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ABSTRACT 

He find nuaerlcal evidence for the phase transition between the confine
ment phase and free Coulomb phase of SU(2)Yang-Mills theory with lattice cut
off. 

АННОТАЦИЯ 

Численным расчетом найдена точка фазового перехода на решетке между удер
живающей и кулоновской фазой SU(2) теории Яига и Милльса. 

KIVONAT 

Numerikusan megtaláljuk a fázlsátmsnetl pontot rácson az SU(2)Yang-Mills 
elmélet bt*ár6 fázisa és szabad Coulomb-fázisa között. 



A B S T R A C T 

•о fiad aaaorloaX oridoaeo for tbo pbaao txaaaLtloa botaoon tho 
ooafiaoaoat pbaao aad froo Coulomb pbaao of S0Í2) Xanf-Hllla 
thoorjr alth lattloo eat-off, Tho ooarob for tbo orltloal toapor-
ataro lo baood oa a Moat« Carlo atady of tao atriag tonoioa 
botaooa а hoavy QQ>palr la boat bath« Tbo arbiträr/ aoxaaUaatloa 
0.2 0»T2 la aaod for tbo otziag »oaoloa at aoro toaporataro aboa 
a aaootb oxtrapolatioa of tbo lattloo tboory to tbo ooatlaaaa 
Halt la oarrlod oat* Oar auaorleal ootlaato for tbo orltloal 
taaporataro la To'-160 i 30 во? la tho abooaoo of quark dogrooo 
of froodoa» It la aufgaatlYO that tbo pbaao traaaltloB lo of 
ooooad-ordor» 
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A fa« weeke ago «a anaouneed f 1] tba f iret numerical evidence 
for the aztatanoa of a pbaaa tranaLtion between the eonfinaaant 
phase and fraa Coulomb pbaaa of the 30(2) Гаде-Mille theory with 
latt lot cut-off. 

There baa been a long-atanding conjecture thai a phaae tram* 
altion must take place between the high temperature and low temper
ature phates of a non-Abelian gauge fiald theory C2 3 • Pólyakor f3] 
and 3nsakind f 4 ] вата oonTlnoins argMimte for the praaenee of thie 
phaaa transition in the strong coupling limit of the lattice nodal. 

Our Mente Carlo oaloulation eonflma the azLatenoe of a phaae 
transition between confined and libaratad phaaee in the strong coup
ling Unit of 80(2) latt ice gaage theory. Beeide», we find the two 
phaeea and the oritical point in the region of intermediate coupling 
«hare a anooth extrapolation of the lattice nodal to i ta oontlnuwi 
Unit ezlata. 

I t did not eaoapa our attention that the reeulte praaented hero 
nay be useful for the early universe, for quark natter search in 
hoary ion collisions, and for a broader view and better understanding 
of the confineaent problen in Quantum Chronodynaalce. It la reamrk-
able that an environment can be ainulated inaidé the oonputer which 
corresponds to thermal quark liberation at a fa« hundred Me» temper
ature. 

The phyeieal properties of a quantun f ie ld theory at finita 
temperature can be calculated in terms of the partition function, 

I . ír (•'/**) , (I) 

and the thermal averagee of phyeieal obaervableo, 

< 0 > . | т г ( о е - Р Н ) , (2) 

«here ß m l/T ia the inverse temperature with k« • 1 • 
The partition function of the So (2) gauge theory in the 

absence of quarks may be «ritten as a Euclidean path integral 

l ш | n ^ asp f. ̂  jot Jd3« tr ?r ?r J (Э) 
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отог periodic gauge fielda, 

Â C/3, x) - A^CO. Z) , (4) 

with period /3 in the fietive imaginary tiae direotioa. The atandard 
notation A, • A* e* /2 ia uaod throughout the paper. The indem a 
runs fron 1 to 3 in ЗЮС2) and €"• danotee the etaadard Pauli 
aatrieee. The trace tr operate« on SUC2) matrices. 

