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I. INTRODUCTION 

One of the popular methods in the theoretical study of 

quantum chromodynamies (BCD) is (or used to be) the semi-classical 

method and its generalizations []]. 

Such an approach gives very good qualitative description 

when applied to the quantum mechanics problems f2] , even if used in 

a rather crude form. But this technics seems to suffer var5.ous defects 

when applied to the problems of quantum field theory in general, and 

Q.C.D. in particular. 

In latter case, while there have been the series of works 

on the possibility of the spontaneous breaking of chiral symmetry and 

the generation of quark masses C 3 1 [4 ] many of whicb follow the clas

sical observation of 't Hoof11 •:}, one is also worried by the fact 

that, as soon as one tries 'to analyse the situation by semi-classical 

method even in its most general form [6jL one gets the results com

pletely contrary to the expectation \7j. 

It was Crewther who examined this and related problems ("U(l) 

problem") in the greatest detail f8J and his conclusion was that, even 

if one is to reject the most general assumption of semi-classical me

thod such as the importance of classical solutions with fiiite Eue.1 Mean 

action, and thus the whole idea of integer topological numbers, one 

is still left lith quite severe chiral selection rules which may mini

mize the significance of "gauge non invariance" of 11(1) axial chaïge. 

Thus, in spite of observation by 't Hooft [5J. one would be in diffi

culty so long as one does not admit the unwanted U(l) Goldstone boson 

{8j,[9j. 

On the other hand, recently there appeared the series of 

works based on 1/N expansion [lo] of QCD which have shown that the 
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appearance of U(3) CoJdstonc boson, after all, nay not be so disas
trous and one can get on quite happily with normal current algebra 
type phenomenology as Jong as one does not really insist on the quan
titative explanations of, for instance, 07 ' mass or» indeed, pion 
decay constant ft fl. 

At the same time, Witten has shown the possible unreJiable-
ness of semi-classical method in the problems of quantum field theory 
ll2]• If one defines the semi-classical method as the Gaussian expan
sion around the arbitrary (well separated) real rairima of the Euclidean 
action, Witten's idea was confirmed by the exact calculation by Liischer 
and Berg on the special model [13]» [l4j- It is quite possible that 
one must interpret J as U(l) Goldstone boson [il] f2J [jsjand 
moreover that one cannot ask for the quantitative explanation beyond 
the consistency argument offered by l/N approximation [llj p2 J. 

However, even if the most familiar method of the dilute gas 
approximation is shown to be definitely misleading in some cases Jl3J 
[14 1 r there seems to b^ still quite a *"ew unsolved problems as well 
as the possibilities of conputational improvement in the semi-classical 
technics in field theory Jl6j. 

In the following note, I would like to present the arguments 
to show that the conclusion of Crewther and others is not the most ge
neral one which one can expect within the framework of conventional 
QCD. Even the seemingly clear-cut conclusion from dilute gas approxi
mation (73 of QCD may originate from the way in which basic "path in
tegral" representation is written down without due regard for the boun
dary conditions. 

The most "simple mindftd" semi-classical approximation con
sists in starting from the path integral representation of the Eucli
dean expectation value of operator (or the product of operators) 
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with respect of so-called Q-vaeuum, 

( : Normalization factor) 
where 

\ c = pure Yang-Hills action 

with S >-"' J 

/1 v 
The Euclidean $ matrices 1 »f J»»» satisfy 

iff / /•> } * ? ,£•. 

(2) 

(3) 

(4) 

The indices s,t... and u,v... refer to the flavours and colours of 
quarks and run for 1, N and 1,...,N respectively. The letter 
1 in the second term of £\^represents the number of light quarks. 
Physically L « 2 I17J. 
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Then assume the seni-classical boundary condition on the gauge fields 

integration ^ 

i.e. Assume that rit (D reduces to the pure gauge a* 

" 7 M -> oO • 
/if(*)-*3ot>ytu) *iu-**<> (5) 

This implies that the integration J ^ t~ c a n *"" expressed as 

the sum of configurations with integer Pontryagin number, i.e. 

/•*. £j®v.A.pt, (6) 

Thus, the & -vacuum expectation value (l) reduces to the Fourier 

series 

ç~*ï*'J»*S>î Xe" ? e

 ( 8 ) 

V » «/ jfcA * * . - - - '• 

The trouble is that the calculation of (f) through ( f> 

and ($ ) can cause the seeming desaster, as pointed out by 

several authors fl,77-

One can "diagonalixe" the action J ç t v introducing 

the gauge field dependent "quark variables" (3f««Ç«)correspcnding 

to the Euclidean Dirac eigen value problems 

fa+JOQ* « a*<A. ( 9 ) 
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(10) 

(11) 

(12) 

ru 
and expansion of the femionic co-ordinites 

One defines the integral over fermion fields lifJUf. as 

The action _Jg n o w takes the form 

Nov the eigenvalue equation (9) in generaJ has several solutions 
with / t : ( (zero modes). Number of zero modes is related to the 
Pontrjagin number tf of gauge fields, as 

JIT* s (A* •*• t/3 (13) 
with V » (Xi - tfa 

where represents the number of independent solutions of 

with + ve or - ve chiriality. 

