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CN LIEB’S ENTROPY COMJECTURE

H. Scutaru

Absdtrnact. The reformulation of Lieb’s entropy confecture,
in the grame of the hanrmonic analysis on the SCG(3) group,
makes {t evident that the exact value of the classical ev-
tropy 0§ a pure quantum state, hich belongs to the Hif -
bert space H] of a (2J+1)- dimensional, unitary, irneducd-
kle nepresentation Uy of the SO0(3) group, depends only on
the parametens which charactenize the onbit: of Uy 4n Hye
In the case J =1 we give the exact analytic dependence of
the classical entropy of a quantum state on the parameten
which chanactenrizes the onbits and a8 a consequence we ob-
tain a verification of Lieb’s entropy confecturne. We veaify
this corfecture also fon any value of J fon the states of
the cononical basis of Hy- A natural generalization of Lieb’s
entropy conjectune, which is a new "phenomenon” in the han-
mondic analuysis on SO(3), (s discussed in the case J =1,
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1., INTRODUCTION .

The present paper is devoted to & ve.ificsation of Lieb’s
entropy conjecture /l,section 3/ in some particular cases.
From the beginning we pcint out the connection of this
problem with the harmonic anelysis on the group SO(3) of
rotations in three dimensions. Let UJ(g),(g € S0(3)), be

8 unitary, irreducible representetion of SO(3) in the
(2J+1)-dimensional Hilbert spece H;, where J=1/2,1,3/2,...,
and let-{vm} y M==d,~J+l,...,0,...,J-1,J , be the csnronical
basis in HJ. We deote by ||.|| the norm in HJ end suppose

that §v_|| =1 for any value cf m. The matrix elements
of thé representation UJ in this cenonical bssis are
denoted by :

(@) = (v, U (gdv ) = e MBI o gy (11)

where (159,Y) are the Euler angles which define the
rotation g € <0(3) , and

J _ J
tun{ 9 ) = Poq(@) (1.2)
where
Pan(cos®) = 17N IERHERY (ctg TR
-1)k 1+k)!

.0 2k
= T H I (8in—-)

k=maix(m,n)

Becsuse the unitary, irreducible representations of the
compact groupe are squere integrable we have in the
particular ceee of the S0(3) group , for any u,v € HJ :

arw
2%%; 5 S S |(u,UJ(g)v)‘ 2 gind dedqd7=||u(|2 [ vl i_

00O 1,4)

end from this , for any u € Hy » we obtain :
P4 a4

-%%;l—s S‘(u,UJ(g)v+J) 2 sine® dea? = ﬂu]lz (1.5)

o O



Lieb’s entropy conjecture takes in these notations the

following form :
A X

- & é é‘gzuu (@7, )| P eino dOdY)\pzl =2 (1.6)

where the equality is etteined only for Bloch coherent

states :
u = Uslglv,, (1.7)

for sny g €S0(3). In fact thie conjecture mey be considered

as 8 consequence of the following conjecture :

Va6 g
2J+1 2p _. 2J+1 2p
e g ii(u,UJ(g)viJ ){ sin6 dedq é=5537T_ Nul“F (1.8)

where , when p>»1 , the equelity is attained only for
Bloch coherent states (1.7), @&nd when p =1 ,for sny u €H;.

This last conjecture is in fact e sherp estimetion of the

e

L (82) - norm of the matrix coefficients (u,U (g)v J) :

2R

2J+1 2p 172p £,2J+1 1/2p

21 gku,UJ(g)v:J)l sine doap) /2P £ZLLL2R L L o)
o0

A result of this kind is unknown in the hermonic
anelyeis on the SO(%) group . For the Heisenberg group
such & result wes proved in /3/. In section 2 we obtein
the exect velue of the clessicel entropy of & quantum
stete /1,4/ end es @ consequence we verify (1.6) for
J =1, In section 3 we obtein the exact velue of the
left hend eide of (1.8) and prove (1l.6) &nd(1.8) for &ny
value of 7, for the states of the cenonicel baeis :
usv ,0==J,=-J+41,.....0,....,J=1,J ,1In section 4

m
we discuss the conjecture (1.8) for J =1,



2.THE EXACT VALUE OF THE CLASSICAL ENTROPY OF A QUANTUM
STATE FOR J=1 .

