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Abstract ; The Ward Identity Is derived for non-

relatlvldtic fexmlons with two-body spin - indepen­

dent Interaction. Using this Identity for the one-

dlaenslonal Fern* gas with backward scattering the 

equations of the perturbation theory are solved 

for the effective Interaction and the collective 

excitations of the particle density fluctuations 

arc obtained. 



I« Introduction 

Recently there has l e e s considerable i n t e r e s t in the one-

dimensional Feroi gas model in connection to the unusual propert ies 

of the quasi-one-dimensional conductors / l / . Experimental and theo­

r e t i c a l i n v e s t i g a t i o n s have been devoted t o the Kohn-Peierls i n s t a ­

b i l i t y and to the sudden change of t h e i r conduct iv i ty with decrea­

s ing temperature. 

The one-dimensional Fermi gas model c o n s i s t s o* sp in-1 /2 

in terac t ing fermions that are allowed t o move on a s tra ight l i n e . 

The Fermi sea i s reduced t o a segment with the ends at the points 

+ kp'fcp °e ing the Fermi momentum. A6 the dynamics of the system 

i s governed at low temperature mainly, toy -low e x c i t e d s t a t e s we 

s h a l l r e s t r i c t ourse lves t o these s t a t e s only . Their wavevectors 

p run within the ranees -k_ - k < p <• -k_ + k and k-, - k < p K e F c * ^ F c F c K 

-• k_, + k , where k i s the bandwidth cu t -o f f , much smaller than k_. 
Jr C C * 

The energy l e v e l s e of these s i n g l e - r a r t i c l e s t a t e s can be l i n e ­

arized as fo l lows : c • e„ • v - ( | p | - k « ) , where z-, i s the Fermi 

ve loc i ty (Planck's constant has been taken equal t o u n i t ) . Much 

theore t i ca l work, recent ly reviewed by Solyom / 2 / , r e l i ed on t h i s 

s imple, l inear p-dependence of the unperturbed energy leve ls .which 

i s the e s s e n t i a l feature of the model. 

Mainly, there are two d i f f erent approaches to the Fermi 

gas model. The f i r s t one i s the pertu?batlon theory approach where 

the fundamental quantity l a the vertex part which describes the 

s c a t t e r i n g of two fermioas aad acoooats for t e e i n s t a b i l i t i e s of 

the system. The perturbational treatment o r i g i n a t e s in a paper by 
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Bychkov et a l . / 3 / who obtained a f i n i t e express ion for the vertex 

part by sunning up tbe most s ingular contr ibut ions ( the s o - c a l l e d 

logarithmic approximation). Higher order correct ions have been 

calculated by means of the renormalrsation group technique / 4 / . 

Scal ing equations have been perturbat ional ly so lved for the r e s ­

ponse functions and various types of i n s t a b i l i t i e s have been ob­

tained for tbe ground s t a t e of the system / 5 / . 

The second approach i s a bosonization technique that can 

be traced back t o a paper by Toroonaga / 6 / . Here the fundamental 

q u a n t i t i e s are the operators of the p a r t i c l e dens i ty and spin den­

s i t y f luctuat ions that s a t i s f y bosoa commutation r e l a t i o n s . Uni­

tary t rass formations have been devised to d iagonal ize tbe hamilto-

nian expressed in terms of these operators . The bosonization t e c h ­

nique has been applied to the one-diaenrional two-fermi on model 

proposed by Luttinger / 7 / . This model d i f f e r s s l i g h t l y from that 

formulated above. The eigenvalues of tbe hamiltonian and tbe i n ­

frared behaviour of tbe response functions have been ca lculated 

/ 8 / . A remarkable exact s o l u t i o n has been produced by Luther and 

Emery / 9 / who allowed for a spec ia l type of spin-dependent i n t e r ­

ac t ion . This so lu t ion bas been obtained for cer ta in values of tbe 

coupling constants . Much subsequent work has been done witbin the 

framework of the bosonization ppproach / 2 / . 