In order to etudy the atring ttnaion in a heat bath we have to 
introduoe an external color aouroe Q at location R and a oolor 
«ink 5 at the origin. The free energy •(/3* R) of thie heavy 
OQ-pair ia related to the correlation function of thermal Wilson 
loopa by the formula [5 J 

(trw(o) trw+CR;) - r^V» ^ . o; 

The theraal tttLlaon loop W(R> ia defined aa a eloeed path ia 
the fietive imaginary tiae direction, 

W(B) - P exp i Jdt AoCt, R) , (*) 

where P denote« path ordering in the etandard faehion. 
Ike tnm energy V(fl, R) la a aeaaure of the potential 

energy between the heavy QQ-pair at finite teaparature. In the 
conflneaent phaae we expect the beharlor 

< t r * 4 o ) trV+(íí)) ~ conat 

at large diatancee. The free Couloab phaae ia characterised by 
a aereened Coulomb potential f and accordingly, 

< t r W ( o ; tr *+(,*)) ~ const ( l + / 3 4 f l f f » " * B ) . (B) 

The effective string tension £(/3) at finita temperature ia 
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-i 
defined by Eq.(7). The De bye aereanlng length M In Eq. (8j l a known 2 2 2 2 to be К " 3 g * in the lowest order of perturbation theory. 

The two phases are clearly dietinguiehed by the different 
behaviors of the correlation function in Eqa.(7j and (8) • The 
trace of the gauge invariant thermal Wilson loop aay be regarded as 
en order parameter in SO (2) gauge theory at f in i te temperature. The 
thermal average of t r l ( ft) measures the free energy of an i s o 
lated quark with respect to the vacuum. I t vanishes in the con
finement phase, since the Inf ini te free energy of the isolated quark 
i s in the exponent of Eq*(5j • The ord«r parameter trwßO i s some 

non-vanishing constant in the Coulomb phase where i t i s related to 

the f i n i t e aelf-energy of an isolated free quark on the lat t ice* 

Por the numerical evaluation of the functional integral on the 

left-hand side of Bq.(5) a l a t t i c e cut-off i s introduced in the 

model following the standard procedure £бЗ • The periodic boundary 
condition i n the imaginary time direction i s required by the f in i te 
temperature of the heat bath. To eliminate surface effects in the 
three-dimensional physical space we also impose periodic bouncury 
conditions in the three spatial directions. 

The Lagrangian formulation of the continuum theory requires 
a symmetric l a t t i c e with equal la t t i ce spacing in the spatial and 
imaginary time directions. The Hamiltonian method starts directly 
from Eq.(l) and operates with the transfer matrix [ 9 ] . A dense 
s l ic ing i s required then operationally in the imaginary time direc
tion for fixed spatial cut-off a [ 1] • The two methods yield 
compatible results for the phase transit ion. Firs t , we study the 
symmetric lat t ice* 

The inverse temperature /3 i s given in l a t t i c e spacing units 
a by the relation /3 - nt*a where nt i s the number of l a t t i c e 

3 3 
s i t e s in the imaginary time direction. The spatial volume ne'e-
must be reasonably large for the calculation of thermodynamical 
quantities* There i s no other restrict ion on the spatial size and 
the number of s i t e s , n B , i n the three spatial directions i s limited 
only by the performance of the computer* 
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The partition function 

• д jdüij «- p » * " ' ( 9 ; 

defines now the then» dynamics of SU(2) gauge theory. The f in i te 
dimensional integre1 in Eq. (9) includes a l l independent link vari-
ables Uij and dUjj designates the invariant group measure of 
SO" (2) • The action S 1ч a sum отег a l l elementary plaquettes, 

s - Z ( l - I tr (% jü^Ukxüü) ) , 
plaquettee ч ' / 

where i , i, к and 1 represent the labeling of the s i teu around a 
plaquette. The connection between the link Tariable Uij and the 
exponentiated gauge f i e ld variable вхр(±*л»Аи) i s well-known [ б ] . 

The Konte Carlo method [7 ,8 } «as applied for the calculation 
of the order paraaeter tr W(RJ and for the evaluation of the 
correlation function t r wfoj-tr w(R) . In our program the heat 
bath method of Creutz [в] was implemented for sweeping through a l l 
l a t t i ce s i t e s in each step of the i terat ion towards thermal equi
librium. 

The order parameter i s shown in Fig . la for the inverse temper
ature /3 • 3a at different values of the coupling constant g • 
At 4/g >1*9 the order parameter drops to zero and a phase 
transition occurs in the system» The same behavior of the order 
parameter i s seen in Pig. lb for a fixed value of the coupling eon-
stent at 4/g - 2.5 as the inverse temperature /3 varies . The 
thermal average of tr W drops to zero at about ß * 10m • 

I t i s easy to show that the action S i s invariant under the 
global symmetry transformation \J -> -U in a selected spacelike 
hyperplane on each link in the imaginary time direction. The 
transformation f l i p s the order parameter t r W •• - t r W • 

In the symmetric disordered phase < tr W> vanishes and the 
free energy of an Isolated quark i t i n f i n i t e . Therefore, this phase 
confines quarks and ths asymptotic form ^trW<0) trWfRj^ -> 