The essential property of the integral :
J 2041 ?ﬂj{ u_ U.(g)v,.y|°Pein g ded (2.1)
Ip(Ou)=T°§ ‘(m,Jg :J)‘ o b‘f .
which we shall exploit in the following, is the fact
that it depends only on the orbit O,_l of UJ in HJ to which
belongs the vector u. From this property it follows that
it is sufficient to calculaie the integrel Ig(ou) only

for one representant from each orbit 0u ; this representant

may be chosen to be the most eimple one. The spsace “1

splits /5/ into three strata ( union of orbits with the
same stabilizer up to conjugacy ) which are cheracterized
by & real valued psrameter & € [0,1]1 which is defined for

eny vector u = c_jv_j+c v +C Vv, & Hl in the following wsy:

e(u) = | ~2c_je; | / (fo_q] 2+ fey| P4y ) (2.2)
A typicel vector u of & atratum , which ie characterized
by @ given velue & of this parameter , is of the follawing
form :
u=lul (Vi-e vay®t Vi v,) (2.3)
The stratum for which & =0 contsins one two-dimensionsl

orbit 0_=0_ =0 , which is the orbit of Bloch coherent
0 vy TV, ; .

rtates ., The stratum with e € (0,1) is & continuous set of
three~dimensionel orbits O,s one for eech velue of the
prremeter &8 , The stratum for which 8 = 1 contains one
two-dimensional ortit 0y =0, . We shall obtain the

0
clessicel entropy /1,4/ of e pure quentuam staete



u/ ful =( V1-a v wWa v,) » defined by :

cl, u a 1
sl ) = & 200y | o (2.4)

ee & function of 8 € (©,1) . With the notation x = coes

we have :
1 27

I;(Oa) 27%_ gdxs df[ -a)( .9 +2a(}-§!~)(%1)

2(20(1-8) (332 255 )V 2oy )]

For 8 = 0o and 8 = 1 we obtain :

(2.5)

1 - 3
and 1 3 2P )2
= r(p+l : ;
p(O ) = Spel ——(é-ETH e (2.7)

respectively . For each 8 € (0,1) we split the integrsal
‘with respect to x in two pieces : one from -1 to
(1-38)/(1+a) and the other from (1-38)/(1+8) to 1l.Further
we change the variable in the first integrel inco

t

28 (1+x)/(1-a)(1-x) end in the second integrel into

t

(1-8) (1-x)/2a(1+x) . Then after integretion with
respect tof end use of the formule /6/ :
2%
F(-p,=p;1;t) = 27-! (1+2tcos(‘(+d) + t?)p d‘f (2.8)
)
we obtain

1 = (1-8)P*?
Tp(0g) “}[‘75"

dt (%5%t+1)‘2(p*1) F(-p,=p;l;t) +

O\ 4

(2.9)
120)7P*1 | 28 ,\=2(p+l) .p
-;-lh- )p+1 S dt(1+1———t) t F(-p.-p;l;t]
-8
(]



From the fact thet the integrsnds which appear in (2.9)

ere free of ringularities for t € Zn0,11 , e €(o0,1) &nd

o1, it follows that 1;(0&) is & diffeientieble

function of & erd p for & € (0,1) 8nd p = 1, We shell
calculete the classicrl entropy 2.4) using the representation

(2.9) fcr I;(Oa) . From the fect thet

(?.10)
#nd becsuse this seriefr ie ahsolutely converging for all

Foopa-pilit) =1+ por o+ (REZLL207 o (Rl (po2),2,3,

t € (0,13 we obtain :

|
'%S FO-py-pilit) | o q = 2t (2.11)

for e11 t € Do,1] . After tedious celculetions we obtain
the foilowing simple exprescion for the clasricel entropy

of a pure quentum state u/|lul] € Op

5L(a) =-§— + (8 - 1n(1 + 8)) (2.12)

for a € (0,1), When &8 = 0 or 8 = J we ottein directly

from (Z2.6) and (2.7)

