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ABSTRACT

One possible element for funneling two beams to-
gether is a deflector with a constant or time-varying
electric-field strength. With such an element, arbi-
trary beams can be brought together and maintained on
the axis, if the appropriate combination of deflector
parameters is chosen. A parallel beam can be handled
only with a time-varying voltage of the deflector. The
six-dimensional transfer matrices are calculated for
constant or time-varying fields; all the results are
correct in first-order approximation.

1. INTRODUCTION

The idea of funneling two or more beams together is an importart point for
most heavy ion fusion scenarios.] The idea of fi neling means that partizls
beams, coming from a low-frequency acceleration stru.ture, are brought together
in a second accelerator, which is operating at a hig 2r frequency in such a way
that every bucket of the high-frequency acceleration field is filled. Such an
arrangement has two great advantages: the space-charge problem is not severe,
because the number of particles in each radio-frequency (rf) bucket can be kept
small, and filling all the buckets reduces the total length of the system and
the operation costs. One example of such a funneling concept is the proposed
arrangement of six different types of linear accelerators for a heavy ion fusion
faci11ty.2 In this case, a Xe+] beam of 800 mA and 10 GeV at the end is pro-
duced by starting with 32 individual beams of 25 mA. 1In general, the funneiing
idea allows handling a final high-current beam in an elegant and less expensive

way.



One possible element for bringing the beams together is a deflector with
a constant or time-varying electric field. Two beams are assumed to be symmet-
rically distributed around the longitudinal axis of the following accelerator,
In this case, funneling means that at the end of the funneling section, the two
beam centers, separated in time, are colinear for minimizing the longitudinal
and transverse emittance growth. Therefore, for a symmetric arrangement of the
two beams, the deflector's electric-field strength has to be changed from a
positive to a negative value. This can be done either with a fast switcher and
E = constant, or with a time-varying electric field with an appropriate fre-
quency choice.

Each funneling section may increase the transverse and longitudinal beam
emittance; therefore, the funneling line must be optimized. To minimize the
emittance growth, the transfer matrix of the funneling section must be known,
at least in first-order approximation.

In this report, we would 1ike to present the linear transfer matrix T 1in
six dimensions for a deflector element with a constant or time-varying field.
A}l formulas are in first-order approximation, correct for an arbitrary movement
of the beam centers inside the deflector. Space-charge effects are not includec,
but in a funneling line they are not so important because for low energies the
current is low, and for high-current values the beam energy is high.

The deflector element is the most important part of our followina proposed
funneling line: two symmetrically located beams, produced by arbitrary., but
identical accelerators, are first brought near the z-axis by similar bending
magnets of opposite polarity. We define the z-axis to be the longitudinal axis
of the following accelerator structure. Therefore the parameters of the two
beam centers differ only in sign and we can consider one beam only.

After the bending maanet, the angle x' of the beam center is smaller than
or equal to zero for a positive value of the displacement x. A zero anale can
be achieved by using two separated bending magnets. The parameters of the fol-
lowing deflector element are chosen so that the beam, coming from the bending
magnet, is transferred to the z-axis. For a parallel injection (x' = 0), we
have to use a time-varying field, whereas for x' < Q0 either constant or time-
varying fields are possible. At the end of the deflector, the beam center is
moving along the z-axis for every given initial displacement and angle, if the
parameters of the bending magnet and the deflector element are compatible. In
the deflector element, the longitudinal and transverse motions of the particles



are coupled. Therefore, we are expecting some emittance growth, and a matching
section has to be constructed for transferring this beam into another accelera-
tor.

A1l above statements are correct for the second beam if its beam center,
arriving at the deflector at.some later time, is seeing the opposite electric
field. A concrete design for such a whole funneling section will be done later.

This report is organized in the following way: in Sec. Il we calculate
the linear transfer matrix T of a deflector with a constant electric field for
an arbitrary movement of the beam center. In Sec. III, the same is done for a
time-varying field. In Sec. IV, the two six-dimensionals transfer matrices and
the definitions of all the terms are listed.

The most important part of this report is the calculation of the phase
difference. In the Appendix, we derive a general formula for the phase differ-
ence, which is valid for arbitrary movement of the beam center and the particles.
The movement of the particles is described in its own specific curved coordinate
system. The expressions used for the phase differences in Sec. Il and Sec. IlI

are based on this Appendix.

[T. THE DEFLECTOR ELEMENT WITH A CONSTANT ELECTRIC FIELD
The deflector for funneling the beams together is shown in Fig. 1.