##*. - ±<f>* (H) 
The last statement is the consequence of celebrated Atiyah-Singer's 
theorem. _» 

, e * rn V > Or* 
Since the zero mode variables ( go ' cm >v» > <•<> not appear 
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the action •?« (of (12)), the integral 

PdV-clC 

vanishes unless enough numbers of zero node variables are supplied 
from the «integrand» X(A{,%9) • 

Note that the number of "light" flavours L increasea the number 
of zero modes of (4) from t/f'to L in 

Now, for instance turn to the calculation of vacuum expec
tation value of 

which is supposed to be the neasure of spontaneous beaking of chiraJ 
symmetry. In (7), the sector V » O does not contribute to 

because in this sector one has rigorous chiral selection rule 

X(X) = ° (.5) 
But for all other sectors, | V I ̂  I , the numbers of zero mode 
integration ft 

Zdf* > 2t-> (16) 

Thus, for the "physicaJ" case of L x Z. , the bilinear operators 
(f< C li fr? •f' can never absorbe all the zero mode integral and thus 
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< îf C\±ft)^>^ " o (17) 

i.e. fin» (7) 

-er ï"( i±«0<f> # - o ( 1 8 ) 

Of course, If one has taken enough nunbers of these operators, e.g. 

( <f(t±fr?*f- ) * * , then one would not get the trivial xero 

for the integral. This means that chiral symmetry is still broken by 

the presence of non trivial topological sector of gauge field. Only, 

the chriality can be changed only by the large value 

This kind of "paradoxe" is known for the long time and usually dismissed 1 

as the faute of semi-classical nature of the calculation. On the 

other hand, since only explicit assumption here is the vacuum boundary 

condition on J Sh A * 

/H - i.fmi 
it is not easy to set up alternative scheme which allows more meaning

ful results, in particular, to reach the spontaneous breaking of chi

ral symmetry 4$$-^ & O » 

There is also the difficulty that the resultant chiral selec

tion rule (19) can be obtained under more general assumptions, even 

when the "topological" number \? is not restricted to (he integer 

[8,9 J - For instance, Crewther nas carried out very detailed analysis 

using only the current algebra with anomaly and it looks as if t h e . 

naive suggestion from the path integral method is closely followed. 

The simplest result of "naïve" analysis described above is 

when X « 1 , i.e. one is dealing with simple Euclidean vacuum transi

tion amplitude 
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.-Ht 
** t-» •» 

In this case, the counting zero mode immediately gives (in (7)) 

< 1 > y = ° . (20) 

for V * ' . This usually is interpreted as the absence of vacuum 
tunneling in the presence of massless fermion. But the more correct 
interpretation pl/Jwould bo that the vacuum of mass]ess fermion is 
not stable in the presence of gauge fields with instantans (i.e. V * 0 ) 
Thus, after tunneling, it finds itself in the state with several pairs 
of real massless quark and anti-quarks. This means that the true va
cuum in Q.C.D. cannot be expressed as the small perturbation of the 
Fock vacuum of massless quarks but rather the superposition of quark 
-antiquark states. Such situation is familiar in the many body theory 
and in fact the bases of B.C.S. theory of superconductivity [29]. 

In the following section, I shall analyse the origin of spon
taneous symmetry breaking in a simple model from quantum mechanics 
(can be taken the most primitive kind of B.C.S. model) and establish 
the correct "patii integral" representation for such model. The last 
section is devoted for the suggestion for Q.C.D. case. 
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II. THE PATH INTEGRAL IN THE QUANTUM MECHANICS 

1/ A MODEL 

To illustrate the possible modification to the path integral 
formalism of QCD, I would like to discuss a simpler model from quantum 
mechanics f 38 3 t I39^ which shows the spontaneous symmetry breaking in 
the limit of 0 0 degree of freedom. 

Let us consider the system of fermionic oscilla
tors with anti-commutation relations (s = l,...,fl 
and k can take - Q different values J 

{ -fisCO , •£'«') J . St.fu' 

{(ttl*). •&*«'>)• O •*«. (2I, 

which are coupled by the interaction hamiltonian 

where * . * 

*. (23) 

The N matrix satisfies 

G l" 
80/P.1217 
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J «/ / , y . y, a . . . yv"-/ ( 2 4 ) 

These are the U(N) generalization of Gell'Mann's ̂  -matrix for SU(3) 
They satisfy the completeness relation 

EPI* (fi' -8^&*' 
The hamiltonian C * ^ is invariant under the transformations 

("Diagonal subgroups") (26) 

B> 

("Chiral subgroups") (27) 

A) and B) form a symmetry group of chiral U(N) x U(N). 

One can show that, in the limit of -ÉÎT 1 0^ , the symmet-y A) 
is preserved while chiral symmetry B) is "spontaneously broken". 
To prove this, one can, in principle, solve the model for finite -*X 
exactly exploiting the SU(2N) classification of the states. Then one 
can show that the energies of one part of "ground level" become degene-
rats for large _/2. while the another part"run away" to «O . 

