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ON LIEB'S ENTROPY CONJECTURE 
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Abstract. The. ie.fon.mvita.tion of Lieb's entropy conjecture, 

in the trame of the harmonic analysis on the SO (3) group, 

makes it evident that the exact value of the classical en

tropy of a pule quantum state, "hich belong* to the Hil -

bent Apace Hj of a (2J+ / ) - dimensional, unitary, irneduci-

hle representation U, of the SO (3) group, depends only on 

the parameters which characterize the orbit* of ilj in H«. 

In the case 3*1 we give the exact analytic dependence of 

the classical entropy of a quantum state on the parameter 

which characterizes the orbits and as a consequence we ob

tain a verification of Lieb's entropy conjzcturt. We verify 

this coKjectuKe also for any value of J for the states of 

the canonical basis of Hj. A natural generalization of Lieb'S 

entropy conjecture, which is a new "phenomenon'' in the har

monic analysis on SO{3), is discussed in the case J «• / . 

http://ie.fon.mvita.tion


1.INTRODUCTION 

The present paper i s devoted to a ve- ' i f icat ion of Lieb's 
entropy conjecture / l , s e c t i o n 3 / in some part icular c a s e s . 
From tho beginning we pcint out the connection of th i s 
problem with the harmonic analys i s on the group SO(3) of 
ro ta t ions in three dimensions. Let U . ( g ) , ( g t S0(3Î) , be 
a unitary, irreduciblp representet ion of SO(3) in the 
(2J+l)-dimensional Hilbert space HJf where J = l / 2 , l , 3 / ? f . . . , 
and l e t - { v

m J i m = - J , - J + l , . . . , o , . . . , J - l , J , be the canonical 
b a s i s i n H.. We demote by | | . j| the norm in H_ end suppose 
that H v J| = 1 for any value cf m. The matrix elemente 
of the representation U, in th i s canonical basis are 
denoted by : 

»i , («)-«VV«>»n>- '" i ("^f , t i 1( t ) (1.1) 
where (<jp,9,4/) are the Euler angles which define the 
r o t a t i o n g fe S0(3) , and 

J 

where 
W6 ) = Pmn<9> (1-2) 

pmn(cos0) = i ( xttjTTjTnrr' (c tg -f~)
 (1> 

^ ~ (-l)k(H*)! /n,n 6 x 
2 _ a-k)!(k-m)!(lc-n)! ( s i n-?- ) 

k=max(m,n) 

3) 

2k 

Because the unitary, irreducible rppresentationB of the 

compact groups are square integrable we have in the 

particular case of the S0(3) group , for any u,v € H. : 

2T2rur 

2j}£ J 3 ) |(u,U (g)v) | 2 s i n e ded<fd<f= II u (| 2 I v || 2 

o o o ° • ; (1.4) 

end from th i s , for any u £ H , , we obtain : 
2ÎT K 

- f ^ M ) | M j ( « V | 2 *in0ded<p 'flu ||2 (1.5) 
o o — I 

t 



_ "> _ 

Lieb'e entropy conjecture takes in these notations the 

fol lowing form 
2* » 

I O n \ _ O T 

lut 
where the equal i ty i s attained only for Bloch coherent 

23T y 

- fe'TT J J|«A'DJ<«>VI ?P eln" a , d f U * $ r (1-6; 

states : 
u * U J ( « ) v i J (1 .7) 

for any g frS0(3). In f a c t th ie conjecture may be considered 

as a consequence of the fol lowing conjecture : 
2JT3r 

2J+1 
4TT \ S | (u f U J (g )v + J )1 2P s in0 d6dcf ^ j | ^ - M 2 p (1 .8) 

where , when p >1 , the equal i ty i s attained only for 

Bloch coherent s t a t e s ( 1 . 7 ) , and when p = 1 , for any u 6H_. 

This l a s t conjecture in in fact a sharp est imation of the 
?p 2 

L (S ) - nora of the matrix c o e f f i c i e n t s (u ,Uj(g)v + j ) : 

0 0 

A result of thie kind is unknown in the harmonic 

analysis on the S0(3) group . For the Heisrnborg group 

such a result was proved in /3/. In section 2 we obtain 

the exact value of the classical entropy of a quantum 

state /1,4/ end es a consequence we vprify (1.6) for 

J * 1 , In section 3 we obtain the exact value of the 

left hand side of (1.8) and prove (1.6) and(1.8) for any 

value of «T, for the etatea of the canonical basis : 

u = v , m • -J,-J-fl, ,...,o,... .,J-1,J .Ii» section 4 

we discuss the conjecture (1.8) for J =1. 
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2.THE EXACT VALUE OF THE CLASSICAL ENTROPY OF A QUANTUM 

STATE FOR J - l . 

