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1. 1Introduction

In view of the empilrical possibility that neutrinos appear to be massive,1
it is timely to investigate neutrino mixing and oscillation2 in the framework of
a grand unified field theory, analogously to fermion mixing. There is at present,
interest in obtaining relations among'the masses of fermions and fermion mixing
angles in the framework of grand unified field theories., In particular, one can
obtain ratios between the charged-lepton masses and down-quark mnssos3
9me/md==nh/m3==3mT/mb, which are roughly consistent »{th observation at a mass

2
scale of 107 GeV. The quark mixing angles given in the Kobavashi-Maskawa (K-M)
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form are predicted to be 51nﬁ1==31n:3 =(md/m Y, San?r;»(m fmt\ , and
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- 5 -1
sinO?- (m“/mt) (SlnGc)

In the standard SU(2)Y xU(1)Y gauge wodel the fermions are grouped into three

families
dite) P \s/ Ax)’ b T (0
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where the t quark is assumed to have a mass larger than 17 GeV., The d and s

quarks are mixed and the linecar combinations

do = d Coo 6. + S 6m b
S9=-d,&m.0c_+ S wof, (2)

are formed, where GC ig the Cabibbo angle. Tf the neutrinos arve wassive, they
may mix in a similar wmanner. Before we proceed to the caleculation of the
neutrino mixing in S0(10) gauge mod016 in which the aforementioned fermion mass
ratios and mixingangles hold, we call your attention to the excellent review
articles on v mixing and oscillation by Bilenky and Pontecorv07 and De Rujula et n1.8

For completeness, we introduce some concepts and notations.



Suppose the noutrinos-:“r:==\)(‘,\)“',\)fr in the weak iscspin states are

orthogonal supcerposition of fields Vi i=1,2,3, of definite and finite

different masses m,

Yy = Uo(e‘. Vi,

(3)

where Uli can be pavametrized in the K-M form. If a beam of Viy is produced
{
in a weak process, at a time t the beam will be a coherent superposition of v

B)

that s, there arvises an oscillation, v ‘@2\;{..
ot

Y

fet V' be the probability amplitode for v to oscillate into vﬁ at time t
I|. Y

or path length R,
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Note from Eq. (4) that v, changes Lo vy and propagates with definite mays mi
and then changes back to Vi + ‘the probability of oscillation is
Pe=1V
«p = \ dﬁ‘ (6)

lLet Y4 have a mass very much different from the other vy Then we may re-

write Eq.(4) with the aild of Eq.(3) as
- iRt ¢ Bt/
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where

(B-E; WA =fmi-m IR /2EhCs By = 2MR/L -

Here Lr=£mEhc/|mi -m?l is the oscillation length and osclllation effect is

observable only if I, <R,

2. Vo " v, Mixing

As an illustration, consider the toy model in which vy and v mlx,

!

Vo=V b + i 0l

(N
where § is the mixing angle. Puc w=v_ and =y in Eqs.(6) and (7)
‘ B’e”x:‘vl’eyzlzalv%lu);l“ '(’:LAH) la (10,
We obtain from (9) and (10)
et 2 dm20 an’(B13/2) .
In a similar way from (7)-(11), one obtains
]
B | e (1€ M upl" |2 s a0 pint2/2)
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The measured result of Ref., 1 for the Avignone spectrum is

Re ( gccd /gm.& )M'h- /(g“.; /g,,cd)% (13)
= 043 % 017 ,



(9]

vhere o and ¢ are the spectrum averaged cross sections of © -+d~»n-+n'+e+
ced ned e
and 6@~+d~*n4—p-+6e, respectively. We may regard the deviation of the value of R
Lo (13% from 1 as due to the second term on the right-hand-side of (12). We
find from kq.(8)
D= 254 Im}-m} \R/E
13 \ \ 3
(143
: . A 2 2
where in case of Ref, 1, R=11.2 meters, E=4.,6 -7.6 MoV, and fml-mBI is in
(oV)2. In ovder to seb a rough idea of the size of Im?-omgl let us put in (12)
and (14) sin” 20+ 0,5, and £=6.1 MeV and allow one standard deviation from
the weasured value of (173) 0,26 < »%f91n22.33|mf ~n§|<i0.6 which leads to
y - . I) '
0.47(0V)“'f{mf ~nL1‘:0.67(cV)“. An accurate evaluation by Barger et al.9 for

}
s .
sin” 20= 0.5 yiclds 0.5(0V)2<:fm%—1n§|<50.85(ov)2.