Scl(o) - _%_ (2.13)
end
3°1(1) = —%— + (1-1n?) (2.14)

reepectively . #e rermark thet (2,13) end (2.14) sere
perticuler crses of (2.12) for e = o and &8 = 1 rnepectively:
Reletinn (2.,12) is thus valid for 8ll e € (Co,17 . Now

Lileb's e tyopy conjecture for J =1

sl(a) = —5— (2,15)



where the equality is attsined only for Bloch coherent
states u s=oo ,\ie 8 simple consequence of (2.12),(2.13)
and of the well known inequality :

e - 1n(l +8) =0 (2.16)
valid for 8ll a = n , From (2.12) it is obvious that the
classicel entropy atteins its meximum velue for e =1

i.e. for u/fup € Ov .
o

3. THE VERIFICATION OF LIEB’S CONJECTURE AND OF ITS
GENERALIZATION FOR ANY VALUE OF J FOR THE CANONICAL
BAS1S .

We 68hall celculate the exact value of the integrels
IJ(O ) for m= -J,-J'.'l,aoo’o’ooo’J-l’J WhP!‘e
" Vna

J - =1/2,1,3/2,2,..... nd p =2 1 , In this cese we have

1 1
J o 2941 (1o 2pa. _ 2041 (1 od .| 2P
10, ) = 3 Sll”m,-a"" o = 52 | |72 5o m(:} .,

and obtain

J _ 2J+1 (2J)! p P{p(J-m)+1) P(p(J+m)+1)
Ip(ovm) SpIel (?EIETT%J-ﬁTT) 'AEL'TT%BJ%T§2L“‘2"'

(3.2)

From this formula it is obvious that Ig(ov ) = Ig(ov )
-m

for all valuee of m ,The classicael entropy of & pure

quantum Etate Vm 9 m= "J,’J‘l,oo-,o,o.o,J-l,J is then

given by :



1 1 1,

c (Vm) = (J+m)(J*m+1 + Jemeo + oot =7 +
(J-m)(J_i+1 + J-;+E teeood —%3—) - (3.3)
In (i T : =T

where

SC1(V-J) = SCI(VJ} = 53%%" (%.4)

Lieb's entropy conjecture is then equivalen: with tte
following inequelity in which we have usrd the notet.cns

k =J+m , j = .J-m:

1 i 1 1 1 . 1
k(k;i +k+? * s.e0t W) + J"S';_T_ +3’"’""¢oc-+ T:'F'\
® 1n (k) 3.6
For k = 1 we obtain e known /7/ inéquslity
1,1,1 + L = 1na .
I 2" ? es o 3 n(u ) P

velid for eny nonnegetive int-ger Jj. This inequeli: e

proved by induction , using the well krcown inegun

1 K+2 .
= > Inlsam) Jh)
valid for eny nomnegetive integer K. e TSVl Lif0

the inequslity (3.%) by induction , .-t ..th resp ct *.
k and finelly with 1espect to ' . usi‘y (°,%). in this wey
we have proved Lieb’s con, -turr for eny vslue of J end
for 81l statec v L “dy 1k esee90paeayd-,d . We
remerk that with the use ¢ the inequslity (7.7) we mrv

I ve that SCI(vm‘ attvin i1 maximum velue for m = ¢ .

1:: the following we che.i show thet the generelized

ronjecture

J . £ 2J+) S 3y
1pf0y ool 2



8

is valid tor eny value of J and for p = 1. From (3.2) it
follows that this inequality is equivalent with the

following inequality for the rP-function :

S - CEReRR? 3.9)
which is unknown, This ‘inequality may be written as an
inequality for the B-function :

((k+3)p+1)B(kp+1, jp+1) = ((k+j+1)B(k+1,j+1))F (3.10)
for any nonneyative integers k,j and eny p= 1. We shall
congider the more general inequelity :