The e s sent ia l property of the integral : 
21CJC « 

which we shall exploit in the following, i s the fact 

that i t depends only on the orbit 0, of U. in H. to which 
u u «J 

belongs the vector u. From th i s property i t foilowe that 

i t i s suff ic ient to calculate the integral I (0, ) only 

for one repr^sentant from each orbit 0 ; th is representant 
u • 

may be chosen to be the most simple one* The space H, 

s p l i t s / V into three strata ( union of orbits with the 

same s tab i l i zer up to conjugacy ) which are characterized 

by a real valued parameter a £ Co, 11 which i s defined for 

any vector u = C _ I V _ T + C
O

V
0

+ C I V I ^ Hi *n t n e following way: 

e(u) = \c\ -2c_lCl { / ( K i l ^ K / t l ! 2 * (2'2) 

A typical vector u of a stratum , which io characterized 

by a given value a of this parameter , i s of the following 

form : 

u = Hull oTT^e v-3_ + >Ta vQ) (2.5) 

The stratum for which a =o contains one two-dimensional 

orbit 0 =0 =0 , which i s the orbit of Bloch coherent 

rtates . The stratum with a £ (o , l ) i s a continuous se t of 

three-dimensional orbits 0„, one for esch value of the 
a 

perimeter a . The stratum for which a = 1 contains one 
two-dimensional or t i t 0, * 0 . V/e shall obtain the 

o 
cl8S8icsl entropy / 1 , 4 / of e pure quantum state 



u / q u | «t V 1-a • . W"a v ) , defined by : 
—i o * 

(2.4) *C1<HST > - i * V p«l 

ae a funct ion of a £ Co,ID . With the notat ion x * coa* 

we have : 
1 2'~ 

lJ(O a ) =^| - )dx ) d ^ r ( l - a î ( ^ î ) 2 - » - 2 a ( ^ î ) ( ^ ) + 
- l o L ( 2 . 5 ) 

2 (2a (1-a) ( i | * 0 ( i f*-) 3 ) 1 / 2co*ty*f )J 

For a = o and 8 = 1 we obtain : 

^ « V = 5p^ ( 2 ' 6 ) 

and P 
T 1 ^ ^ - 3 2 p r ( p + i r ,? 7^ 
I p ( c l ) ~ ^ T pjSpIl) ( 2 ' 7 ) 

r e s p e c t i v e l y . . For each a € ( o , l ) we s p l i t the in t egra l 

with respect to x i n two p ieces : one from -1 to 

( l - 3 a ) / ( l + a ) and the other from ( l - 3 a ) / ( l + a ) to 1.Further 

we change the var iable i n the f i r e t in tegra l inco 

t = 2 e ( l + x ) / ( . l - a ) (1-x) end in the second integra l into 

t = ( 1 - a ) ( l - x ) / 2 a ( l + x ) . Then a f t e r in tegrat ion nrith 
respect t o <p and uae of the formula / 6 / : 

F ( - p , - p ; i ; t ) = 2 f - | ( l+2tcos(<f+ <<) + t 2 ) p d < / (2 .8 ) 

we obtain 

(2.9) 

T^f^1 | « C l ^ ) - ^ » t>F<-p.-p;l;t] 



i-'rora the fact the*, the integrands which appear in (2.9) 

Pre free of r i n g u l a r i t i e s for t 6 Co,11 , a fc(o,l) find 

p ^ 1 , i t follows tha t 1 J(0 ) i s a d i f f e ion t i ab le 
' p a 

function of a erd p for r> £ (o , l ) and p ~ 1. We she l l 
calcule te the claasicr. l entropy Z.&) using the representa t ion 

(2.9) fcr lj;(0 ) . From thi» fact tha t p a 

r -p.-p;!;!) = i * P?t • (fiipU)2t? • ( P ( F - j j ( P - ? ¥ t 3 n . . 
( ? . l o ) 

r-nd because t h i s s e r i e r i s absolutely converging for a l l 

t £ Co,U we obtain : 

- 4 ^ F ( - p , - p ; l ; t ) | p = x = 2t (2.11) 

for ell t. € Do,13 • After tedious calculations we obtain 

the following simple expression for the claspicel entropy 

of a pure quantum state u/ ||u!| <= 0. : 

Scl(a) = y- + (a - ln(l + a)) (2.12) 

for a £ ( o , l ) . *Vhen a = o or a = 1 we obtain d i r e c t l y 

from (2.6) and (2.7) 

SC i (o) = - y - (2.13) 

end 

S c l ( l ) s - | - 4 ( 1 - in?) (?.14) 

respactive3y . Ha re&artc that (?.13) and (2.14) are 

p a r t i c u l a r cnaes of (2.12) for a = 0 and a « 1 r e spec t ive ly . 