’///BEAM CENTER

* + + + + + + + *

Fig. 1. Schematic Drawing of a Deflector Element



We are using this coordinate system: {(x,y,z) are normal rectangular cartesian
coordinates and z is the longitudinal axis of the following acceleration struc-
ture; (x.y) are the displacements of the particles from the z-axis.

The deflector element is a normal plate conductor of the length Lops
parallel deposit around the z-axis, with a constant or time-varying field. The
beam centers are moving along the lines xc(z) in the (x,z)-plane. The two beams

Xc 1 /X
are thought to enter symmetrically = - (
! X

X c

¢ >2 but separated in time in
C
this arrangement, and we consider one beam only.

In this entire report, the subscript ¢ refers to the beam center (the
synchronous particle) and xc(z) always means the movement of the centers, called
reference line. The quantities m and q are the particles rest mass and charae.
Velocity-dependent parameters are carrying a subscript ¢ for beam center and p
for particles. The quantity v {y) 1is the velocity's absolute value (the rela-

tivistic factor . = 1—-—~j)of either the beam center or the particles.

Vi-(v/c)?
With a bending magnet, the particles of each beam are brought to the be-
ginning of the deflector element; therefore. the displacement and the angles
of the particles are determined by the magnet parameters. For a parallel ertry
of the beam (xé = 0} in such a magnet with a homogenous field strenqth BO‘ e

get

? (nm

c
‘ - (a/O)]
xc(z] +ay) = — (2)
Vi - (a/p)y
with xé(Z]) = 0 and :‘1<1- Here xc(z])[xc(z] + a])]is the displacement of the
synchronous particle at the beginning (end) of the bending magnet and %—-15 the
=]
curvature vadius of the magnet:
1
1 alBg) 3)
3 m Ve Y ’ -



The magnetic field is acting on the synchronous particle in the interval

Z; Sz<2z,+2a,.

1 1
A parallel entry of the beam into the deflector element is possible if

we use a second bending magnet. The beam parameters are given by

(a/p)
xc(z2 + a2) = XC(ZZ) *+ Py - i;(?é% 0, (4)

xi(z, + ay) = 0 (5)

Co '(3/9)2
ith 3. < 1 and ! < 1. Note that is the displ f
wit T an {iZTEEF-! ote tha xc(zz) the displacement of the

beam center at the entrance of the second magnet.
For the deflector element, we get these equations of motion if we apply a
constant voltage between the two plates

m&L =gt (6)

a

with * = (x,y,z) and £ - (EX,O,O). For a constant velocity v, = a%—, the solu-

tions of Eq. (6) in x-direction can be written as

x(L) = x(0) + x'(0) + (a/2)L2
(7)
x'(L) = x'(0) +al
with L = z - zO or 0 <L < er
and
qu
a = — % = const . (8)
mVZ Y

The quantity x(L) is the particle displacement from the z-axis, and x' = dx/dL
is the angle between the particle trajectory and the z-axis.



For funneling the two beams together, we would like to have at the end of
the deflector

XC(er) beam 1 XC(er)

) xc'(er)

heam 2

XC(er

For one beam center, the reference line xC(L), fulfilling the restriction of

Eq. (3), is given by

a
= £ 2 (
x (L) = 5 (L - L) (10)
qt
with a_ = —~?}—~- and vzc» > yv_ = const
e Te

Therefore, for our symmetric arrangement of the two beams, Eq. (9) can only be
fulfilled by changing the electric-field strength from +E, to -E, for the two
beams .

Now xC(O) and xé(O) are functions of the parameters a. and er and for a
positive value of the electric-field strength E , we get x_(0) > 0, x(0) < 0.
This sign combination of X, and xé can be made by bending the particles near the
z-axis. Thus, with a fast change of the constant electric-field strength Eyo
both beam centers can be brought to the z-axis and maintained on the axis.
Please notice that a parallel beam (xé = 0) cannot be handied with this approach.

Equation (7) is used for the synchronous particle, but not for the other
particles in a bunch, for the following reason: Eq. (7) is only valid for a
constant velocity vz(t), which is approximately correct for the beam center,
because the synchronous particle has no motion in y-direction and xé can be
made small enough with a bending magnet. For the other particles, both state-
ments are incorrect; the differential equation (6) is solved in a curved co-
ordinate system (i,},s).3 {Appendix).