(fa+b)p+13:{mp+1,bp+l) = ((8+b+1)B(a+l,b+1))F (3.11)
fc. eny ren’ nonnegative numbers e,b end p> 1. We obtain

this .:segqvrliity from an integrael representation for the

B-func*ici. /8,81,1.6.3/ . s
- b! » 4
':.~L-'~'.Y?;:f:.-r,bﬂ.7 = 2% 5 et te b)‘.’ (coaf)a"b L 4
- . ©.12)
«:d from .eriern's inequality /9,2ban,.,3%.%3.3/ only for
z=h _
"
K 2v d p
, 1 r _ /»2b y ' ? B
N 373 i ra e i b mu A ) (coeg) ‘iﬁ)
_
>
b
£ o°br S “q})?bp d
i
_ I
=
= 1
= bp+ :B T + P (3.13)

Herce the inequality (3,11) , for & # b, remains & conjecture,



4, DISCUSCSION OF THE GENFRALIZED CONJFCTURE IN THE CASE
J =1,

In this seetion we discuss , for J =1 , the conjecture

(1.8) which in this case becomes :

1 < 3

for any value of & € [0,1] sni ¢cf p 2 1, In order fo
verify (4.1) we try to find the explicit form of the
integral I (0 ) 8s a funct. n of the parameter a. Flrst
we calculatp this integrel , in & straightforwerd manner,
in the case in which p is 8 positive integer (p = n»1 ),

and obtein : n
E——an-?e n-s-r

To(e) TTZ Y > (12" (on-s-r)i(eer)t nta® T
n+

8z=0 r-o t=o (s'Y r'(n-2e-r)!'(2n)! (n-g-r~-t)!t!

(4.2)
After tedious calculetions we o»tain from this expresrion
thet the coefficients of ';2k+1 are equal to 7ero for

2k

k=0,1 end that the coefficiente of @ for k =3,2 epre of

the following form :

1 3, n(n-1 n(n-th 2){n-3) .
I (a) = i{1l- a +
n Zn31 2(2n-1) 22 (2n-1) (2n=3)

meereees)

(4.7}
The comparison of thie expreseion with the functir: .

n
%?BHP"(%) = Cg] (_-l)knLn-ll(n-Q)_‘.!_sﬂ_.:,k+.” ik

P 25K 1 (2n-1) (2n=3) ...s ne=ck+l)  (4.4)
K=1

where Pn(.) are Legendre polynomislse, &nrectr that .

1,y . 3 2%n1)° 1 .
In(®) s SRyt 0P (@) (4.5

If we essume that (4,.,5) ie valid we obtain that :



I (o) €352 (4.6)
where the equality is stteined only for 8 = o0 . Indeed,
froa the fact thst the roots of the lLegendre polynomiels
lie all in the intervel (-1,1) and frem the fect thet if
Pn(b) =0 it result thet either b = ¢ or Pn(-b) =0 , we
obtein thet :

Pn(x) 2 (2r)! x" }

(4.7)
2B (n1}
Tor crbitrery x>1°. From (4.7) we get
l .
2™n') n . ,1 ~
Vil P (3) = 1 (8.])

which together with (4.%) gives (4.6). Now we try to extend
the formula (4.5) to 81l velues of p2 1 using sphericel
functions Pp(Xl instea¢ of Legendre polynomiels. Then we

meke the hypotheuis thet

2
1 = 3 2p"-y+1} P 1, .

&nd from the fact thet "1o/ :

e ¢(l-2 .y.2-1
Po(z) = (=2)PF(-p,-p;1;357) (4.10)

f~r Re(z)>o0 , we obtein :

) .2 )
1 -3 2?,( +31)° 1+m. 1) a4, =2 ‘e -
1p(0.) =zoi Sprapety (20" Flopeoeils 15 4D
From thie formula we obtain immelir'ely thei

dIl(Op) ! )
= = 3 ¢+ (&-1n( 1)) (4.12)
p p=1

which coincides »ith the result proved in section 2.

Fineliy we remerk that the inequelity (4.4) ie eQuivolpnt



po(x) € TEZRtl), v (4.13)

2P Mp+l)

for all x 2 1, or with the inequality :

Flep,=p;1;t) € —LER2L_ (g 4 ¢ )P (4.14)
2P r(p+1)

for 811 t € [o0,1]. We have not 8 proof of (4.13) or of (4.14)

for noninteger values of p.
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