In tbe Feral gas model as formulated above there are two 

type? of spin-independent in teract ion proces se s . Tbe f i r s t one i s 

tbe forward s c a t t e r i n g procese' that Involves a small momentum 

transfer . This process exc i te» one p a r t i c l e - h o l e p a i r In the ne igh­

bourhood of + k v and ametâer one In the neighbourhood of - k v . T»»« 

second one i s the backward s c a t t e r i n g process , with •osmnttai t r a n s -
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fer near 2k- , that e x c i t e s two p a r t i c l e - h o l e pairs across the Terni 

sea . Let us suppose that a p a r t i c l e with momentum p. and a bole 

with momentum p are exc i ted near +k_ and a par t i c l e with momentum 

P3 and a hole with momentum p arc exc i t ed near to the opposite 

end - * - . In the forward scat ter ing process the momentum transfer 

i s k = P ţ - P 2 * P4~P-» ^ 0 and the e x c i t a t i o n energies of the two 

par t i c l e -ho le pairs are Af- = vp(Pi~P 2) a n d A eo = vF^p4 - p3^' c o r _ 

responding to the two Fermi ends, re spec t ive ly . It appears that 

Ac. «= AE„ ~ v_k. In the backward sca t ter ing "process the momentum 

transfer i s k = P,-P4 = Po~P3 ^ 2 k p a n d t n e exc i ta t ion energies 

are Ae., = Vj^Pn+P,!) and Ac„ = v ._( -p 2 -p 3 ) , whence one can see that 

A*- f Lrn. Due to t h i s fact the density of s t a t e s available in the 

two processes i s different and t h i s g ives r i se to different kine­

matics of the two processes . Indeed, assume that an exci ted s t a t e 

with energy e and momentum zero i s achieved by creating p a r t i c l e -

Iiole pairs with momentum transfer k. By straightforward ca lcula­

tion we obtain that The density of s t a t e s in the forward s c a t -
2 

ter ing process (0 < k < 2k , e = AE + Ae„ = 2vţJO i s (k/*) ™ 

(E/2TTV F ) 2 for 0 < k < k and (2kc-k)2/Tr2 = (4k VF-E ) 2 / ( 2 I T V F ) 2 

for k < k < 2k , while in the backscattering process 

(2k p -k c < k < 2ky + kc# c = AEJ + AE2 = v ^ p j ^ - P 2 -P 3 ) ) t h e 

2 density of s t a t e s i s (k +k-2k_)/ir for 2k_-k„ < k < 2kc and 
C K s c r 

o (k -k+2k-,)/ir for 2k-, < k < 2k_ + k (a unit length of one-di-c i r r e 
mensional space available to the system i s supposed). It i s shown 

in the body of the present paper that t h i s differerce in the k i ­

nematics of the two Interaction processes produces a completely 

dif ferent dynamical behaviour of the system. 

The forward scat ter ing interact ion has been treated 

within the Tomonaga-Luttinger model / 7 , 8 , 1 1 / . The backscattering 
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interaction has been studied by Beans of both bosonisatioa tech­

nique /87 and renormalization group approach / 4 , 5 / . However, aa 

Baldane /12/ pointed out recently, the particle - and spin-den­

s i ty degrees of freedom are not completely decoupled in the boso-

niaatioa technique and, consequently, this method cannot be used 

for treating the backscatterlng interaction. Instead, the very 

interesting solution given by Luther and Emery applies to a sore 

general model with spin-f l ip forward scattering interaction, as 

concerned the renormalization group approach the vertex part 

( sca t te r ing amplitude) i s approximately calculated here for a 

pa r t i cu la r choice of the external var iables ( see , for ins tance, 

Ref.2). With our notations t h i s means e i the r p =k„, p»= -k F for 

the Cooper pa i r diagrams or Po= kp' P3= - k v * o r t h e z e r o sound 

channel. When the system i s excited by creat ing two pa r t i c l e -ho le 

pa i r s coupled to a given momentum t rans fe r the backscat ter ing 

process allowed by th i s pa r t i cu la r choice of the vertex par t 

leads to a density of s t a t e s equal to 4,a figure which comes from 

the spin degrees of freedom only. Therefore, when one r e s t r i c t s 

oneself to t h i s pa r t i cu la r form of the vertex part the kinematics 

of the backscat ter ing process i s complete!" d is tor ted . 

