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Comments on "Adiabatic modifications to plasma turbulence theory" 

John A. Krommes 

Plasma Physics Laboratory, Princeton University, Princeton, New Jersey 0S544 

Catto introduced in Ref. 1 an interesting and plausible Modification of 

the usual "resonance-broadening" prescription for obtaining the nonlinear 

dielectric function. He argued reasonably that one should employ that pre­

scription only for the nonadiabatic response, and that one should treat the 

adiabatic response essentially exactly. However, MLsguich, in a recent Com-
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ment on Catto's work, ' found an apparent divergence in a form for the 

renormalized dielectric which he argued was equivalent to Catto's. Nfi_sguich 

was thus led to conclude that, at least for stationary turbulence, Catto's 

form was suspect, and that a more intricate renormalization might have to be 

used to obtain a sensible, convergent result. 

I wish to argue that this conclusion is incorrect, at least for the 

reasons f&sguich gives. My goal is not to criticize MLsguich, whose work is 

detailed and instructive, but to exemplify some subtleties of renarraaliza-

tion. It is adequate to discuss the electrostatic, stationary, Gaussian-

rarkov approximation with constant diffusion coefficient D and Maxweiiian 

background distribution <f>. In the resonance-broadening approximation, the 

dielectric E then takes the form 

e(k,w) = 1 + J(kLr 2fdvdv U (v;v)ikv<f(v)> , ill 
s 

where 

0", cv;vl 3 [°°dT expfixai-kv) T-k 2DT 3 /3lP iv-v- ikDx 2 , T) , v2) 
k,d) J 0 L J v 
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- V 2 
P ( Z , T ) = <4TIDT) 2 exp<-z /4Dx) . (3) 

2 2 
and XT = T/iirne • To simplify (1 ) , i t i s convenient to change va r i ab le s 
from {v,v} t o {u 5 v-v-ikDx ,v} so t h a t 

I = ! dv/ dv exp( - ikv i )P ( v - v - i k D i ) i k v < f ( v ) > 

2 3 r » - - - - r ° * - i k 2 D T 

exp(k DT ) J dv exp<-ikvt)ikv<f (v) / du exp(- ikux)P (u) . (4) 
-« - ik DT 

A standard application of Cauchy's theorem enables one to shift the u contour 

upvard onto the real axis, giving rise to 

r» 2 3 
J du exp(-ikuT)P (u) = exp(-k D T ) . (5) 

This factor cancels with the first term in (4), whereupon 

I = - — / d v exp(-iKVT)<f(v)> . (6) 
aT 

Then, upon i n s e r t i n g (6) i n to (1) and i n t e g r a t i n g by p a r t s in T, one finds 

e(k,w) = 1 + l a i ^ f 2 + J ( k ^ ) " 2 / d v <f<v)> 

^ / " d T f i u j - ^ D ^ t e x p f i d o - C T j T - ^ D - 3 ^ ] . (7) 

2 2 Ca t to makes subs id i a ry approximation"; which lead him to neg lec t the k DT 

term. The r e s u l t , 
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1 + £<kX ) ~ 2 + Jiu(kX ) {dv <f(v)>/~di exp[ i ( u-fcv) T -k Dx / 3 ] , (8) 

i s the one which MLsguich d i s c u s s e s . 

Hisguich claims to der ive the convergent form \8) from a form [his 

Eq. (10)] which i s apparen t ly d ivergent . There a re two face t s t o t he r e so lu ­

t i o n of t h i s paradox: Hisguich ' s de r iva t ion of (S | from h i s Eq. (10) i s not 

c o n s i s t e n t , and his d ive rgen t form i t s e l f does not follow from Eq. (1 ) , but 

from an expression [Misguich 's Eq. (5)] which does not seem to be cons i s t en t 

with t he d e f i n i t i o n of t he d i e l e c t r i c . ' In an attempt t o inc lude non-