However, to see the behaviour of the system in 
limit, it is much simpler to adopt the exact methoa proposed by Haag 
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[40j for the study of BCS theory. Here, of course, I leave all th». 
mathematical detail for the relevant literature. 

First of all, cne notes that the operator [40 J 

G*" m -"fe Jt 3* (28) -n 
commutes with arbitrary element of algebra 

This means that in the limit of. -fl "*"*, ©it are Li-numbers in any 
given irreducible renresentation of the original algebra. (Schur's 
Lemma). 
AS -a-*°» 

C £ - OUAt**** / (30) 

Then, taking the commutators between H and elements of algebt^, one 
has g - l _ , * 

un 
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Fron these, one can see that the hamiltonians H can be written, in 

the limit of jfl-^.4 and within a given irreducible representation. 

* + Ce~*(" . ( 3 2 ) 

«here / U Ï are the constant depending on the particular irredu

cible representation. The Hamiltonian (32) is bilinear and can be 

diagonalized by canonical transformation of creation and annihilation 

operators. 

First define the "cbiral phase" by writing 

(Chiral transformation) (33) 

with parameter P < such that 

c* ( hermitian and +ve definite) {34) 

One can always find such a unitary transformation Ç 

Next, one diagonalizes (ft by 
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Wt)' S*t*> (*"*%» 
(Diagonal subgroup) (35) 

so that 

. : * a •• V e 
-M-A 

/u >< 
r-.. (36) 

Ijastly, the canonical transformation proper, 

aZa > «*> r* as « ; + s^ y "&? t-* > 

9 

If one assumes 4J* /(/ ̂  t , then one can see that the choice 

(37) 

9-

reduces H' to the *ve diagonal form 

Clearly, the ground state of hamiltonian K" is the Fock vacuum / V » ^ 
of nev operators ©J (%) and -&j M ^ 

(38) 

(39) 

A r t ) iv»> - o 

(40) 

Then [H%/ can be represented as the formal coherent state in terms 
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of original Fock states. 

• * • » . » 

-..'«ere | 0 ^ is the Fock vacuum of original creation and annihilation 
operators 

0.6O I °> * ° 

.42) 

The parameter p * . is the same as in (33). 
In our case, jf m v/<f and 

One solution (39) still contains unknown coefficients ht , i.e. 
j^nl . This ca>< be easily found out by calculating vecuum 

expectation value in the limit of jT2-4<0. 

j t ^ « . • * * * 

. 2T.(e^3.^") 
(43) 
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it ^ " 1. « 

(44) 

where one has used the completeness relations of A -matrices (25)• 

Thus 1+t *>• I for «it S, and 

JV» 
The undetermined parameters £ f»o> £,a oi K(N) group space repre

sents the multiplicity of irreducible components in the limit of 

J*-* oO , 
In each irreducible sectors» the reduced hamiltonian has 

the same form 

H'*î2.2 (.aftVQsC-i) +2fa)*(*>) 

but they can be distinguished by the vacuum expectation values of 

appropriate operators, e.g. 

z £<*.! *U*l<f.^ A* * e* 
9t(*2 

Thus, one has the degeneracy of vacuum and the spontaneous breakdown 

of the chiral part of U(N) x D(N) symmetry. For given 1/C), the 

each irreducible subspace is still invariant under the U(N) subgroups 

given by the elements of transformation 
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The degeneracy can be removed If one adds the small pertur
bation 

AH - t/*JLaU4J(en**le*rt-t> (47) 

Then the chiral transformation (33) to diagonalize the hamiltonian i.i 
the limit JÎ» •+ °* will be fixed as 

and gut will take the we]3 determined vacuum expectation value. 
The system is invariant under the U(N) transformation (46). This is 
the equivalent of Dashen's theorem f42j in current algebra. 

2/ THE PATH INTEGRAL FORMALISM 1391 

As it is expia' '.& in the Appendix, it is easy to represent 
the Euclidean amplitude with fennionic degree of freedom as the path 
integral (functional integral) on the appropriate Gr-issmann variables. 

The problem is to define the path integral so that one can 
go smoothly to the symmetry breaking solutions in the limit j(2-*«>0 . 

For instance, the naive prescription suggests the represen
tation [ 24] for the vacuum expectation value of the operators X f <J,tt>,<iW) 

< xw > 
JL. < e" f , ( ° y € > 
V-7-* 
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*"'"^-H' [ Z #"•*'« £**-o 
- 1 : x j - + x it : ( ?t.% ) J * X (%<%) 

2 -Q . 

(Z : normalization factor) (48) 

Taking, for instance, ^ * 75 "JÂ » o n e c a n s e e e a sily 

that R.H.S. of {W) will not go to the symmetry breaking solutions 

in the limit Si. •*• oft . I n fact, for finite Jl , 

»• *» 
•< x ( * ; > « o (49) 

unless X(t) m invariant under tbej(chira) transformation (27)- Thus, 

in particular, ^ -4 X » . X s o (for any finite ̂ 2 )- Therefore, 

this quantity remains zero also in the limit of inifnite S^ . The 

addition of symmetry breaking term ( */J does not help because 

then one can show that 

The situation is a little different from the ease of cer

tain field theoretical model such as A< y — t ) potential in two di

mensions, where one can demonstrate the existence of spontaneous sym

metry breaking by adding small symmetry breaking tern (or the "external 

magnetic field"). 