I t i s the a i r of th i s paper t o give an adequate treatment 

cî the backscat ter ing process in the one-dimensional Fermi gas 

model with two-body spin-independent in t e rac t ion . We should men­

tion here that backscattering ef fec ts have been calculated with­

in the Tomonaga-Luttinger model with forward scat ter ing when the 

response of t h i s system has been studied to an external f ie ld 

with momentum t ransfer near 2kF / 1 3 / . 
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* 

Our approach rel lee upon the Yard Identity «bleb l e derived 

for the general case of noa-relatlvletlc fossAona Interacting 

tbrough a tap-body apIn-independent force. In the one-d(Laen8loDal 

case tale Identity enablee ue to obtain the irreducible polarisa-

tiooe and the effective lnteractlona both for the forward and back­

ward scattering proceeeee in the H a l t of weak coupling strengats. 

The) dlspsrslos relatione of the particle deaaity excitatlonn are 

readily obtained. Oar perturbation theory follows tbe general l ines 

of Oslaloaalnsky and Larkla / l l / . The perturbation theory la out­

lined la Ssctloa a. In Section 3 the Yard Identity la derived. Ba­

sa l t s aJ» Uvea la Section 4 sad coaelusloa» la Ssetion 5. 

II* Psrtuftwtlon theory 

Lst as assess that tha system consists of a torsions oa 
•r 

ths aait length |ky • «a/2) latoaaetlag threes* a two-body spin-
indepssdeat potedtlal v ( | a - y | ) , a and y balsg spatial coordinates. 
Using a plans ~rp representation f o r t h * f ie ld operators. 

lpx 
?(*> " I ©p s , (1) 

P 
ths haalltoalan of ths a j l a » can hs npasasia aş 

H - ^ + 1 4 . 
Ho - J 'p «J «p • <*> 

where •£<«_> ** «as* ersatloa (aanlhllatloa) operator of the 
p-fsramoa staae, c_"pa/sY(a beiag tbe fsiadoa ansa) are ths un-
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perturbed single-particle energy levels and v(k) i s the spatial 

Fourier transform of the potential (the spin index i s omitted for 

s implic i ty) . The time dependence of the f ie ld operators in the in ­

teraction picture wi l l be taken as 

*(x , t ) - exp [ i (H o -vN)t] *<x)exp E;i(H0-ţiN)t] , (3) 

N being the operator of the total number of particles and u- the 

chemical potential. Using Eq.(3) and the linearised form of the 

energy leve l s given in Sec.I (the Fermi velocity being taken equal 

to unit) the free Green function in the momentum space can be d i ­

rectly written down / l l / : 

G+(p,e) - [e-p+kp+insgn(p-kp)J , kp-kc < p < kp + kc , 

r a"1 (4> 

G_(p,e) - Le+p+ky+insgnC-p-ky^ , -kp-kc< p < -kp • kc , 

where n • 0 i s a convergence factor and the subscripts + and -

stand for the fermlon'states near •kp and -kp , respectively. 

Throughout th is paper the subscripts + and - of the Green 

functions wi l l mean that the momentum variable p of these functions 

i s restricted to either •*» - kfi < p < +kp • k or -kp-kc<p<-kp+kc, 

respectively, 

The Dyson equations for the Green function G(pfe) of the 

interacting system and for the effect ive interaction V(k,tt) are 

G(p,c) - G°(p,e) • G°(p.e) I (n^e) G<p,e) , 

(5) 
V(k,e) - v(k) • v(k) I (k,m> V(k,m) , 

where I(p.e) and H(k,«) denote the proper self energy part and 
the irreducible polarisation, respectively. The diagrammatic struc­
ture of E(p,c) and n (k,e) is shown in Figure 1 where the three* 
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legged vertex function r<p,c; k,a) is introduced (the long-range 

component k-0 of the interaction is taken «anal to aero ao that 

the tadpole diagram are excluded). Tie vertex: function I*(p,c;k,w) 

repreaenta all irreducible diagrams vita three external lega. Ac­

cording to the perturbatIon theory rulee the analytic expreseioaa 

of the diagrams shown in Figure 1 are 

-2 
£ (P,e) - 1(2») / dkdm V(k.a) <Kp-k, e-*.) r(p,e; k,») , 

(6) 
-2 

n (k,«) - -2i(2v) /dpde G<p»e) G(p-k,e-») r(p,c; k,«) . 