3. Calculation of Mixing

We briefly review the scenario of calculating the fermion mixing in gauge‘
models. Choosce a gauge group G and write a Yukawa interaction between fermions
and Higgs scalars fovariant under G. Impose a discrete symmetry to reduce the
coupling parameters and to assure that higher order corrections do not change
the results from the tree approximation. Assume spontaneous symmetry break-
down by requiring a non-zero vacuum expectation value of the Higgs scalars., 1t
1s usually required that the nuwber of parameters in the resulting mass term
is then equal to the number of masses in the mass matrix. The resultant mass
terms for up- and down-quarks MU and MD, respectively, are written as

:;ZO Pq') \+3° + :F:’ r']p \Pip + ++b¢;~ )

(15)

where ¢?==(u,c,t) and ¢3==(d,s,b). The mass matrices MU and MD are diagonalized

by a biunitary transformation,



VIMU; = Myt

The left-handed charged current is given by

:!M"' -—.:.\‘/’v ;1.3 :Fu V:U;\(;»‘l’u_’ %Lrb:“ %1 voan

The mixing angles appear in F==VTU? that is expressed in the K-M form. The
quark mixing angles and fermion mass ratios mentioned in the Introduction has
3,10 5
been obtained in SU(5) and s0(10).
If the neutrinos are massive, then it is natural to extend the previous
calculations to up-quarks and ncutrinos. A straightforward extension leads

tom ~m ,m ~m, andm ~m_ which is absurd. It was noted, howcver, by
Va u \)u Vo t

Gell-Mann et al.ll that these relations can be modified by introducing a heavy
Majorana mass for the right-handed ncutrino Vg * See further discussions by
Barbierl et al. and Witten.lz

In SU(S) gauge model,13 the fermions of cach generation are in

— [ C c .. ¥
glrvdiL,eL,vL and 10 'VuiL’uiL’diL’eL’ where i =R,G,B. There is no Vg 80 there

4 ~ i

i8 no Dirac masgs term U In the simple version, baryon minus lepton number

RVL"

is conserved so there 1is no ViV term, One can introduce a VR in a SU(5) singlet

but 1t appears more attractive to adopt SO0(10) in which the fermions are in 19 .

The SU(5) decomposition is Lg==§-+10-+i so that the v =‘;f appears in a natural

R

way. We assign v, a large mass, then let us see what happens. 7The mass matrix

R

for each generation of neutrinos 1is

¢
VL
v 0 m

TA

o
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where m is the Dirac mass related to the up-quark mass and A 1s the Majorana

mass and ¢ means charge conjugate., The characteristic equation is kzﬁ kA-m2==0,
and the eigenvalues awve A, -w? /A, Therc is a large mass A and another mass mz/A
(the minus sign may be transformed away) that may be of the order of the neutrino
wasses,  For example, mZ/ArvO.G cV forxn=nH:=25 GeV and A==1012 GeV., We suppose

; i1
the neut+inos acquire masses via this Gell-Mann-Ramond-Slansky mechanism,

Let us consider the following Yukawa interaction between quarks and Higgs

14
scalars:

$a (Al6y 16 + B 163 1631 126,+ (2161624 blg3165) 10
+Cl62 16y 269 +d 16, 1631265 + H,c,