A11 the following formulas are correct for an arbitrary reference line
xc(zl and not only for the function xc(z) given in Eg. (10). The results for M
and y are independent of the form of xc(z); however, the phase difference 22
can be calculated only if the function xc(z) is explicitly known. For the
reference line xc(z) the differential equation {6) must be solved.

6



Assuming the existence of an arbitrary reference line xc(z), we obtain the

following differential equations

2~
dy - g
ds?
(1)
¢%x .1 d%x
d52 vs dt2

where (i,}) are the displacements of the particles from the reference 1ine and
the coordinate s is the path length of the beam center (Appendix). From
Eq. (11) we get

y(s) = v(0) + sy'(0)
(12)
y'(s) = y'(0)
L ? element
w‘ithO‘\:S=} ]+X’(Ll) dL' =< L >
0
and Le]ement is the length of the reference line inside the defliector element.
The behavior of the particles in ;~direction is the same as for a drift-space

e1ement’ as expected.

element with the length L
For the x-coordinate, the following equation is exact, if phase-difference

effects in the arguments of the functions are negiected (Appendix).

N T
() =y (xp(t) - x (1)) (13)

dx
with xé = 7§fA and xp(t)[xc(t)] is the displacement of the particlie (beam)
from the z-axis at some time t.

For small values xé(t). we get

x(t) = x(t) - x () . (14)



Inserting this approximation into Eq. (11) and using Eq. (6), we obtain

_d__;.:QEx (]___]._):z-QEX (A_Y)=a
2 2\ Y mchYc Ve p

with p =y o+ Ay. The solutions of Eq. (15) can be written as

c

(s) = x(0) + sx'(0) + ;B o2

> ¢

and 0 < s = Le]ement )

space element plus an additional velocity dependent term, which coupies the

transverse and longitudinal motion.

The functions x(s) and ;(s) are both independent of any specific refere ¢

aa

The movement in x~direction is the same as in a drift-

line xc(z).
For the phase difference L, we obtain in first-order approximatio-
{Appendix)
s end LLbeg’" _{bov Le]ement - X(0)1, + ;1 I
v 1 . 2
C c
brf k(L) -qE,
with I] 2 - i, 7 LjdL .
O Vi xc'z(l.) \ ™c Ye
The first two terms of ALe"d are the terms of drift-space element with lengtr
Le]ement; the next two terms are specific for the deflector element.

obtain 2 coupling between the transverse and longitudinal motion of the par-

ticles. The formula for ALend

Again we

is correct for any arbitrary function xC(L),

but is not independent of the specific form of xC(L). For our funnelina con-

cept, we use xC(L). given in Eq. (10). The resulting formula of 2L
in Sec. IV, where we list all the definitions used.

end

>

give

ot



ITI. THE rf-DEFLECTOR WITH A TIME-VARYINA FIELD

Let us

assume the existence of an electromagnetic field inside the rf-
deflector of

the following form:

t(r,t)
B(r,t)

(A sin _t, 0,0)
0

(18)

Fquation (18} 1is correct, if edge effects and contributions of the magnetic
field to the Lorentz-force are neglected.

The coordinates of the rf-deflector and the definition of the particle
properties are the same as in Sec. II.

The equation of motijon in x-direction for a particle inside the deflector

dzx q_
=5 = A sin .t (19)
dt2 my
has for v, = a%-= const solutions of the form
x(L) = x(0) + Lx'(0) + e(L)
(29)
x'(L) = x'(0) + f(L)
with L = z-24 or 0L < er
e(l) =2 Al sinfel+ o)- b cos p - sin
m 2 v PIT v P F
“ z z
_de(l) _ A
f(L) = dl(_ ) - -,%—2 }’—[cos (“:—L+ o>- cos :-J
- z z
The parameter A sin p is the electric-field strength of the rf-deflector when
the particle enters.
For funneling two symmetric beams, we would like to have
X, beam 1 % beam 2
' = =0 (21)
Xe e

at the end of the deflector.



Using the restriction of Eq. (21) for one reference line, this beam

trajectory xC(L) is given by (for [vgls ve)

L
= - A_ 1 .% - ] ¢ rf
xC(L) ﬁg— 5 [s1n ( ot o) sin ( c + 0

C w v v
wlL
f
+ 2 (Lyg - L) cos ( g + o)J
v v (22)
r wL
- A wl rf
x'{L) = ﬁ— - = lcos — + a)- cos( + p)]
c my w2 vC e v©

If the frequency w of the electric field is chosen as
wat = (2n 4 1)z n=0,1,2, ... (23)

where 2t is the time difference between the two beam centers arriving at some
point, then Eq. (21) is fulfilled for both beam centers. For the first beam,
the value of the electric-field strength is + A sin p, whereas for the second
beam, the field strength is given by A sin (o + w&t) = ~ A sin p.