In the present case, the simple minded path integral (48) 

represents the expectation value with respect to the Focks vacuum of 

original creation and annihilation operators and not the mixture of the 
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symnetry breaking states such as in case of sea]or model in two dimen 
sion. 

On the other hand, one can obtain -the correct vacuum expec
tation value by applying the path integral representation for arbitra
ry matrix elements given in Appendix (A.22). As it has been sbmn in 
(41 ), the true vacuum I T» s can be formally expressed as the co
herent state in terms of original Fock states. This expression con
tains the divergent coefficient as ^J ->«o . But thj sis not 
serious since such a factor can be cancelled in taking ratio with nor
malization factor, i.e. one can give the following path integral repre
sentation 

X 1/ r same expression with X -* 1 J (51) 

First two factors taken at the final and initial (Euclidean) tine 
t - t" and t' represent the wave function (and its conjugate) of 
the true vacuum I4i/fc - (See (41)). 
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The last factor *-tf _ < S Jfrf^?t/'f>is of purely kine-
matical origin (See Appendix). Alternatively, one can write down the 
path integral directly in terms of new variables ^ and Of" 
corresponding to the canonically transformed operators a , g 
and *. j •£ of (37)• In this case, there is no question of vacuum 
wave function. However, now one can transform back the Grassmann variables 

%* and "y according to the canonical transformations (33), 
(35) and (37). 

Then, one sees that the "kinematical part" of the Euclidean 
action will generate precisely the vacuum wave functions in (5D, i-e 

= *J'"«t ?" z. %'(*•»£%>•>) 

4 J 

(52) 

where the relations between (•* » % " ) a n d f 7 » 5 /are defined 
through (33), (35) an! (37). "** "'"'* 

With expression (51), one can study the spontaneous symmetry 
breaking of chiral U(N). For instance, changing -rhe integration va
riables according to the local (time wise) version of chiral transfor-
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nation (27), one obtains the generalized charge conservation 

. 4 J*, ft > 4 ^ *• ' * - + ° ! *•><> 
f *? (53) 

where -!*,« is the N < W matrices defined by 

e a e e <• 

çèj'(*'-*i <ty-0(!->(V<-0(yl) 
(54) 

0 » ( 4 , t > , -£i (-6 .t y , etc., are the abuse of notation 

•' --'ig 

etc. 

One nay remark that the transformation such as 
has appeared in the non-linear realisation of chiral symmetry in the 
current algebra of Weinberg and Coleman, Weiss and Zumino C43-/. 

1 have discussed a way to promote the simple model of this 
section to relativistic field thaory in Appendix B. 
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III. THE PATH IKTEGRAL IN «KB 

The discussions at the end of last section suggest that the 
way to modify the path integral (1), so that the resultant chiral se
lection rules nay be less severe, is to add the non trivial wave func
tion which can contribute to the Euclidean path integral in the limit 

t -t + i$ and £ -a* -co . Such a wave function nust be able to induce 
the system to fall into one of degenerate vacua and *hus must contain 
the germ of chiral SU(N) symmetry breaking in itself. 

The discussion of Section I shows that the non trivial 
boundary 'condition on the gauge field integration Qfl* , although 
it breaks chiral U(l) symmetry f3°L does not have enough symmetry break
ing in it. Thus the simplest possibility would be to look for the wave 
functions which depend on the "fermionic" variables y. and </• at the 
boundary surface •£ ̂ T * 0 . From the way in which our path integral 
is defined (i.e. as the generalization of (A.22)to infinitely many 
degrees of freedom), this wave function should express the relationship 
between the Fock vacuum of massless q-jarks and antz^uark.; and the true 
physical vacuum where the chiral symmetry is spontaneous!,' broken and 
quarks are massive. 

Now, just such a relationship has been considered in the 
• classical paper by Nanbu and Jona-Lasinio 1.31] introducing for the 
first time the "Goldstone pions" in the theory of strong interaction. 

According to these authors, the chiral symmetry is sponta
neously broken through the "super conducting" states where the massless 
quavk and anti-quark pairs (nucleon-antinucleon of Ref. 31 ) of same 
helicity and opposite momenta form the "Cooper pairs" [35]. 

In analogy with '.he coherent trivial states of Refs.[26] 
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and \n], Nambu and Jona-Lasinio give the explicit expression in the 
simplest cr.se of L * I [32j. (See also Appendix 8.12). 