Halation (2.12) i s thus valid for a l l e 6 Go,13 . Now 

i / ieb ' s fc-:tvopy conjecture for J - 1 

S c l ( a ) * — | — (2.15) 
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where the equality ie attained only for Bloch coherpnt 

states u £ 0 , is a simple consequence of (2.12),(2.13) 

and of the well known inequality : 

a - ln(l +a) * o (2.16) 

valid for all a * o . From (2.12) it is obvious that the 

classical entropy attains it** maximum value for a = 1 

i.e. for u/n u|l £ 0 . 
o 

3 . THE VERIFICATION OF LIEB'S CONJECTURE AND OF ITS 

GENERALIZATION FOR ANY VALUE OF J FOR THE CANONICAL 

BASIS . 

We sha l l ca lcula te the exact value of the i n t e g r a l s 

1^(0 ) for m = -J,-J+l,...,o,.,.,J-1,J where 
• m 

J = 1/2,1,3/2,2, and p * 1 . In this esse we have 

ipH > * 2MO«>l2p««= ^ ̂ KM2*** 
m -1 -1 (3.1) 

and obtain 

I J . 
P . . . . 

(3.?) 

(0 ) * Sîlil (, <gfl! . . ) P r{pţJ-y)*l)r(p(J+«?+l) KUvJ 2pJ+l MJ+m)!(J-m)! ; r (2pj+lj 
m (3.?] 

From this formula it is obvious that I„(0 ) = I„(0 ) p m p -ra 
for all values of m .The classical entropy of a pure 
quantum state v , m = -J,-J+l,...,o,...,J-1,J is then 
given by : 
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l n (<J+m}»(j-m)! ) + "?j*r 

where 

^ C j ) • s c l <v • 5 $ - c.4> 
Lieb ' s entropy conjecture i s then equiv»l*»r.r. witJ: tv.e 

following inequal i ty in which w«» have uerd the notat ions 

k =• J+m , j = ,T-m : 

k(kV+kV + ••••• ÎTT> + ̂ T^r + 37?-+-—+ T^F~-

* In (<L*±4J-L ) 3.'} 
For k = 1 we obtain e known ' 7 / inequal i ty 

r 4 ? + T + + J * InU+l ) ( ' . .-/ 
va l id for any nonnegf-tive int.'.ger j . This lnequf i i ; • 

proved b.v induction . usin^ the well known ineq .r. 

va l id for any nonnegfctive integer k. >v< r ove ..if.o 

the inequal i ty (3.5) by induction , \>* t .ath rrsp ct V, 

k and f ina l ly with \f«apect to ; . uii-.j» ' ' / < ) • In th i s wey 

we h-'îve proved Lieb'a con, "•tur*' for zny value of o end 

for a l l a t a t e t v m • - J . ^ i , . . . . , o , . . . , J - I , J . A'e 
IB , 

fmcrk tha t with th* use : i t'* inequal i ty (3,7) wr r"v 

ţ. ve tha t ic (v > a t t a i n i t maximum value for m - c . 
ITi 

I:; the following w* fh**j. show t^a t the pener^l izrd 

.'.on,ieeture : 
i *T / r\ \ 4 2J+1 , , , > 
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is valid for any value of J and for p * 1, Proa (3.2) it 

follows that this inequality is equivalent with the 

following inequality for the P-funciion : 

r(kp.i)rgP+i) = ( r(k+i)r(i+iKp 
r((k+jVP+iJ K Hk+3+T) ; ° - * ' 

which i s unknown. This inequal i ty may be w r i t t e n as an 

i n e q u a l i t y for the B-funct ion : 

( (k+j )p+l )B(kp*l ,op+l ) = ( ( k + j + l ) B ( k + l , j * l ) ) p (3 .1o) 

f o r any n o n n e ^ t i v e i n t e g e r s k , j and any p - 1 . Wt s h a l l 

consider the more general inequal i ty : 

( ' n + b ) p + l ^ > p + l , b p + l ) « ( ( a + b + l ) B ( a + l , b + l ) ) p (3 .11) 

f c . ,jny r*n~ nonnegative numbers e;b and p - * 1 . We obtain 

t h i c ..':eq'' l i t y from an i n t e g r a l representat ion for the 

B-funcVc». / 8 , § 1 , 1 . 6 . 3 / : % 

, t 1 , t -. •>*•»> T " e i (»-b)f ( c 0 B Wa*b _ d £ 

.32) 

'• -fl from •>-pi*;nt e inequal i ty /9 tcb3p.^,"r>'i.3.'V only for 

t = b : 

. 1 xr _ ro?h f , , . ^ ? l > J i \ P 

- - T 

% 

It 

= (2bp+l)B( r b+l ,pb+l) ° - 1 3 ) 

Hence the inequa l i ty (3 .11) , for a f b , remains a conjecture . 
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4 . DISCUSSION OF THE GENERALISD CONJECTURE IN THE CASE 

J = 1 . 