To get a smooth movement of the particles, we would 1ike no beam-trajec-
tory oscillations around the z-axis. Therefore xé(L) should not be zero except
at the points L = 0 (parallel injection into the deflector) and L = er {end of
the deflector). These oscillations do not occur if p is Timited in the interval

- n/2 < p <+ 7/2 and we choose

wl
rf
~—t0 < 7 for o 20
c
oLt (24)
f;: < +p < for o <0 .
c
In both cases, xé(O) # 0 and xé(er) = 0 . With the choice
wl
v"f=2101 and - 7<p <0, (25)
c

a parallel beanm (xé=0) is brought to the z-axis without any oscillations between.

10



In every case, the field-amplitude A is positive for Xe €0, x. 2 0 ard
this sign combination is the result of using a bending magnet.

For a positive value of p, the absolute value of xé is maximal in the be-
ginning, whereas for a negative value of o, the maximum of ixéi js located in-
side the deflector. We expect a small emittance increase for ¢ > 0, but more
increase for o < 0, especially for parallel injection into the deflector element.

Equation (20) is only used for the description of the beam centers, be-
cause here vz(t) has to be constant. For the other particles in a bunch, we
use a curved coordinate system (x,y,s) and with the same approximations as in

Sec. II, we obtain

2-
Q_%_ = 0
ds
(26)
2~
d’x _ gA 1 . < w ) 1 . ( % ,)
— e = — sin{— s + wt +p}--—s8In{-—5s +
ds  mv [ "p Ve 0 ‘e Ve

c

where A sin p[A sin (p + wtO)J is the field strength when the beam center (par-
ticle) enters the rf-deflector. In the beginning, wto is proportional to a
phase difference £4.

The solutions of Eq. (26) can be written as (in first-order approximatian

in wty and LY/YC)

y(0) + sy'(0)

<
—

w
~

1]

~ ~

X(s) = X(0) + sx'(0) + (ut) a(s) +(A

)B(S)

=1

\

x'(s) = X'(0) + (utg) A (s) + (%I)Ms)
C
with
0<s < Le1ement
Yp T Yot AY

n



iw(s) 1, 0, -1, s %L— cos(sL-s + o)

c c

B(s) 0, -1, S%—, 1 sin(%)— s + p)
- _=9A c c
pa
A(s) meYe 0, - & 0, %— cos p
Ye c
U(S) = _(1)_', Os 9-, 0 sin p
Ve Ve

As in Sec. II, we obtain a coupling between the transverse and longitudinal
motion and the results for x and ; are independent of the reference line xC(L).
For the length difference AL, proportional to the phase difference 4¢, we get

(Appendix)

AL8nd - 5 begin _(%g)Le1ement + ;.(0)13

o
A
+ (wt0)14 + (?I) Iy (28)
c
with: L
rf
13,4’5 =f“_,k__“-2,11([_)) X(':(L) dL
5 V12

The first two terms in ALend are the terms of a drift-space element; the last

three terms are specific for the time-varying rf-deflector. The parameter wty

is proportional to ALP9TM and the functions [A(L), u(L)] are given in Eq. (27).
For our funneling arrangement, the reference line xc(L) is given by

Eq. (22) and the resulting form of ALend is listed in Sec. IV.

12



IV. CONSTRUCTION OF THE SIX-DIMENSIONAL TRANSFER MATRICES

In this section, we would 1ike to list the complete (6 x 6) matrix for
both aeflector elemenis, and tc repeat all the definitions used.

The arrangement of the deflector is the same as in Fig. !; the plates
are parallel to the z-axis, their length in z-direction is L.r, and they ave
thought to be infinite in y-direction.

The quantity Vp(vc) is the total velocity of a particle (beam center =
synchronous particle); m and q are its rest mass and charge.

The velocity difference Av is related to the momentum, .r total energy,

difference by

c2
4p = Dp S P TMCAR Ty AV
c -v v
o C
L2 (29)
2 C Av
AW =W -W me vy —s5——
p D 2y
o
with vp = Ve + Av ,

where p (pc) and wp(wc) are the momentum and total energy of a particie (beam
center) and (B,y) are the usual relativistic factors of the synchronous particle;

c is the velocity of light.
The phase difference A¢ is given in terms of the used length difference AL

po = (6 - )end,beg1nn1ng - g;_ ALend,begmn’mg , (30)

where ) is the wavelength of the accelerating field.