Looking at Bqa,(5) and (6) one can see tbat there are five unknown 

quantitiea but four .equations only. Aa for flth one the Ward lden. 

tity, aa derived in Sec.Ill, will .be used. 

i n . Ward identity 

As known from quantum electrodynamics the Ward identity re­

lates the vertex function to the Green function. We shall derive 

here the Ward identity for non-relat ivist ic feradoaa interacting 

through two-body epin-lndepeadent potential making use of the ganga 

invarlmnce of the eystem / Id / . 

Let ue perfora a gauge transformation of the f ie ld opera­

tors 

• (x) * * (x , t ) - *(x) e 2 ?(x)|_l*i6x(x,t)J . 

• v* • -l«X(«pt) % + r - , ( 7 ) 

* (x) - T c x . t ) - **<*) • - • (x)|_l-i«x(x,t)J , 

where 6x(x,t) la a real , lnfinltealmal function of space-time 

variables which generates the gauge transformation. This trans-
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formation destroys the epace-tlne hosogenelty of the system so 

that the Green function la the noaeatun space wi l l depend oa two 

momentum varlahles. Startlag fro» the deflnltloa of the Green 

function It i s easy to see that the gaage tramaforsation given by 

Bqs.(7) leads to the following first-order variation of the Green 

function : 

6G(p+k,c««;p,c) - I6x(k.«) £o<p,e) - (Kp+k"^*»/] (8) 

«here 6x(k,it) i s the space-tine Fourier transform of the func­

tion 6x(x , t ) , The Ward identity «111 be derived by requiring that 

the variation of the Green function given by Eq.(8) be equal to 

that obtained from the perturbation theory. 

Under the gange transformation the creation and annihila­

tion operators of the one-fermlon s tates acquire the form 

(9) 
CP " % - i 16x(k't} V « • 

6x(k,t) being the space Fourier transform of the 6x(x.t). 

Up to the first order in 6x(k,t) the original operators c and 

c* can be obtained from Eqs.(9) as 

cp " V i J 6xik>t) Vk ' 

• * • s Î M /V +, *+ U 0 ) 

c
p " c

p * *• I «X<«.t> cp + k . 

Dslng these expressions of the creation and annihilation opera­

tors one can see that the form of the Interaction bamlltonian E^ 

given by £qs.(2) and the form of the operator N of the total 

number of particles ere le f t unchanged under the gauge transforma-



tion while the kinetic hamiltonian II becomes 
o 

, E c c - i ) (c -e , ) 5 x ( k . t ) c c . . (11) 
o *• p p p L• y p p - k ' AV ' p p-k v ' 

P p k 

Obviously, the new o p e r a t o r c and c given by Fqs .{9) depends 

on time through the 5 x ( k , t ) func t ion . I t i s convenient for t h e 

p e r t u r b a t i o n a l approach to ass ign t h i s t i i re-dependence x.o the h a -

mi l ton ian and t o cons ider the c r e a t i o n and a n n i h i l a t i o n o p e r a t o r s 
c and c as t ime- independent . One can th ink of t h i s t ime-de -

P P 

pendence as a r i s i n g from an e x t e r n a l f i e l d given by a term of the 

form 

- I ; £ - « x U . t ) c; cp_k . (12) 
P k 

It follows from Eqs.(ll) and (12) that the gauge transformation 

procedures an additional term in the. hamiltonian which, with the 

original notations, can be written as 

6K = - i T (e -e . - i •4-)3x(k,t) c+ c . . (13) L p p-k ?t D P-k * 
3 

-P"cp-k - j i r , u M R , t j *P v 
P k 

The effect of this term on the Green function will be evaluated 

by means of the perturbation theory. Using the interaction pic­

ture given by Eq.(3) the first-order variation of the free Green 

function is 

i«G (p1,t1;p2,t2) - -i / dt< 0lT[_5H(t)cp (t^c* (tg)] |0 > , 

(14) 

where [ 0 > denotes the ground s t a t e of the non- interact ing 

system, T I s t h e t ime-ordering operator and tbe subscript c 
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stands for the connected diagrasns. By Fourier transforming both 

sides of Eq.(14) we get 

«G°(p+k,e+«;p.E)= -i(cp+k-ep-«)«x(k.«)C0(p*k.c+«) G°(p.c). (15) 