I n t h i s s e c t i o n we d i s c u s s , f o r J = 1 , the con j ec tu re 

( 1 . 8 ) which i n t h i s case becomes : 

f o r any va lue of a £ [ o , l ] an i c f p - 1 . In o rde r to 

v e r i f y ( 4 . 1 ) we t r y to f ind tho e x p l i c i t form of the 

i n t e g r a l I (0 ) as a func t - n of the pa ramete r a . F i r s t 
P a 

we c a l c u l a t e t h i s i n t e g r a l , i n a s t r a i g h t f o r w a r d manner, 

i n the case i n which p i s a p o s i t i v e i n t e g e r (p = n > l ) , 

and o b t a i n : 
C-K-:3n-2s n - s - r 

^ ( a ) = 3 - V l ^ X ( - l ) V + r ( ? n - a - r ) l ( a * r ) ! n i a ' ^ 1 

n 2 n + 1 s=o r^o t=o ( s ! l r ! ( i T ? s - r ) ! ( ? n ) ! ( n - f - r - t ) ! t ! 
(4 .2 ) 

Af t e r t e d i o u s c a l c u l a t i o n s we o M 8 i n from t h i s p x p r e s r i o n 
?k+l t h a t the c o e f f i c i e n t s of c nre equa l to r e r o for 

2k 
k = o , i and t h a t the c o e f f i c i e n t of a fo r k - " , ? pre of 

the fo l lowing form : 

*•> -*zr«- mk, *2 * xtTZ:f, >' - ' 
2 ? ( 2 n - l ; (2n-^i ,. ^^ 

The comparison of thie expression with ihe fund r 

, < ? n , ! n e A 2 * k ! ( : ? n - l ) ( 2 n - 3 > . . . i n-^k+1) A M - / ) 

where P n ( » ) fire Legendre po lynomia l s , nuMrr-tr t>-;•-<t. : 

I f we assume t h a t ( 4 . 5 ) i e v a l i d we o b t a i n t h a t : 



! 0 

£<v --*-ii(0.) ' s ^ - (4.6) 

where the equal i ty i s a t t a ined only for a = o . Indeed, 

fro» the fact tha t the roots of the Legendre polynomials 

l i e a l l in the i n t e rva l (-1,1) and fro» the f ac t t ha t i f 

P (b) =o i t r e s u l t t ha t e i t h e r b = e o r P (-b) = o , we n n 
obtain tha t : 

F (x) i ^ 2 n ) ! > xn (4.7) 
n 2 n ( n ! T 

f-'i r b i t r a r y x > l . From (4.7) w«> p>t 

-2ţjnjji .» Pn(i) * i («.«) 

which together with (4.*) gives (4.6). Now we try to extend 
the formula (4.c) to all values of p- 1 using spherical 
functione P (x/ instead of Legendre polynomials. Then we 
mpke the hypothesis that : 

.? 
i; ( ca ) =?FT- r(?P'îS «"V*> '4-9î p ( c a } " 7p+l rTTpTT e V»1 

and from the f8ct thPt l o / : 

P p (z) = ( ^ ) P F ( - p f - p ; l ; - ^ Ţ ) ( l . l o ) 

f-ir R e ( z ) ^ o , we obtain : 

rWr» ^ - 3 2 p r (n+l) ,l**»p P / _ ,..-,. lzL> 'A ;-»> 
V '• ~2T^T r(2p*l) ~ } F ( - P » - P ' 1 - T71T . 4 . i l ) 

From thifi formula we obtain imme-Ji^'.ely t.hr.L : 

d p
p * I * £ • ( a - ln( Urn) ) (4.1?) 

which coincides *ith the r e s u l t proved in sect ion 2. 

Final ly we remark that the inequal i ty (4.4) i a equivalent 
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P U ) £ 4 ^ ± i ) xp (4.13) 
P 2PP(P41) 2 

f o r a l l x - 1 , or wi th the i n e q u a l i t y : 

F ( - P s - P ; l ; t ) ^ r(2p+l) ( 1 + t )P C4.14) 
2 p r ( P + i r 

for all t £ Co,13. We have not a proof of (4.13) or of (4.14) 

for noninteger values of p. 
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