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Abes tract

Certain matrix elements of vhe nonrelativistie
imaginary time propagator, exp (- Ht ), contrivutsd bj.
8 end P waves are calculated for & heavy quarkortiuz.
Effects of interaction of the quarkonium with ponpertuc-
bative fluctuations of.the>gluonic field in the phyaical
vacuum of QCD are taken into account as well as those
due to the short-distance Coulomdb like gluon exchange.
The results for the 8 wave a&re found to bs in agreemc:tt
with data on Yﬁ and ]ﬂ' resonances, and it is
shown that the Y  ass is definitelj bDelow the bare
quark thresholds &mg ~ Mr a 130450 MeV. Maas of the
1P level is calculatsd: }f1p"f1r s 370430 MeV snd its

annihilation rate is discussed.
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It has been demonstrated 1-3 that properties of
lowest hadronic states in channels with fixed flavor zad
spin-parity quantum numbers can be treated within the
short-distance QCD. This is done by considering certain
vacuum amplitudes induced by local quark operators at
short distances and by studying leading nonperturbative
contributions to the amplitudes which show up when dis-
tances get larger. For a heavy quarkonium such contribu-
tions appesr due to interaction of quarks with nonpertur-
bative fluctuations of gluonic field in the physical

vacuum of (CD, the leading term being proportional to

the following vacuum expectation value 1y2:4
Jely 4, % .
Z = <o | _1_3»2' (:y’,.,(’ol é“’ fe) lCo (1)

The product of the gluonic field strength operators is
defined in such a way that it vanishes when averaged

over the perturbation theory vacuum. A general framework
for considering nonperturbative effects in nonrelativistic
dynamics of heavy quarkonium has been proposed in Ref. &
in terms of the nonreclativistic Green function at short
distances and energies below the bare quarks threshold.
The approach is based on the multipole expansion of inter-
action of the quarkonium with the sluonic field of vacuum
fluctuations, the dipocle term being the leading one in

the colorless sector at short separatibns between the
quark and the antiguark. (A similar e.pansion has been
used by Gottfried > and Peskin 6 in a somewhat different

context).




This method has been applied 7 to an analysims of
the Y resonances which has provided with a prelimi-
nary estinmate of the bare . A’—quark mags. In thie
hote the analysis of Ref. 7 1ia improved by a more accu-
rate calculation of the nonperturbative terqf and is also
extanied to the P wave states of the 4,59 quarkonium
(bottonium, K"-oniun). A8 a result it is shown that
the Y(9.46) resonance is definitely below the bare
quark thresholds 2#¢ - My = 130450 MeV, as dis-
tinct from the case of charmonium where the 7/4’
resonance is well above the corresponding bare quark
threshold 21 My - €M, = 1.4 GeV. Also the mass
eplitting betwoen the 1P and the 1S ( Y ) levels in
the {-onium is calculateds M,p - My =370+30ueV.
(Our analysis is to the leading ponrelativistic order, so
that spin dependent effects are completely neglected. The
latter give rise to fine structure splittings between the

8 to be of order of a few

1P states which are expected
MeV)., This note is aimed to phemomenological analyeis

80 that we s8kip most of theoretical background concer-
ning calculations. The latter can be partly found in Lkefs,
4,7,6 and partly is quite new and will be published slee-
where.

The centrul role in our analysis is played by the

following quantities
Ve 7w
fg(2) = i"/'nﬂ Hx g L}/?,j'fo } (2)
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is the evolution oﬁerator (propagator) of the syetem in
the imaginary (Buclidean) time 7 X .{j) denotes
the relative coordinate between the quark snd the anti-
quark, e.g. X. = Xg - Xg « The Green function (H-E)™t
considerod in Ref. 4 is related to the propagator K
by the Laplece tranaform  with respect to the T va-
riable, The Hamiltonian H besides the kinetlic energy
includes both the Coulomb like interaction in the quarko-
nlum due to the short distance gluon exchange and the
interaction of the quarkonium with the gluon field of
the vacuum fluctuations. |

 The quantity | expl( Fe( z)]  ie analogous to the .
one oonsidered in Ref, 7 and in the nonrelativistic
linit m7T>1 ‘can be expressed in terms of the contri-
bution of the / /. states R‘ to the ratio R
measured in the e*e™ amnihilation 7 s .

