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Adbes tract

The problem of hydrogen atom placed in constant exter-
nal magnetic field is studied. We investisate the proper -
ties of ordinary perturbation theory (in powers of the
field) in the framework of a new approach proposed earlier.
It is shown that the "wave function corrections'" with in
this approach are simpler than within ordinary one and
contain a finite number of harmonics with polinomial coef-
ficients. Sore coefficients of these polinomials are found

explicitly.
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The weak field Zeeman effect in simple atoms was one

of the first problems studied in quantum sechanics [ 1] o No~

vethelesa the problem remains open now and full understan-

ding 1e still lacking. It worth noting that the Zeosmen effect

plays a fundemental role in many aspects of astrophysics,
solid state and plasma physics [2, J « Due to the above rea-

sons the interest to the description of this effect has not

died up 50 now (see e.g. [2-8] )s

In this Letter I want to look at Zeeman effect in hydro-
gen from the new point of view following the so called"pon=-
linearization method" [ 9.10] (see too [111 )e I restrict
nyself to investigation of the structure of ordinary diver-
gent perturbation theory (PT) (1n powers of the field )
(see [ 5,6] ). Tho ground state will be considered in de-
tsiled while the excited states will be discussed only in
brief. I try to demonstrate the advantages of our method in
comparison with the standard one.

Por the spinless hydrogen Zeeman Hamiltonian the

Schrodinger equation has the torm (for the ground state)

by« (Ee 2t - Bpg)y =0 @

il
where B is the strength of the magnetic field smd £ =
= (0,0,B). In this paper we will be interested only in FT

in powers of B
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Here Eo =~ol" . We will apply the sc called noniineari-
zation method. Let us remind itc basie features. The po-



P
tential vector field y is introduced instead of wave
function W

9'-’-'"-7-’0/?/ )

Then, the equation

2
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holds, being equivalent the ivitial equation (1). As

usual, let us expand

‘J yh ( 7 (s)

h=o
and substitute egs. (2), (5) into eq. (4). If we want the

coefficlent of ( Bz/ 3)" to vanish, then we must re-

quire the following equation to hold

Afy 25 Vpn=E-Qu, V=G,  ©
where’

- Q‘_.(xz,yz) ) h=A
y" v
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and [9"10]

E, = fQ., "f 2 43, @

where % = e,xf; {—JJ" } is the Coulomb wave function.
In order to solve eq. (6), we may look for ¥, in the



form of a series

o
Yo ‘...Z.; R, P (o) ®

where e”‘ ((o\ 9) stand for the Legendre polincwial. In this

way one obtaines the followipg equation

R (2R, 2_";(212'_‘.‘_),9":(5,,-0.)1 ©
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where ihe r.h.s. represente, by defin.ition,the coefficient
of e’“ in the expemnsion of (E” ‘Q”) .« Tha boun=
dary conditions for eq. (9) are the rfollowing: (i) vanishing
of R",m (r’) at the origin (Rn'“JOJ =O) , aud

(1i) the absence of exponential growth at infinity. It is
readily seen taat R“ i =(C ', if the r.h.s. of eq. (9)

.
igs identical zero. Let us look for the soluticn of eq. {(9)

in the form
[o =~

Rl\ " (V) =Z a”‘p“‘ k- rk o

k=0
Substituting (10) into eq. (9) cne obtaines recusrence
relations which a,.ré not written out here tecause of their

cumbersome structure. A simple analysis shows that R M. w1
'

are polinomiais:

é:.o, 1
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and
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En =5an'0’z T & S (117)
2""an,4,1 =3 U, 1, 3
Thus, in the n~th order of PT the polinomial coefficient
in front of the hignest Legendre polinomial e” has
two terms, che preceeding polinomial (in front of -2 )
has four terms, etc. Sumiarizing the general) structure of

these polinomials is the following
An+1

O =) A (10

k= max(z,4m}
Most probably the property (10') is a consequence of a hid-
den dynasmical symmetry 1n the problem considered,The above
recurrehce relations allow for a calculation of PT coeffi-
cients order-by-order. These calculations are rather simple.

A8 an example I write out the first corrections explicitly
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El 5’3 E - .53-?, (13)
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Expressions (13) coincide with ordinary ones [4,6] .
From the above recurrence relations it is easy to find
a few polinomials R” n-k (/( = 0,1,4..) explicitly. For
»
instance, the polinomial /?” N is
!

- = ((2)) (20-3)] & P27t
Rﬂ,ﬂ(r)— (‘IM).’(ﬂ-Z).'(n-l)! 6”9(2”-4

(14)
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It is worth noting that the above recurrence relations may
be easily used for numerical calculations by mesns of compu-
ter.

A few words about the relation of our ajproach and the
stendard Rayleigh-Schrodinrer one. Since ¥ = ' W ( -
- wave function) this relation is obvious. One may confront
our expressions (10') (as well as (12), (14) ) with ususl
ones [4] + Our formulas are simpler namely, our polinomials
are of a lower power and contain a smaller number of terms.
Besides that, the recurrence relations may be written te
determine the corrections to the wave function. They are
convenient 1or computer calculations. Futher discussion
will be given elsewhere,

Let us briefly discuss excited states as well. Obvious-

ly a wave function way be represented in the form [10]

A9



vix)= {0 exp{- 'f’lﬂ)} (15)

where f (,{) does not contain singularities .at the fini-~
te points oI R and f ( x) does not grow exponen-
tially at in“inity (indeed, )((X) describes node sur~
faces). Expanding the functions f{x) and P/X) in powers
of (578) and substituting these expasnsions iuto
&)) » one obtains the equations for ﬁ’ and P,
of the type of eq. (6). The solutions of these equations
contain a finite number harmonics with polinoriel (in )~ )
coefficients. For example, for the state (2,0,0)

f'" zZﬂ ;;\,m (r)&m (6‘ 0)-, Tn ZR (fny) (16)

M=o mac

It ie emsily to show that

7["'“‘ et R -'f :1 rk “12) ;
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}u,o = ‘”’9,0

In particular, the first correction is of the form **)
2 r a3
R = -2 r. ,‘, rie Ly3 E, = ’é‘ (18)
Ww- "33 242 I ? o

2 3
-R =X » _Ci. # ._':_
14 ‘3 34 94
) Por simplisity the only case of I—- =0 ( W =0) 18
considered only.
*) For this state W,s(l—dr') cﬁp{-dr} ; Eo 2 -x?

Vo =z - l"‘/r .



Expregsions (18) are simpler than the usual ones l#] o It
is obvious that the calculetion of the next corrections is
not on difficult task. It is well-defiued theoretically.

80, in the framework of approach considered the construc-
tion of PT in the powers of che field reduces to a solution
of reourrent relations, This is much eimpler than the calcu-
lation of the intcrmediete~state sum or the solution of dif-
ferential equations of the second order with a right hand
side in the usual approach.

In a paper which is under preparation now, VI shall con-

sider a convergent perturbation theory for the Zeeman effect

in sence of my preceeding papers [9-101 .
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