(18)

llere LGi (1=1,2,3) represents the left-handed fermions of the ith generation,

10, 1261, 126?, and 126.J represent different Higgs scalars, A, B, a, b, ¢, and d

are real coupling constants, and it is assumed that 1261, 1262, and 126

vacuum expectation values along L, Qg, and 3 of SU(5). ‘wuz up-~quark and Dirac

3 have

U
and Majorana neutrino mass matrices, M, v, and M, respectively, that follow from

(18) arc

0 o0 0O & V¥ oA ¢
v
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o 4 b o m b o 08/ w»

where m= ~3d, The vacuum expectation values of the Higgs scal-+rs are absorbed

into the coupling censtants, and A and B are of the order of 1012-—1015 GeV where

S0(10) breaks down to SU(5). One finds from the characteristic equation for MU

that



&
o.a(mumc)*) b My , and A::(mc,mt)a- (20)

The a and b terms of (18) contribute to all the mass matrices and ¢ term of
{(18) contributes only to the MD and MZ mass mat.ices, whereas A and B terms
contribute to M, d to MU and v so that one wmay vary these terms A, B, and d

by a suitable discrete symmetry to obtain different modcls.

The 6 X6 neutrino mass matrix 1s expressible in block form

0 v
M’ =z >
v M @D

. c
which refers to the ncutrino fieldswritten as ¥ = (\)C,v“,vT,ve,vS,vi) where ¢ means

: 1
charge conjugate. The eigenvalues of MV, with the assumption A~B, are approximately

,)\1=-a3b/2m2A, }\2=2abm2/(m2+b2\/\, )\3'-=-(m2 +I)2)/B, 7\45-1\, ,\S=A, and 7\6=B.

The corresponding eigenvectors yield the unitary matrix U that relates the weak

al’
isospin states @x=e¢, , T to the mass eigenstates 1 =1, 2, 3, according to

\)Otu= Uaivi‘ The K-M form of U(xi is

¢ S C3 Sg 53

Uais [=86 ¢G5S CCa8 4 5¢s |

- L]

S,S; C,SQC';-C, 53 505353'1' C;C‘; (22)
where cl=cosOl, 5y @ sinel, ete,, 91, 82, and 93 are the weak mixing angles,
and a CP violating phase & is put equal to zero,

We obt:a*I.n]‘S from Eqs. (19)-(21),



Cy ;/ (23)

whore

J

Biz-a (m+p)? Jam’,
i
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(24)

There 1s a large vy T V.. mixlng, the mixing angle being given by ]tan02|3‘=3(mc/mt)é,
whereas the other mixing angle 1s small, IE) |;‘i{m (m, +9m )/m m_]%/l&
1 ut ot c ct
16
While this way be a priori reasonable, there 1s some evidence that 1f neutrino

oscillations are significant, they do not involve V! Therefore, we have searched
for models in which there is large mixing belween other neutrino types, by varying
the Majorana term, and by varying the d-term that contributes to the up-quark and
neutrino masses. ‘these varfations do not alter the down-quark and charged-lepton

relations. The forms of v that are considered by varylng the d-term of (18) are

O a O Q a wm
U‘ = o mn, 0 N Uz'-' - O O B E
0o 0 b w 0 b (25)

The v, case leads to a stable b quark and the v2 case leads t01m12n%, 80 both
are unacceptable. Nevertheless it 1s iInstructive to note that the v, case yields

large Vo ™ Vi mixing while the v, case ylelds very little neutrino mixing.
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4. Comments

We can summarize the results of our investigation by stating that it is
very difficult to achieve neutrino mixing of other than the VT Ve type in any
minimal SO(10) model in which neutrino masses ére generated by the Gell-Mann-
Ramond-Slansky mechanism, because of the severe constraints placed on the mass
matrix by quark phenomenology. 1In order to search for new models 1t is not
necessary to diagonalize a 6 x6 matrix (21) with (S+ 3 )but rather 'VM~1V wi th
U, where v and M are the block diagonal elements of (21) and U satisfies (3),
because of the huge disparity between the Majorana mass scale and the quark
mass scale.15 In a recent article, neutrino oscillation effects are reviewed

by Barger et al.ll
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