The beam center is moving along the reference line xC(L) in the (x,2)-
plane. The particle coordinates x(s) and y{s) are the displacements of the
particles from the reference line with path-length s and (;',}') are the deriva-

tives with respect to s.
Using these uefinitions, the two transfer matrices can be calculated.

—
w



The transfer matrix T is defined by

X M

X' X'

y y

y' =T y' (31)
AL AL

by ov

Ve [ end Ve /beginning

a) the T-matrix for a constant electric field

~ day
1, L, 0, 0, 0, —2]— L2
0, 1, 0, 0, 0, a L
T = 0, 9, 1, L, 0, 0
0, 0, 0, 1, 0, 0
L] I'], O, O, ], 12 - L
, 0, 0, 0, 0, 1
with: E = (Eaan)
- 1
a4 = m‘q“ 2 2
cC ¢ -V
o
L= 1 xS dL
0
er xc'(L) / gEL !
1]’2=f - ]’-’"Yc ?TZ) dL
0 Vi X (L) c

and xc(L) is an arbitrary reference line, given by Eg. (7).

14



For a funneling arrangement, both xC(er) and xé(er) should be zero. In

this case, for |VZC! = Ve, the reference line is given by Fg. (10)

A parallel beam (x! = 0) cannot be handled by a constant electric-field

strenath E.

1
Cc

b) tne T-matrix for a time-varyina field:

™ w =~ C It
]: L, 0, 05 'V—G(L)s 7 -7 B(L)
c ¢t -v
c
@ 4 vc2 ~
0 1, 0, 0, - ML), 5 5 u(L)
c ct - v
c
0, 0, 1, L, 0, 0
7=
0, o, 0, 1, 0. 0
w vc2 ~
0, 1., 0, 0, T+ =1, I. - L
3 Ve 4 C2 -y 2 5
¢
0, 0, 0, 0, 0, 0
with:
als) 1, 0, -1, s %— cos(?—-s + o)
c ¢
B(S) 0’ ']v st\llj ] ] Sin(‘:— s + p)
L c c
- 2
A(s) Mo Ye 0, - %—n 0, %— €oS p
c c
[} w s
U(S) b ountt 0: vet] 0 SIn p
Ve Ve

15



I - — s (L) ,e(L)]dL

The electric field strength is given by
£ = (A sin «t,0,0)

and A sinp [A sin(c + uto)] is the field strength of the beam center (particie)
in the bgginning. The parameter wtg is related to the length difference
s P91INNINg by wty = (M/VC)ALbeg1nn1ng; xC(L) is an arbitrary reference line,
given by Eq. (20).

For a funneling arrangement, the frequency w is given by

wait=(2n+ 1) 7 n=0,1,2, ...

where &t is the time difference between the two beam centers. The reference

line xC(L) is given by Eq. (22):

To avoid oscillations (xé = 0) around the z-axis, we have to choose for
(-n/2) <p < (+71/2)

vrf +ps<nm ifp>0
C
wl
ol <« " 4o ifp<0
C

In both cases, xé(O) # 0.
16



A parallel beam (xé = 0) can be handled by the parameter choice

wl -
_._rf =20 for -5<:<0
v ' 2
C
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APPENDIX

CALCULATION OF THE PHASE DIFFERENCE a9
FOR AN ARBITRARY MOVEMENT OF THE BEAM CENTER

If the beam center (the synchronous particle) is not moving along the
z-axis, it is convenient to use a curved coordinate system (;,},s) instead of
a normal cartesian coordinate system (x,y,z).3 In this appendix, we consider
only a movement of the beam center in the (x,z)-plane.

The coordinates (;,;,s) are defined in this way: the beam center is moving
along an arbitrary reference line xc(z) with constant velocity Ve in the (x,z)-
plane. The coordinate s is the path length of the reference T1ine with s' = Ve
starting at some point s = 0. The unit vectors (e~, e~) are perpendicular to
the tangential vector sO of tne reference line at every point s, and the coordi-

nates (x,y) are the displacements of a particle from this reference line.

