v.3)
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with the rotation matrix element g)MK as amplitude. The second step is a residual
diagonalization between quasi-bands,

I -S|y, > £3€ = 0. (V.4)

) <¥ kS 'k

14
K JMK

The index K disappears, to be replaced by an index x carried by the eigenvalue E°

and the amplitude vector fJK. Full degeneracy with respect to M is obviously found.

C. Three—-body problem

An exact, and technically available solution to the non-relativistic three-body
problem is the set of Faddeev equations. When discrete degrees of freedom (spin,
isospin, etc) are involved, however, the number of coupled channels in these equa-
tions may become unwieldy. As an example, if three quarks are heavy enough to be
treated non relativistically and if the effective quark-quark interaction depends
strongly on spin, flavor and color, it may be useful to look for an approximation

such as the Hartree-Fock approximation.

For the sake of simplicity let the discrete degrees of freedom be discarded and
the 3 gquarks be considered as distinguishable. Assume, furthermore, that the quark
bagamounts to a harmonic oscillator. The oscillator can be deformed, with three
different constants a, B, Y along the three axes x, y, z. With ' a Gaussian, a gene-

rating function reads, in an obvious notation
@aBY(E] I, 53) = T(x]/a) T(xz/a) F(x3/a)
T(yl/B) F(yz/B) P(y3/8)
T(z]/Y) F(zZ/Y) F(z3ly) . (v.5)

It is easy to check that it has no center of mass spuriosity, namely that it facto-

rizes

- int ,
¢GBY XGBY(B) WGBY(g’g ) . (v.6)

. . int ,
Here ¥ is a deformed Gaussian for the center of mass R and V¥ is also a deformed

Gaussian for the two Jacobi coordinates &, £'.

Since x depends on a, B, Y, the GCM ansatz

Y o= {da dR dy f(xBvy) ¢ v.7)

afy

introduces center of mass spuriosityv. It is clear however that the overlap kernel

1



< >
I = oa'B’Y'!¢ubY 1nt l 1nt
= '

a 'B'y aBY
<XG'B'Y' lXaBY>

(v.8)

makes sense. Also, if }@ depends only on the Jacobi coordinates, the energy kerrel

<¢’1|v|j‘€l¢ > -
g =2 B'y afy  _ <y l?ﬁzlwlnt (V.9)

Xgr gyt gy ol

also makes sense. Although]z depends only on £, £' it can still be written in terms

of Iy Ips Ig and the numerator of the left hand side of eq.(V.9) can easily be cal-

culated in second quantization. As regards denominators <Ka'B'Y'IXQBY>’ they can be
easily derived analytically and/or tabulated.
The equation
(H-EI) £ = 0 (v.10)
1s then equivalent to the ansatz
1nt [ int i
(€,8') = jda dB dy f(ay) ¥ o (E,E1) , (v.11) |

a theory of bag vibrations. We insist, however, that all calculations can be made in !

the single quark coordinate representation.

D. Hard cores

It is usually assumed that a single nucleon orbital is concentrated in a certain
domain, but that its tail extends everywhere. Nothing prevents, however, to restrict ?
a single nucleon orbital 0; to a finite, compact domain j)i. This is only a more

restricted class of wave functions.

Assume now that, for i # j, in

than a certain radius x.- If the nucleon-nucleon interaction has a strong short range

and j% have no point at a distance smaller

repulsion (hard core) of radius smaller or equal to T that repulsion cannot act
between i)i and :EB. A Slater determinant built out of such orbitals with disconnected
domains is then compatible with the hard core. In other words, the Hartree-Fock

theory applies to hard cores as well.

[he parameters of such determinants are then the shapes of the domains ﬁ)i
themselves. The radius T, is also a parameter, for one may always take a larger se-

paration than needed. In any case, the ansatz

= 2, \ s ‘ . V.12
; Jrimn:)l] (@, DY D (v.12)




may be understood as a geometrical, or functional integral, generalization of the

GCM ansatz. Here J)l...S)N is a set of shapes for the domains allowed for N nucleons,
vO P is the result of a Hartree calculation for that set of frozen shapes, and
the symbo¥ m(D g)i] means superposition of all allowed shapes. In a restricted appro-
Ximation thé amplitude f may be understood as a function of a more or less finite set

of parameters for the shapes of Q)‘...EDN.

This opens the way to a theory of a new possible mode of nuclear vibrations,

which can be understood as correlation vibrations.

VI CONCLUSION

There may be three ideas which can be retained from the above considerations.
The first one is the amazing 7lexibility of the generator coordinate formalism. Any
macroscopic degree of freedom can be forced into the generator function and the re-
sulting dynamics studied. The second idea is the level of mathematical technology
involved. A certain amount of caution is necessary in order to avoid unphysical sin-

gularities, but the situation is less complicated than it looks at first sight.

The third idea is probably the most important and corresponds actually to a ma-
jor, and yet unsolved physical problem. Since the generator coordinate method finally
amounts to diagonalization in a subspace and a reduction of the number of degrees of
freedom, it is essential to understand vhy such subspace is of interest and why such
degrees of freedom emerge from the many body dymamics. It is hoped that section III -

has brought a slight progress on this fundamental question.

The considerations in these lectures are the result of a many-year collaboration
with many coauthors, among whom B. Grammaticos,J. Le Tourneux and D. Rowe should
receive special credit for the difficult question of collective motion. It is a
pleasure to thank the organizers of the Symposium for the opportunity of giving these

lectures and thir warm and stimulating hospitality.
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