3/‘»:'0 /,e,(s) exp [ Lo ittt m]J,c ()
L= [1.. e(/#l))ef"”)
where 0, a =1/3 is tho electric ohnrge of the K -

quark and 72 is its mass. It can be also noted that
in the aonrelativistio limit £ (z) 18 contributed




by the S wave states and [,(T) 1is determined by the
P wave ones,

The relevance of the quantities fs.2(7)  to a
study of lowest S and P satates of quarkonium is
caused by the simple fact that for large z only con-

tributions of ground states survive:

f,_‘)"(I) = ﬂ"‘b (:“ - E4S <

g [
- ¢ —* o2 6)
Fp(t) = tn Cp - £qp® J _

Here the energles £15,1P of the ground levels are coun-
ted from the bare quark threshold Z»t . The constants
C;‘p can be related in terms of a potential model to
corresponding wavefunctions at the orlgin:
2/ 2 12 /5 r )2
C.- Sy IR 1 ¢, = =% 1R1E(°) )

~ m I 4 m.f

or directly to the annihilation rates

[{Yy-ee) = (1- jf; oy (m) ) PGy Co s 2R

TR ~y1) = 922 m e /9/7 2

(a correction  ~ o (7] to the latter width is dis~

regarded here). Egqs. (7) are more general than a poten=-

tial model since they‘can bs derived 2 from &ispersion

relations for the electromagnetic vacuum polarization (cf,

ege. (5) ) and for the amplitude of the scattering j/‘}'/
By comparing contributions of the [ , Y’ and



}r" resonances to the integral in eq. (5) one can
readily ses that it is saturated with an accuracy better
than 5 & by only the Y resonance when M7T 2 20,
which gives an estimate of values of T at which
the asymptotic behavior (6) sets on. It is clear that
the lacger 48 7  the larger are the relevent distances,
80 thaé the question arises whether it is possible by ap~
proaching the problem from the short distance side to cal-~
culate tle quantities f;‘B(T} in the region of Z
where the asymptotic behavior (6) is already seen. It
" will be seen from what follows that for the {’-onium
the answer is affirmative., However this regquires to
take into account the leading nonperturbative contribu-
tion due to the v.e.v. (1) and to sum up all the Coulomb
like terms of the form (o Y7t )™ | _

The physical reason for this becomes clear when one
consideres the propagator._ A (2:073 T) as given by
integration of exp ( - /A/—/ Jt ) over paths Z (t/
with the boundary condi_t{ons Flo) = / and 7 (7)= £.
From a simple dimensional analysis it follows that for
infinitesimal [#/ ana 7/  the path integral is
domlnated by trajectories with characteristic values of

[£(¢)]  of order Yi/m . This means that the sepa-
ration of quarks in space is (72¢/7% times smaller
‘than the time duration of the paths Z . Therefore
even for rather large 7 the relevant distances are
short provided that 4z is also large enough. Thus one
can describe the interaction of the system with the gluonic
fluctuations by first terms ¢f the multipole expansion.

Besldes that the interaction of quarks with eaoh other can




be described at such distances by the short-distance gluon
exchangze which is reduced in the nonrelativistic limit¢
to the Conlomb like interaction potential

-

Ve = - g °;: P Z’ °§< P, (8)
whaere fﬂ and P} are projectors for the color sing-
let and color octet states of the quark pair respectively,
and the effective coupling constant ¢ should be

taken at the relevent distances of order VZ/m , The
parameter for the interaction (8) for larée mT 1is nof:ﬂ

oly  but rather

/ VSt ~ & T nim)" = o e
74

go that for mg > 1 one should account for the
Coulomb like interaccion explicitly.

After these preliminary remarks we write down the
expansion for the operator UET/?) = ex/;/lflzj
in the colorless sector (which is equivalent to the
expansion for the Green function obtained in Ref, 4 )

J{(Z}f.:za('z)— 9
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Here Jﬁ; and Jﬁ: are the pfopagators of Coulombd
like systems with interaction described by respéctively
the first and the second terms in eq. (8) (note also that
the products in the integrand in eq. (9) are operator
ones). The three dots in eq. (9) refer to contributions of

gluonic operators with dimension d > g4,



The first term in the expension (9) is given by the
propagation of a colorless system with the Coulomb like
interaction, while the second one describes two dipole
interactions at the moments r’” and 77 with
integration over ¢  and <Z’ . (The term with
one interaction which is linear in the gluonic fleld
drops éut when averagad over vacuum). Note that between

7’ ana 7’ the quark system is a color octet.