U2">-TT U l ^ f i -f-JiO^ ***»>**"*>}'-°Î>(J$) 

•P i quark momentum 

PJ , helicity 

and @f. " rP// if / "•* « * <m : parameter), 
I Ji'^I l*p> is the Fock vacuum of the massless "nucléons" or quarks 

Writing *»**(*)* HU-pf) 

one sees that the formula (42) corresponds to the Bogoliubov trans
formation 

"ft (f. A; • to» S ( « ««•>) + SiiéW)-*^-** ) 

?'(.M)* -S»<> (*>(&**>+««»*(»-*•<-/«A ) 

The ne» annihilation operator» satisfy 

(57) 

(58) 

f~r a U f. and ,3 

80/P.I217 
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The parqueter n , which is related to the BogoJiubov angle as 

U. H# JaGl*^*-1*1 ) A (S9) 

corresponds to the spontaneously generated mass of quarks. 

This can be in principle calculated with self-consistent method [33 J. 

(See Appendix B), • 

The chiral symmetry breaking trial state (55) of Ni. -'.m, 

Jona-lasinio is of the form discussed in Section II* Moreover, if on 

one calculates the overlap with Fock vacuum [31], 

a ejrf iff*** *'£/ wfr « 
(60) 

because the exponent is negative at large momentum ? d diverges li

nearly with the ultra-violet limit of integral. 

Before writing down the modified path integral which should 

replaced), I generalize the Hambu-Jona-Lasinio representation (55) 

to chiral SUIIpvith tfF > | 

4M*» l 

(61) 

where the angle & ($) is chosen as before ! and 

f " R It » t n e iterators of SV(N-) in the 

J* • I * 
quark representation 

V J * J ' paran.. .rize vacuum degeneracy with 

respect to the chi.-al part .• J 
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CC : parametrise vacuum degeneracy with respect to chiral U(l). 
Correspondins to the global chiral transformation of the fieid operators 

^ J ? " r ^'3"fi'*"r' (62) 

One has 

where J j is given by 

t- *«z e
l i * J «**- r

 m £ *i-ff"' (63) 

l-rt • also breaks chiral U(l) which amounts to the change of para
meter 

et. -* ei +•< " (64) 

Now I can put the wave function corresponding to the trial state (61) 
into (1) and obtain the following modified path integral representa
tion of the vacuum expectation value of operator X JV-v V ' *[ / 

/ ^(normalization factor) (65) 

80/P.1217 
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The letters (*,•£) in LHS indicate the degeneracy of vacuum with 
respect to 0 as well as the direction in the space of chiral trans
formation -fit , the Grassmann variables I § t£A) J T and 

[ *E,B tftKJj correspond to the Fourier components of 
loca] 4-component Dirac variables *̂ " f3'">) and 1^ (3 <T) at 
the given Euclidean time *J . One can write 

The vectors \w*tt))> e t c* a r e t n e massless spinors in the repre
sentation where J"j- matrix is diagonal. One can choose, for 
instance, 

• and 

w-® IT-* » i n . r-t ) 
#7 y (69) 

(See Appendix A) 
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Note that one can write the coherent state (61) as formal unitary transfor
mation 

where 

i_rï"> = w^i (?(*'*' «•>*>•£ «O I « > 

X'tt ' 
(68) 

although it is not-so simple to introduce the object like (68). which 

i«! not normal ordered, into the path integral. (Normal ordered form 

of (68) isj of course, juste original (61)). 

The "current algebra" vacuum of t'ambu-Jona-Lasinio breaks 

chiral SU(N) x SU(N) according to (63). It also breaks the chiral 

U(l), i.e. under the global transformation 

' one has 

ycz)-> -five**'* 

l ^ , , ^ ! - * *>* 

(69) 

*•*.' (70) 

Just as in QCD Lagrangian of quarks and gluons, the invariance under 

the chiral SU(N) x Stl(N) implies automatically the chiral U(l) inva-

riance (unlike the Gell-Mann-Levy linear 0* -model withO* , 7Î and 

M ), the spontaneous breaking of former (by coupling to the wave func

tions (48)) entails the breaking of the latter. 

The factors 0?&M& (-?** ) ( A -helicity), in (61) 
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have the chirality So to study the chiral transformation pro
perty of (61), it if) convenient to write this a» 

* „ 
„ IT r c*. 6 m H sri. 6<?)u 'it) 1 

1 *• ' ( 7 1 > 
A* 

where the operators transform as 

under (69). 
(71) means that the Nanbu-Jona-Lasinio's trial states are the coherent 
superposition of chiral U(l) eigenstates 

(XI "> * Z ^ l ° > (72) 
where 

under (69). 
The vacuum expectation value according to the modified expression ((f) 
^Jt3.*| ..... J J C 7 . m ^ can be written as 

where I 0 ^ is still "Pack vacuum" or the factor 1 in the path integral. 

The assumption of spontaneous breaking of chiral SuffffyxStl Mf) 
(or the current algebra) is that the chiral sectors K.C\ M X . - -\f^yt | 0 ^ 
with more or less arbitrary values of y ^ and Vt should be able to 
contribute to the vacuum amplitude, and not just the ones with |1L «l^jm2Ly 
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More explicitely, with the path integral (65), one can, in 
principle, justify the normal self-consistency calculation for the 
spontaneous symmetry breaking. As it rs discussed in more details in 
the Appendix B , the formal effect of the-presence of wave function 
such as (61) is just to change the mass of fermions implied by the 
pith integral from 0 to m. Thus the "free propagator" which is inhe
rent in the path integral (65) is 

I 

and not — . Thus it is meaningful to transform the action 

to 

t fcMf-**<*;#. f -ip+'k. (73) 
(0 and m refer to the inherent mass used to define the path integral, 
see Appendix A -(c)). 