- /3 67A) R) i s observed. In the free Coulomb phase a 



- 6 -

epontanecue symmetry breaking occurs and the behavior strWfo) tr*f(fl))-> 
-> (trW^ / 0 is expected. This implies finite free energy for 
isolated free quarks on the lattice» 

The observation of symmetry breaking in the Coulomb phase is 
influenced by the finite size of the spatial lattice. The order 
parameter develops a constant expectation value for long time periods 
and the probability that it flips sign gradually decreases with 
growing n • 

s 
In Fig«lb only cold starts are shown where all u's are set to 

the saue constant matrix at the beginning of the iteration. The run 
with ß m 6a actually starts at the positive value <trW> - +1 and 
we had to change thr sign of the points on the plot throughout this 
particular run for convenient comparison with other values of /3 • 
Similarly, in Pig.la we changed the sign of <trW> for the run at 
4/g • 3*5 with hot start. The U variables are set to random 
matrices at hot starts and the runs begin with ^trW> » 0 • The runs 
at 4/g » 3.5 with hot and cold starts reach the same thermodynamical 
limit within one hundred iteration steps. 

The behavior of the correlation function is shown in Pig.2a at 
ß m 4a and g > 2 in the confinement phase. We find the numerical 
value 6Y/3j-a2 • 0.54 for the tension as extracted from the expo
nential shape of the correlation function. Creutz measures 6?0>az- 0.6 

2 at g - 2 • His result corresponds to zero temperature within some 
technical limitations« 

Fig.2b depicts the correlation function in the free Coulomb 
phase at /3 » 4a and 4/g »2.3 • The arrow marks the value of 
<trW> which is the asymptotic limit of the correlation function. 

In our search for the phase transition point the order parameter 
never exhibits a discontinuous jump at T c and a second-order 
transition is suggested* It is also supported by the observation of 
large fluctuations near the critical point* 

The critical coupling constant is shown in Fig.3 at various 
temperatures. The interpretation of these results requires a smooth 
extrapolation to the continuum Halt of the theory. The scale is set 
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on tbe lattice by the lattice Л parameter in lattice spacing 
units as 

in the continuum limit. The coupling constant g(aj is used 
throughout the Monte Carlo calculations. For SO(n) gauge groups 
the coefficients in Eq.(lO^ are Y • ~ ЛЫ1 **& 

The lattice A parameter is related to Л i» the 
continuum limit theory by a recent calculation of haaenfmts and 
Hasenfrats [lOJ • Creuts calculated in bis Monte Carlo program the 
tension at zero temperature in terms of the Д parameter in the 
30(2) gauge theory. He finds [ll] 

Л - (1.3 * .2) x И Г 2 $1/2(Q) . (11) 
2 The arbitrary normalization 0*2 GeV is used for the string 

tension at zero temperature in our numerical estimate of the oritioal 
point in the continuum limit. This would correspond to A* 0* • 330 MeY 
in continuum 30(2) gauge theory [lo} . 

Our calculated Monte Carlo points in Fig.3 follow the renor-
mali cation group relation 

T ca . const ( g 2 ( a > j - Í 2 l . . x p ( - I i ^ j ( u ) 

У 

for 4/g > 2 • The otherwise arbitrary constant in Eq.(l2) is 
determined by tbe Monte Carlo points. The best estimate of the 
critical temperature with the presented extrapolation to the con
tinuum limit is 

T 0 - (°»35 t .05) 6Yo/ /? or T c - 160 t 30 MeV . (13^ 

The error bar on the oritical point in Eq. (!}) la two-fold« 
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There ia a statistical error in Graut a'a relation of Bq.fllJ . 
Our atatiatioal inaccuracy ia represented in Fig.3 by the bori -
sontal error bare of tbe critioal coupling for a given ralue of 
T«a . 

There are finite temperature oorreetiona to tbe relation between 
tbe lattice spacing a and coupling conetant g wbieh we calculated 
in Coulomb gauge on tbe one-loop level. Tbeae corrections are aaall 
for 4/g 2 > 2 where TC4C ^ . 