In the second term in the expansion (9) the gluonic
operators are taken at the same moment of time. This is
justified if effective values of the interval 77~ Z’/ are
smaller than the chargcteristic time duration of the fluc-
tuations. This epproximation can be ﬁested by conside~
ring the first nonvanishing term which appears due to the
difference ( Z'- 7" ). This term is proportional ! to

C(T-7")2><0lTey (D2 )& lo > ~
(10)

a 4 ¢
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The latter v.e.v. has been eitimated in Rexs, 1, and we use
this rough estimate in our analysis. As & result it can
be argued that the contribution of this kind to f;(¢)
is less than ~ 0,3 of that given by the term with
when /27 £ 45 (in the 4 -omium). (This is mainly
because the effective value < (7’- 7’/®> contains a
amall numerical factor (1/15) when compared to < ° ).
k3 to the quantity /;/z)  prior to the moment when
the cohtribution of the type (10) becomes essential that
of the d =8 operators comes into play, The latter cor-

rection is roughly equal to the contribution of the term

with » squared, and becomes notid?ble in the £-onium

¢




for /m T 2 35.
We proceed now to a more quantitative analysis of
@.P‘T) taking into account the two first terms in the
expansion (9). The results of calculation of F:s',e (t)

with the help of eg. (9) are as follows

7 / ,ra_)(f
Fc)= b[&tn] - 3 bofmz) - £ L ng)® 25,

v om . @s/’} (11)
- 3 .Z 2)? () P
foe) = Lu[&(1)] - 5 tlms) = 3 w7 4’5(1) (12)

where ] = %d;/;’_t: is the "Coulomb"™ parameter. The
functions P 577/ and X,g,f(/) describe the
effects of the Coulomb iike short-distance gluon exchange.
They are normalized to unity at J/ = 0. The explicit
expressions for the functions $s p (¥) are the
following:

27 2 ST g
Bl 125 )+ Lyl (7)€ [f'er/(n)],(ls)

7 CEN YR 9Ty,
B0)=4+ 4Ty 2 (12 X)) G/

2 g r (1a)
- )yt isﬁf/g/;% L ek [1eenlt)]
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where .e/z//x) = [2/%) [ A7 . (The function
(13) huas been calculated in Ref. 7). The functions _X;i
are also found in a form of rapidly convergent series, conm-
taeining 6’1:////’2/ « Howeve: the corresponding expres-—
glongs are rather cumbersome. For example ﬂ/s (r) ia

given by the following one




. ! -
X'g(tr): LT Z[n:q)(ﬂh?)(”*?){ 16[‘{ n)
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nr2 [(fp ,,,,_-)—;glgp’*mz)]
16
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Fn+19

ffz+20 [‘F {);,u, - ¢ mq)“ %I/ (25 ';;‘,‘;D)))}

+ 4 E he-1 ' —_Z-.
g1 h 2 (X//Zz—.ﬁ/.(ff}z'l—l/} (/1/ 4?)7)

where ¢, (x)= x"[é’xz(h sz/h))- 1] - remIn

and &, (x) = [e ,e/4+ e fexy) - 4]X-f- ¢ (x), Tho expression
for Xf (y) is still more complicated. For values of [}
essential in our analysis: J€ 1.5, the functions
)(,S,P () can be approximuted vp to & better than
10% accuracy as follows

Xeth) _ -ce0d Xel®) _  _—orey
; = € (15)
¢, (1) e (5)

Thus from egs. (11) = (15) one can derive formulas conve-

nient for practical computation:



2 .3
Fo(T)= 2/ ]+ 0297} "= 0.0466} v 0.0063)% .

‘ . p 3, -0.F0)} (1€)
‘fﬁ«(hr)‘i.izb("‘/e e,
F ()= 47) + 0067} + 0.00027p% ...
1) ") 3 ) (17)
- . o L-0.F
“faeimn) - 3y e

From the values of coefficients in these expressions one
sees that for. J <€ 1.5 it is sufficient to retain
few first terms of the expansion in powers of ) S
Let us discuss now corrections to egqs. (16) and
(17) and the relevant value of the coupling constant <, .
There are several small parameters involved : (mt}" ’
®y , and vie.v.'s of operators of dimension d > 4,
Accordingly there are relativiatic corrections -~ /mtj')’
further perturbative terms of order oﬁ,‘
and o ¥ - o.//~r and also subseguent nonperturbative cor-
rections. The latter aa stated above become essential
for ~ # ¢ 2 45 1in the S wave and for ¢ 2 35
in the P wave. In the region 20 < MmMT < 50 the
characteristic spacelike separations e /m are of
the order of [(0.? - 1) Gev ] "l and the effective
coupling constant should be taken somewhere in this region
(the exact value connot be determined unless terms of orde:
a(_: are evaluated). From the previous anaiysia 1,2 (see
also Ref, 9 ) it can be inferrsd that at such distances
9(5'.: 0.3. In our anslysis the value of & is strongly