>tarfc.ovian c o r r e c t i o n s , MLsguich and Balescu argue t h a t (1) should be replaced 

by 

2 

E l k . w t ) = 1 - iT - | J"dT e 1 1 J T / d v d v U <v, T;V)-*—cf <v,t-x)> . (9a) 
k 3v 

They wr i t e 

<f(v, t-T)> = fdv'U „ ( v , - T ; v ' ) < f ( v ' , t ) > (9b) 
' k=0 

and then take < f ( v ' , t ) > t o be s t a t i o n a r y . However, the Eule r ian function 

< f ( v , t - x ) > .'._ no l e s s s t a t i o n a r y than <f (v , t )> . Ihe d i e l e c t r i c descr ibes 

the r e s u l t of probing the system a f t e r the t u r b u l e n t s t a t e i s s e t up . Since 

both W.sguich and Balescu as well as I assume s t a t i o n a r i t y , <f> i s unchanging 

before the probe i s app l ied and (9) i s i n c o r r e c t . 

Never the less , Misguich proceeds from ( 9 ) . One has 

U „ ( V , - T ; V ) * P ( v - v , - T ) . (10) 
k=0 v 
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KLsguich, in a separate, also inconsistent approximation, now parses (9b) 

with (10) through the 3/3v operator, after which it partially cancels with 
— 2 — 2 

P (v-v-ikDr ) in such a way that P (v-v-ikDr ) is effectively replaced 
— 2 

in (2) by A(v-v-ikDt ) / where i(z) is the Dirac delta function analytically 
continued from real to complex values of z, e.g., 

2 - V 2 2 
A(z) = l i j j (2TTO ) 2 e x p ( - z /2<j ) • d t ) 

The manipulations leading up to (5) s t i l l hold; however, because of the de l t a 

2 3 function approximation t o P , (5) i s replaced by un i ty , t he t a r n exp()c DT ) 

2 3 

in (4) i s not cance l l ed , and in (2) a net factor of exp(2k DT /3) remains. 

The r e s u l t i n g time i n t e g r a l i s d ive rgen t , as MLsguich n o t e s . 

In an at tempt t o circumvent the divergence and ob ta in C a t t o ' s r e s u l t , 

Misguich ( e f f ec t i ve ly ) re tu rns to the form (1) (with P v s t i l l replaced by A) 

and i n t eg ra t e s over v : 

E = 1 - ^(kJ )~ / " dvf"dT e x p f i i u - k v l t - k DT /i] 

2 2 2 
x(ikv-k DT )<f(v-ikDT )> • < 1 2 ) 

This result can be justified by Cauchy's theorem. It is obviously equivalent 

to the divergent result discussed above, as a change of variables to 
2 2 

v' = v-ikDT reveals. However, Misguich now neglects the factor of -ikDT 

inside (but not outside) <f >, arguing ir.consistently that the action of the 

propagator on <f> results in "higher order contributions" in D. The result. 
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E = 1 + Yo-X ) j d v < f ( v ) > 

x / ' d T e x p [ i ( m - k v ) r - k 2 D x / 3 ] ( i k v - k 2 D T 2 } , (13) 

i s c o n v e r g e n t . I t i s e q u i v a l e n t t o C a t t o ' s r e s u l t a n d , upon i n t e g r a t i o n by 

p a r t s i n T, t o (8) . T h u s , s i n c e t h e d i v e r g e n c e Msgvi ich d i s c u s s e s i s s p u ­

r i o u s , C a t t o ' s r e s u l t r e m a i n s r e a s o n a b l e . 

O the r a s p e c t s o f t h e n o n l i n e a r d i e l e c t r i c a r e d i s c u s s e d i n Ref. 8 . 

R e c e n t work has a t t e m p t e d t o s y s t e m a t i c a l l y j u s t i f y a*- - o x i m a t i o n s s i m i l a r t o 

C a t t o ' s ; R e f s . 5 and 6 c o n t a i n many r e f e r e n c e s . 
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