Equation (14>.represents the first order of the perturbation 

theory. Pwitdricgon the full interaction and evaluating the con­

tributions of all the terms of the perturbation series to the 

Green function amounts to dressing up the free Green functions 

in Eq.(15) and to introducing here the vertex function. This pro­

cess is shown in Figure 2. Then Eq.(15) berrces 

6G(p-rk,e<w; p,e) = 
(16) 

= -i(c k-e -»)6x(*,«) r(p+h.e*»;kF«% G(p+k,e+u) G(p,e) 

Comparing this result with that given by Eq.(8) we obtain inae-

diately the TCard identity 

-1 -1 

r(p.e;k,M) = G < p ' e > - G tP-*>c-«> (17) 
Ep-k ' EP + * 

We emphasize here that this is an exact result in the 

quantum field theory of the many-feraion systems with two-body 

spin-independent interaction. This identity will be used here 

for treating the forward and backward scattering process** in 

the one-disenaional Feral gas nodal. 

In the case of forward! seatterlsg proenssas there are 

two vertex functions, r j 4 (p,e; k,s) and ^„ (P .c ; *.«•). cor-



- 11 

responding to +ky - kc < p < +ky • kc ard -k, - k < p «-kp**- » 

respectively. In this case the Ward . .«:»...ty can be written as 

-1 -1 
G+ (P,e) - G+ (p-k,e -w) 

r (p,e;k,u) • 
1+ w - k 

-1 -1 (18) 
G_ (p,e) - G_ (p-k, e-w) 

r (p,e;k,u>) « 
1- u + k 

whei-e the linearized form of the unperturbed energy levels has 

been used. These relationo have been derived in Ref./ll/ by dia­

grammatic irethods. They have .been also obtained using the equa­

tions of motion of the vertex function /15/. The Ward identity 

given by Eq.(17) allows the backscattering vertex functions to 

be written as 

-1 -1 
C+ (p,e) - G_ (p-2kp-k, e-w) 

r (p,e;k,u>) • 
2+ 2(kp-p) + k • w 

(19) 

r (p,E;k,u) 

-1 -1 
G_ (p,e) - G^ (p+2kF+k, e-ui) 

2- 2(kF+p) • k + u 

where tde momentum transfer k occurring In Fq,(17) has been re­

placed by 2k_ + k and -2kp -k, respectively. This la convenient 

for keeping the variable k in the range -2k < k < 2kc, as ir 

the case of Eqs, (18). 

We should mention here that a generalized Ward identity 

has been recently derived by Solyom /16/ for the Fermi gaa model 

with forward scattering subject to an external field with mooen-

tutr transfer near 2k_. This identity relates a three-legged vers-
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tex function to a four»legged vertex function, both ot them having 

an interact ion l i n e which corresponds to the external f i e l d . 

Therefore, there i s no re la t ion between the three-legged vertex 

function introduced by Solyom and that uaed by us in tbe present 

paper. 

IV. Results * 

Using tbe vertex functions given by Eqs.(18) for tbe for­
ward scattering we get from Eqs.(6) tbe polarization parts for 
this process 

n (k ,u) - -21(2») - i — /dpdcfG.(p-k,e-w)-G ( p . e f l -
1 • u+k u - 2. 

_1 1 ± ± 
• i — i — / dp (n - n ) , (20) 

» ţ k p-k p 

where n~ i s tbe momentum dis tr ibut ion near +k„ and -k_. res» 
P I F> 

pectively.. The Dyson equation frr the effective interaction of 
the forward scattering (Eqs.(5)) reads as 

V-Ct.o.) - v(k) • v(k) fn (k,a>) • H l*,m)\vAk,my . (31) 1 L 1+ 1- J 1 

Assuming in the first approximation a step form of tbe momentum 
distribution corresponding to the non-interacting system /17/ we 
get 

v(k) [v2v(k)k2/»(«2-k2)J , |k|< k , 
V,(k,«) - i J _. c (23) 'V .-1 v(k)[l-2v(k)|k|(2kc-|k|)/»(«a-k2)l , -2kc<k<-kc, 

and k„<k<2k„. c c 
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The singularities of the effective Interaction provide us with 

the dispersion relation of the collective excitations of the 

density fluctuations : 

»(k) - k [j. • 2v(k)/i] , 0 < k < kc , (23a) 

u(k) - [k3 • 2*(k)k<2ke-k)/iTj , kc< k < 2kc . (23b) 

These relations are symmetric with respect to k * -k. TB the 

limit of sas l l kfi (as compared to ky) the interaction v(k) say 

be taken as constant, v(k) * v. The relations given by Eqs.(23a,b) 

hold for • > -w/2. •nmatloa (23a) represents the well-known dis ­

persion relstloa of tap «easier fluct«ations obtained for the 

first t i s * by Tssjssaca / • / . 