correlated with the rate [ (V' —~e*e”) Variation of

10




o{; in the limits 0.3 +0.03 corresponds to [ (Y~ eve")
= 1.15+0.20 KeV (see below, eg. (19) ), which is practi~-
' cally the experimental value of the rate. It also looks
1'te that with a value of -Ofs outside the region
0.3+40.05 it is impossible to reproduce the e'e” width .
of the I . Thus one cen think that the neglected pertur-
bative terms amount to less than ~ o(; ~ 0.1 correc—~
tions to the quantities Eg (t) and Fp(t) in the
region 20 <€ M7 £ 50. In this connection it is necesea-
ry to outline that corrections of the orders o and

0(; /mz are abscent unless the coupling constant is
taken at distances exponentially different from those
characteristic of the problem. If the normalization point
for & is taken properly corrections of order o, (m)
appear multiplicatively only when the quantities F,}, P
are related to widths (cf. egs. (5) and (7) ).

The magnitude of the v.e.v. (1). has been estimatedl’?
from the analysis of charmonium: 7 >~ 0.7 x 1072 Gev*
up to a factor of ~ 1.5. This value of 7 would also
fit experimental data on Y resonances in the sense
of eq. (5). However a slightly better linearity of the

7 -dependence of - fy,(f) in the region MiI 2 30
(when calculated form eq. (16)) is reproduced with

7 = 1.0 x 102 GeV". Therefore we shall stick to this
latter value of Z which is also compatible with
the p’reviqus work +03 .

&n Fig. 1 are shown plots of the quantities /‘;v
- ana  fp 4.‘/ versus MT  as calculated from
eqs. (16) and (17) with o = 0.3 and y = 1.0 x 1072

4 .
GeV « (Four units are added to £, (7) to show it at

11




the same plot with Feri) ). The curves ars drawn in
the regions of m<¢ where the neglected terms are _
believed to be small enough as disc\';saed above. It is seen
from the figure that the correction due to the v.e.v. (1)
is quite essential for reproducing the linear T -de-
pendence (especially for #/ ) in the appropriate
region of m¢ . At maximal values of m7 conside-
red this correction give contribution about 0.2 to £
(at  m = 50) and about 0.3 to Fe (at mT =~ 38),
It is aleo seen that the Z~depandence of /A .and F}
is given by practically straight lines Astarting from

me = 25 apd M= 26 reépectively. The slopes of

these straight lines correspond to
) — - = -~ 150 Mev
Eie = My - em

and

E,p-Ess = M =My = 370 Mev

and the positions of these lines (the values of their com—

tinuation at M7 = 0) correepond to the follcwing

values of the constants (g, in eqe. (6)1 (4 = 0.19,

(p = 0.010. According to egs. {?7) this gives
[(Y—ee) = 1.15 Kev

F(1°p, = 17) ae)

I

42 eV

3

If Xy amnd } are varied in the limits o) =
= 0.3030.03 and  y = (1.010.3) x 1072 GeV* these
results vary approximately as follows:

My - 2m
M.'f - Mr

~ 130450 MeV, .

.370430 MeV, (19)

12 .




(Y -+ ee)
[{13P=0)) = 5245 ev. ‘

1.15+0.20 KeV,

The latter rate does not seem‘po be of an imed;éte
interest. Bowever, it 1s believed 10,11, 2 to be fela-
ted to the total hadronic width:

r(13P°-. Zj -» Aa,r./.tong) = 1% %—?")/_’/‘13&—-3’/): 360 Ker_

The values of o) and 7  if determined from
data are not independent. Thus uncertainties in these
parameters result in fact in a somewhat smaller (appro-
ximately by a factor of 2 ) errors in the results than
those indicated in eq. (19). However keeping in mind un-
certainties due to neglected in egs. (16), (17) small
terms 1t seems reasonable to leave the result as indicated
in eq. (19).

The result th - My = 370430 MeV contained
in eq. (19) is correlated through the values of . and
y with the width (Y- e*e") , and this predic-
tion for the 1P state mass can be insisted on unless
the experimental data on f‘(?‘* e'c‘) are shifted

from the region indicated in eq. (19).

13




Fig. 1. The quantities f¢ (t) (a) wnd  Fe(Zi4 (v)

14

calculated from eqe. (16) and (17) with

=03 and % =10z 1072 Gov* (heavy
lines). Toe dashed lines are the same with I =0,
The thin straight lines indicated the asymptotic
behavior (6) of f; p (€) at laxrge T
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