Thus the natural consequence of the decomposition such as 
(73) is the self consistency equation^]* [4]» [33], f34"J 

Also, this gives the bases of mechanism for spontaneous symmetry 
breaking of chiral symmetry proposed by 't Rooft [ 51 Callan, Dashen 
and Gross [ 3 J if this scheme can befreeJirom the defect of dilute 
gas approximation. 
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\ 
IV. SUMMARY AND CONCUJSIOH 

In this note, I have attempted to trace the certain incon
sistencies in the manipulation of the path integral formalism of QCD. 
Taking account of the boundary condition (expressed in terms of "inhe
rent" mass) on theirfermionic ~»gree of freedom, I have suggested that 
the semi-classical method, even with the assumption of intep<*r topolo
gical number, could lead to the meaningful conclusion. 

Owing to the still remaining ambiguity in the path integral 
with respect to the removal of ultra-violet cut off, it is of course 
not possible to set up the rigorous scheme in the manner of BCS theory. 
But one seems to be naturally lead to che self-consistency calculations 
of usual kind instead of the "dis&sters" like reft 7]. The latter 

is still plagned by the fact that, to get the definite con
clusion, one must rely on the dilute gas approximation. 
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- A P P E N t " . X A -

PATH INTEGRAL REPRESENTATION 

The path integral representation of the Euclidean fermionic 
amplitude can be introduced in the completely algebraic way for the 
finite number of degree of freedom. I follow the method proposed by 
Fradkin et al. ( J W ) for the study of Ising model. The result does 
not differ from the standard treatment such as Faddeev f2f0. 

The method can be i]Justrated for the simplest example, i.e 
one component fermionic oscillator. For the more complicated case, a 
all one needs is careful combinatories and 1 will only give the result. 

Let us consider the quantum system of fermionic oscil
lator with Hamiltonian 

H = to a*CL ( A - 1 ) 

where the creation and annihilation operators **• and #• satisfy 
anti-commutation relation 

a*a. •+ a. <*? = \ 

a* » a* » o <A-2> 

The problem is trivial since the Hilbert space here is just tvo-dimen-
; sional complex vector space spanned by 

1 ' ^ (defined byflJ'^tO Fock vacuum • real vacuum ) 
and 
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The operator H is then equivalent to 2x2 diagonal matrix 

• » . - • ( • ' : ) 

Dut let us imagine that we do pot use even the simplest matrix calculus 
and to calculate the amplitude 

(Euclidean vacuum amplitude) 

One has to apply the standard procedure for calculating quantum 
amplitude. First, one writes (3) as 

<To| e - . H " t t O | 0 > 

(A.5) 

The interval C ^ * *t J i s segmented as ' 

<• i t i ^ t i b 

As usual, for large N one assumes the val idity of 
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Then, one can see easily that there is numerical equality 

<»t( I-At H I »j >* tt-*X*-*j > + <*-***>*») 

(I; « J V).- both take the values 0 and 1). 
One has then 

(A.S) 

H.x> >^«» je • 

(A.6) 

to evaluate BHS of (A.6), one must perform the sum ~ 0 * * • ~ 
explicity. The difficulty for doing this is due to the fact that the 
same set of numbers Wf * t b * O appears in the two consecutive factors 

and 

This difficulty would be resolved if one could have vritten the 
expression 

<h,i i-At H i«j> * o-^Xi-^p - U-&* u }-nc«j 

as the product of tv& factors each depending only on Ml and H> 
respectively 

; J (A.7) 
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In general, such a factorization is impossible. The observation of 
Fradkin et al £14j quoted above is that one can do such a factorization 
if one introduces the Orassmaim variables. 

Indeed, taking the pair of generators of the Grassman alge
bras (T; and Mr with (£*» 0, «£ -". l^lf\}'0, 

One can aasily 
verify 

CHj + t'-Mj^Ji; x (4.8) 
where the integral is constructed in the space of polynomials according 
to the familiar rule of Bereiin J13J. 

t> I (A-9) 
J \UITJ \ I J I*™ f i ) * 

More precisely> one can define the integral with the he)p of anti-
corarauting differentiation on the Grassraann algebix 114 J 

SU$(r / ( A . 1 0 ) 
U--1TXW 

s X 
where U , V , g- , ^ must all anti-commute, with each 
other. 
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Also, as the special case of (8), one can express the "end" 
terms at V t £»i and t «"t0 as 

(A.Ilia) 

a_r<i v;du. 1fii»-r{»-wotr e) e t e U t ( . , ( A n b ) 

Substituting (A.8) and (A.11) into (A.3), for the Euclidean vacuum 
amplitude and effecting the sum £ (&**>. M * • ••") between consecutive 
factors, with 

H-UjO] a e-*I«j (A.12) 

one ends up with the representation 

r fj e«--*<• >^;-<] [ 7T e' 9 " J ] * ou* ) 

- Vo«„ ] + C>(4-0 
(A.13) 
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If the formal transition to continuum limit Uj - Id: -i -v dt U;.> 

is in someway justified, (A.13) can go over to the familiar path in

tegral formula. 