Our eatinate for tbe renoraalisation of tbe coupling at f inite 
teaperature ia aa follows. We calculate the Coulomb force on the 
scale a at temperature T on a superfine lattice a p aa 

» - 1 2 

* 26Ч>) 

P2-TT00(P0-O.I2. e W » ; 

where the right-hand aide ia aleo taken at $2 • l/a2 . The 
polarisation tensor (| la given by 

TL 
Xc ( v - *. A*;. *•) • Aw ft *2 

4 

<15) 

for SU(»; gauge theory, in the limit f>2 » T 2 . 
Eq.(14) la obtained by the bubble summation of the one-loop 

diagrams in Coulomb gauge [5] • 
Bqe.(l4) and (15) relate the coupling eonatant g (л,Т) on two 

different acalee and different temperatures aa 

f 2 (»2.*2) 
*2(*l.*l) 

i+/(n.«rfj}|* *c*-A • ft (т|.а| - T2..2)j »2 XS 

Tbe daahed litt« in Pig.3 inolud«a thia finite temperature correction. 
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The dotted line in Fig.3 la an estimate of the critical 
temperature (]>] in the strong coupling limit: 

Tc • a I n 5 • 

Ita derivation i s baaed on the Observation that the partition func
tion develops a singularity at the critical point by the condensation 
of chrouo-eleetric vortices» 

At about 4/g « 1 . 9 the Monte Carlo points break away froa the 
corrected curve (dashed line in Fig.3,) and gradually approach the 
strong coupling estimate. 

I t i s interesting to search for the critical point of the phase 
transition in the Hamiltonlan formulation of the theory» It also 
provides a consistency check of the overall picture. 

Our starting point i s Eq. (l) with the lattice Hamlltonlan of 
Ко gut and Suasklnd [12] • The partition function can be approximated 
through the transfer matrix [9] by 

B J даи exp 
plaquettea 

U6) 

H timelike 
plaquettea 

where T la a single slice of the interval /3 • Bq»(X6) beoomes 
exact in the limit T/a <+ 0 for fixed lattioe spacing a of the 
three-dimensional apace. The coupling constant g (aj appears in 
the original lattioe Haailtonian [12J . The expectation valuet in 
Eq.(2) can be calculated in a similar way* 

The phase transition i s shown in Pig.4 fira fixed coupling 
4/g u » 2 . The critical temperature was found at T »a - 0*32 . 

2 For smaller coupling 4/g' « 2.15 we find T »a «0 .22 . The two 
H • 

points f i t the continuum limit renormalization scheme with 
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T c - 0.35 У Geo) provided that the lattice aoale paraaietar 
ia the Hamiltoaiaa formulation la approximately the aaae «a in the 
Lagrangian method. 

Our numerical calculation may be regarded aa tha firat direct 
determinetioa of tha Hamiltonian acale parameter A„ ia tenia of 
the Lagraagiaa Л parameter. If the applied treat far matrix approx
imation with our deaae aliclng of the finite time interval /3 la 
adequate, «a predict Л» ^ А • 

After tha work reported here aaa complete and presented fl] , 
eiallar work [13 ] came to our atteatioa* 
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F l O U R S C A P T I O N S 

Fig. la The evolution of the order parameter <tr W > i s 
shown at /8 • 3a for various valuee of the coupling 
constant ae the number of i terat ion steps increases» 
The value of the order parameter averaged over ID 
iterations i s plotted. Cold atarts from <tr W>- 1 
are indicated and the corresponding runs are more 
densely populated for the f i r s t few i terat ions . For 
the black triangle points the plot l a interrupted 
between iteration steps 50 and 80 for tha clarity of 
the figure. 

Fig* lb Runs are shown for fixed coupling aa the temperature 
varies. All runs are selected with cold starte . The 
order parameter disappears i n the noise for /$>10a . 

Fig. 2a The correlation function with exponential decay at g - 2 
determines the tension G~(/3) i n the confinement 
phase at /3 * 4a near the c r i t i c a l point. R i s 
given in l a t t i c e spacing uni t s . 

Fig» 2b The correlation function i s shown at the same temper« 
ature but for weaker coupling 4/g2 « 2 . 3 * The point) 
follow the Oebye screened Coulomb law with screening 
length XT* determined by the temperature and coupling. 

Fig, 3 Our Monte Carlo points for the c r i t i c a l temperature 
fo l low the renormalization group relation <solid l inej 

i n the intermediate coupling region. Points for the 
c r i t i c a l coupling are given at ß • a. 2a, 3a» 4a, 5a, 
6a, 7a, 8a, 9a, 10a • 

2 
Fig. 4 The order parameter i s shown for runs at gg - 2 in 

the Hamiltonian formulation. Typically, twelr* to 
sixteen time s i l oe s ware adequate for inverse temper
atures around ß ш За • Tha order parameter disappears 
i n the noise at about T*a • 0 .3 • 
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