Using tb* War* identity gives by Bis. (1») tor the back-

scattering iat*rmetloa *• met the polarisation parts 

-2 0 (p*2k_4k.c-«) - <M»,c) 
n (k.s) • - i i ( » » ) / dpss -*- - - * 
2+ 2(k_ • p ) • k • « T 

- » ; 
I / oP Wr* . (24) 
n 

2(kv*p) • \ • » 

Let us calculat* expl ic i t ly II ( k , s ) . As the Momentum variables 
2* 

are restricted to +k_-k < p < +k._*k and -k.*-k < p < -2k-rk < 
F C r C r C ' 

< -k-+k„ we obtain for 0 < k < k r e c 
k w " * -

/

n" - n* 
dp V ^ r * " °P (36) 

VV* 2<k,rP) * * * " 
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Using the step fon of *.\e momentum distribution we get 

2 

H (k,e) - -
2+ 2* In 

(2kc-|k|) -« 2 

k~ - u>' 
|k| < k (26) 

In the same way get n (k,«)« 0 for k < |k| < 2k 
2+ 

straightforward calculation we obtain also that n 
2 -

c 
(k,«) 

By 

« n (k,M). It results that the effective interaction in tbe back-
2* 

scattering prooess i s 

V2(k,s) - u<k) 1 • Httl i B 

2 -i-2 
(2k c- |kj) - e 2 

k ' - J » " 
| k i < k c 

(27) 

where u(k) - vfzky+k) - wC-Sky-k) Is the basksoatterlag coupling 

stresgtb that ess be takes ss eosstaat, *(k) - «. It results lene-

dlately fro» Bq.(27) the dispersion relation of the collective ex-

cltatioas induced by tbe backseatteriag iatermctios : 

»(k) - Qk2 • 4kc(kc-k) / ( ! • • ) ] , 0 < k < kc , (28) 

where exp(-2w/u) > 0. Fbr revulsive iateractlos o > 0 the a 

paraseter i s snaller tban unit and tbe frequency given by Bq.(25) 

exhibits a gap at k-o of magnitude 2k,(l+a) . One can see that 

this gap i s proportional to k , a fact that i s suggestive of the 

f inite density of states available in tbe backscattering inter­

action with somentun transfer 2kT (see Sec.I) . In the case of at­

tractive interaction, n < 0, a exceeds tbe anlt and the branch of 

the frequency given by Bq.(29) coataialaf ( l -« ) beoosee Iseglsary 

nat point* 

out an instability of the groond state of the system sgninmt at­

tractive backscatteriag interaction. Therefore, one sees that the 

at vnweveetora ssnller than 2* (/5-l)/(s-l). This 
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bsvekeersVsestterlsg interaction produces a cospletely different 

beenwlosr of the system as cospared to the forward scattering in -

teraetlca. 

V. Conclusions 

lbs Ward identity bas been derived for non-relativistic* 

msny-fsrelon systbant with two-body spia-lndependshi Interaction. 

Using this identity the backscattering interaction has been 

treated in tos one-dlrensional Fermi fas model. The dispersion 

relatirn of the density fluctuations ic the case of backward scat­

tering (Bo.. (28)) exhibits sons interesting features. Arong these 

we Eention the occurrence of a gap at wavevector 2k (k-0 in Eq. 

(28)) for repulsive Interaction and the imaginary valoss taken by 

tbe frequency at wavevectors smaller than a f inite value for at­

tractive interaction. This i s an indication of an instabil ity oc­

curring in the systes with attractive backward interaction. The 

nature of this instabil i ty and I t s connection to a possible phase 

transition requires further investigation. 
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figure 1. The d iagraimrat i с structure с? £(p,e) and П(к,ы). 
The three-levjed vertex 'unction ;s denoted by Г(р,е; к,ш). 
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Figure 2, Cresslng up the first-order variation of the Preen function with 

interaction, The light lines represent *ree Creen functions. 
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