« . l e - K ^ l O 

m T f ta 4U. erf ( - f t - efrtfc'JI 

where "Euclidean action" 

«. /._dM .1..-., > 
(A.J4) **a L*M3- •"""*} 

As a matter of fact, one cannot consider W^ and Wj-' are real

ly close together for small iSfr , owing'to the form of fermionic 

propagator coming from (A.14). On the other hand, for the simple sys

tem like (A.l), one can write the path integral representation without 

the approximation At ~* O , i.e. instead of approximate formula 

(A.5) (A-6), one can write directly X 

« _ C d OidUj C Ht + (l'HOOl) e 2 < 0 ï U > ( M; rCl-W^W,-; 

with ^ K - e (A.is) 

In this way, one can write down the exact expression independently of 

smallness of A t .(See K.C. Wilson Ret. 25 ). 

<» l e - H « " ' - -«' ' IO^ 

IT 
J" 

,fa*y 
J" 

aK.. 
-a t«0 

(A.16) 
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Since the action of (A.16) 

and the "limiting" action from (A.14) 

gives the same value for the correlation function 

<-<u,fl/>- 7TJW *)<$ ***'& 
one considers the (A.14) as being correct. 

One can generalize the derivation of (A.13) or (A.14) 
to the matrix element between arbitrarily Fock state 

Then < F / e - « « ^ " | l > 

(A.17) 
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uhere 

General Case. 

Nov one can consider the set of fernionic creation and anni

hilation operators 

with usual anti-commutation relations among them. For the finite J* , 

the Fock space is complete and spanned by the set of base vectors 

i io> ; eu 10 >= o v 

U « « 0 s i V . - - - r r V 

Then, for the arbitrary normal ordered form 

(A.18) 

a 4.Hr7-*—* ("ïf'-b^ùiJ'-.M.? 
(A.19) 

one can write down the following Grassmann in t eg ra l for the matrix 

element 
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(A.20) 

Using this formula and introducing new variables 

f; « C-O'Cf: j*hZ J2 

one obtains following path integral representation *or the arbitrary 
amplitude, so long as the number of states -12 is «sven. 
For 

and H given by Ik.li) 

< M e - H " - ^ l i > 
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-• v if fa;*r 

where 

(A.2!) 

* So «.In 

This can be written as the continuum limit 

<F\ e-"«"-*'>It > 

W O 

80/P.I217 
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where the Euclidean action S f takes the expected form 

(A.23) 

One must keep the kinematicul factor "*^f "* ̂ L tf* 5 " 

to make the correspondence with canonical formalism (see for instance 

Ch. II, b) 

ï.cld Theory. 

Tt is not trivial to generalize the preceding discussion to 

the case of infinite degree of freedom. In fact, there 

are problems peculiar for the fermionic fields to define the Euclidean 

amplitude as the path integral. At the elementary level, this is con

nected to the fact that the free fermion Green's function is not «ell 

defined at equal time. 

Thus, to make sense of the expression like (I), one must 

imagine, in abst-.ce of exact theory, some emergency prescription. The 

lattice cut-off method with finite veiume seems to be most hopeful 

way to eventually reach the more satisfactory definition and is tacit

ly assumed throughout the formal discussion A CH. I and III. Here, 

of course, one optimistically assumed tr~- *e consequence of most of 

formal manipulation survives independent c he detail of the lattice" 

QCD formalisH. It is also hoped that t . -r manipulation such as 

\ function régularisation method to derive the current algebra selec

tion rule «^ f|?) can be eventually justified. 

One can formally define the functional integral over the 

massless Dirac fields as the limit of fermionic oscillators discussed 

above. 

One .arts from the second quantised form at fixed time 
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*«*H (T) 

(A.2 4) 

and its conjugate l\|l f 2 J 

The vectcr£ ( * J I «*£/») J a r e t n e n assless spi-

nors in the representation where &j matrix is diagonal, e.g. 

The two-diaensional spinor V (fi satisfies 

Zelfttt) *X6Th If) 

<rttt>9<n(t> - J o * €£ ) ( A ' 2 6 ) 

For free haroiltonian 

H *£* /p frtwMflW * **7M;*ft V] ( A 2 7 ) 

one has the collections of oscillators such as been discussed before. 

One introduces the Grassmann integration variables for given 
Euclidean time T , 

corresponding to the Fock representation 
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\, write p 

So long as one has some way of cutting-off the momenta f (ultra
violet as well infra-red) (A.28) is well defined. Certain details of 
such a cut-off method are explained in the Appendix B. 