17



In Fig. A-1, the displacement X is shown for an arbitrary reference line
xc(L) and particle coordinates (xp,Lp). The vector E; is perpendicular to
the tangential vector EO of the reference line at the point L(J and in general L0
and Lp are not equal. The difference Lp - L0 is proportional to the phase dif-

ference A% of the particle.

X (L) Arbitary reference
line

! 4
C o T’E 24.

Fig. A-1. Curved Coordinate System

In some cases, the values x(s) = x[s(L)], y(s) and xc(L) are known, but
unknown are the functions xp(L) and yD(L), the displacements of the particles
from the z-axis. Using the definitions of Fig. A-1, we get for the parameter
L0 this complicated relation:

L = Ly + ————— R(LgIxi(Ly) (A1)

VI o+ x2(L)

with x(Lg) = x[s(Ly)]

The displacement xp and its derivative xé then are given as a function of the
parameter L0 by

xpllp) = — x(Lg) + x.(Lg) (A-2)

f—
[{:)



d ~ ~
__XE—X' = . C C C C (A‘3)

with  x' = x'(L)

P PP

xe = xellg) o xg = xelly)
x = x[s(Ly)]

~, _ da(s) _dx(L)

For the value of the displacement yp and its derivative yé we obtain

y,(L) = ¥Is(Ly)]

p'p
A-4)
12,2 (
d_yE: I:N' . (]+XC)
ac ~Yp 7Y 3
12?— e P "
(1 + Xe Yo - x'x') - X Xe

with yé = yé(Lp) and all the xc(
Al1 of these kinetic formulas are exact for arbitrary functions xc(L),

x(s), and y(s).

In a curved coordinate system, the phase difference A¢ is proportional to
the time difference AT, at which the beam center and a particle are arriving at
some point Sq- For an arbitrary element, Tocated perpendicular to the z-axis in

X,y') - values are taken at the point Lofs(Lo)l.

the interval a £ z < b, we have the situation shown in Fig. A-2: the reference
Tine is xc(z).

At the time to, a particle should arrive at the point s{a) and at the time
ty * LTp, this particle should arrive at the point s(b).

The z-coordinates of beam are assumed to be z = z; at the time t = to and
z = z, at the time t = t, + ATp, as shown in Fig. A-2.

19



PARTICLE
AT t=t ,'ATc

a 24 b ‘2‘2
Fig. A-2. Coordinates for the Phase Difference Calculation

There exists a length difference ALe"d between the beam and the particle
at the end of the element:

)
aLend =_/\/1 + xéz(z) dz - (A-5)

b

ALe"d is the length of the refererice 1ine between the points z = b and z = Z,
and ALend is proportional to the phase difference L¢end_
Using the coordinate s with s' = Ve = const, we obtain

p®M = s(z,) - s(b)

[5(22) - s(z])] + [s(z]) - s(a)] + [s(a) - s(b)]

beginning _ T

(A-6)

Ve ATp + AL

b
where L =f\/1 + xc‘z(z) dz is the effective total length of the element and
a

ALend, beginning _ (sbeam _ Spar‘ticle)end, beginning

20



Eauation (A-6) is exact for an arbitrary movement of the beam center in
the (x,z}plane and the only unknown parameter is the time JT » which is a quite
complicated function of the parameters x(s) and xC\z)

If the particle displacements x(s) from the reference line are small at

the beginning and at the end, then the parameter ng is approximately the flight

time from the point z = a to the point z = b:

tn-hﬁTp
b-a =f vzp(t) dt (A-7)
o
r i
or: a7 =L f\h 2 + v d (A-8)
p Vp p p

with b=a+ L and x! = dgL(L)

where x (L), yp(L) are the particle displacements from the z-axis.
The length difference L can therefore be calculated, if the functions

x[')(L) and yF‘)(L) are known.
Using the first-ordcr approximation of Egqs. (A-3, A-4)

xp(l) = x'(L) + x(L)

(A-9)
ypll) =y (L)
and the expansion Lo av withv_=v_+ Av,
vp Ve p c
we obtain the final result for ALend:
L
rf ~ )
x'(L)x (L) AV
end ALbegmmng (Av 0 +/ —  d{ - v (A-10)
\, d
1 + x (L)
0

- Lr'f —
where L = J] + x. (L) dL is the effective length of the element.
0
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Equation (A-10) is in first-order approximation correct for arbitrary
reference line xc(L) and displacement x(s) of the particle from this reference
line. In general, Eq. (A-10) couples the longitudinal and transverse motion of

the particles.
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