Definition such as (A.27) and (A.28) refers to the Focli space of massless 
fermions and not expected to be very convenient one. The improper "cano
nical" transformation discussed in Ch.ll and 111 (Bogoliubov transformation 
applied by Nambu and Jona-Lasinio) has the effect of transforming them 
into the massive second quantisation, i.e. the decomposition 

where m is the parameter in the canonical transformation ( Sfif\,(Tp) 

On the other hand, precise meaning of the co-ordinate such 
as (.to) is unclear. Even the free field equivalent of f l O 
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and 

IT P4ftl«t4Çti.T) * J (*<*%</1 

seems tr be of fonul nature. 
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A P P E N D I X B -
-t-s-:-i-

THS GENERALIZATION ANP THE CONT1TOH LIMIT 
OF THE HODEL OF CHAPTER II 

The model discussed in the proceeding paragraphs has been 
taken from nuclear physics (non-abelian generalization of Racah model) 
and is seemingly irrelevent for the relativistic field theory. 

But a slight generalization of the model brings it «lose to 
the theory of free relativistic particles obeying Fermi statistics. 

First of all, one identifies the parameters k as the «pace 
components j£ of momentum of the particles placed on the finite 3-
dinensional cubic lattice with lattice separation '•• and total volume 

Taking usual periodic boundary condition, the allowed momenta 
are of the form 

(B.l) 

Thus, 

£1 s (~^ I a Jx. • number of lattice points 

Now, introduce the creation (and annihilation) of "massless 
fermions" 

{ a.? &,z), ***(*<*) } 
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vhere / t * l j represent the "helicity" of the particles. 

Define 

and their conjugate A* V) and R W; 
Then the anti-commutation relations 

f «s». to. « *' &<'*)} * $M* £*'£*' 

Defining 

can introduce the analogue of the hamiltonian ixi) as 

H * - J L TTwfT/-f X - J / l 

B.2) 

<B.3) 

(B.4) 

(B.5) 

(B.6) 
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At the same tine, one generalises the «del by ad ding the bilinear 
term 

(B.7), 

and the total hamiltonian of the system is defined as 

" H • H» t Hiif . * 
Mow, the discussion of §11.a) about the spontaneous symme

try breaking in the limit XI-tot) needs only little modification in 
the presence of additional bilinear term IB'?) . The quartic part 
, (B' ('I* reduced to the bilinear form exactly as in (3i) • Only 
change is the proper canonical transformation (Bogoliubov transforma
tion) (l£) and here one must introduce the momentum depending angle 
J"p , which should diagonalyze the reduced hamiltonian 

(B.8) 

From this, one obtains the condition 

CB.9) 
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for the analogues of the transformations \}p ) for each f and S , 

Then the calculation of the vacuum expectation value 
A*± 1 <^HJt &**/•&• I V » ̂  gives the consistency equations 

(B.tO) 

Thus a symmetry breaking solution can be obtained by 

and 

Note that the "Bogoliubov angle" Tf can be written as 

One can consider the Jimit when V is large and a •* 0 . 
In this limit, one can replace the sum «£ by the integral 
and the Kronecfcer's delta Sf//' by *2i' S^lf-f') 
Lastly, if one renorjnalises the creation and annihilation operator 

Oitf,h) , etc. by 

at t f * / }« — C I S ^ A ; 
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then 

It is convenient, in the limit /-* •! and A-9 0 , to introduce 

the local "Dirac" field 

0 

(B.13) 

Then, it is easy to convince oneself that in the limit of -T2"**1* 

T h u s Hù~-l!l P -* * e ' ^ l±£r tE^̂  
-/* l * J 2 

.[W«IJ>5U J=£f *l») + tf-C } 

(B.tS) 
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,/ï j number of lattice points. 

After taking limit J2-»e4 , and reducing 

to the bilinear form, one obtains 

+ cjV^a^A3.*.fc'W } ( B l 6 ) 

where A4- is determined by the continuum version of the consistency 

equation C B " II ) 

/ (B.17) 

where A * "VA- corresponds to the usual mo-entum cut-off. BHS 

stays finite in the limit of h-^KXi , if §L is renormalized on 

Since, according to ( J - / 0 , ff = 9/* represents the mass of 

resultant free fermions, the equation for the Bogoliubov transofmration 

( £*f,fOiK nothing but the transformation proposed by Nambu and Jona-

Lasinio.K^<v^. In terms of new canonicai variables Ct t Cft I ) 

and £t ((•/)) , one can write 

£ (1) a € f « 

(B.19) 

with (f- « ; utf**)* o 
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i.e. 5', [%\ reduces to free Dirac field at given time. 

On the other hand, eq. B.17 is consistent with U n H 

» finite, only if M • 0 (when g ç) g = iTT» ) • S f c

 i s t h e uPP er 

limit of values of g for which syiranetry breaking solution (B.17) 

exists. The vacuum expectation value < VV"> a t t h i s Point i s 

equal to zero. 

Thus, one can go to smooth "relativistic" Unit in 

this model only at the critical point. The resultant theory is 

free massless fermions. The analogous situation can be found in 

two dimensional I*ing model £23,36]-


