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Stationary Yang-Mills fields with sources

L.Mathelitsch, H.Mitter ané F.Widder

Institut fiir Theoretische Physik der Universitit
A~-8010 Graz

Classical, time-independent solutions of the Yang-Mills
equations are studied for spherically symmetric situations.
in presence of charge- and current distributions the same
types of solutions are found as for purely electric sources:
besides the abelian (Coulomb-Biot~-Savart) solution there are
two nonabelian types, one of which requires minimal source
strengths and comes in two branches. The solution pattern is
investigated by rough numerical calculations for a simple
gource model corresponding to spherical shell distributions.
In absence of charge distributions an additional type is
found, which has zero electric field and a magnetic field
corresponding to a monopole of fixed strength. This type

of solution exists for a large class of reasonable source
currents. Some analytical examples are given in adédition to
numerical results for the shell model. Stability problems
are not touched.



1. Introduction

Because of the steadily gqrowing interest in nonabelian gauge
theories on the level of quantum field theory it seems
desirable to know as much as possible about classical solutions
of these theoriea. In abelian electrodynamics one of the

oldest problems is the determination of the field of a glven,
static charge distribution and its magnetic counterpart, a \
stationary current. The corresponding problem in Yang-Mills
theory has been investigated for spherical charge distributions
as sources (1] and revealed a host of wnexpected solutions

with interesting stability properties [2]. We shall follow

here the program of {1} including stationary current
distributions without touching the stability problem. Reasons : i
for the study of magnetic situations are both the possibility
of magnetic monopoles in nonabelian theory and the question,
whether some of the multiplicity of solutions found in the
electric case is reduced by the presence of magnetism.

We shall follow the notation of ref,[1] as close as possible
and refer the reader to this paper for any details omitted
here, In particular the basic field equations for static
situations can be taken from ref.[(1} equ. (2.2)-(2.5) with
the only change, that we add a source current 3& on the

r.h.s. of equ. (2.4). ' i

2. Abelian solution

It 18 known 8ince a long time, that the Coulomb solution of
elctrodynamics is also a solution of the nonabelian field

equations, if the fields and sources in the latter case point
into a fixed direction in SU(2) space. If we take

m 9¥, = 8 @)

then the potential
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is a solution of the field equations. We shall consider

this solution for reference purposes in spherically

symmetric situations. For convenience we shall take an arbitrary
length scale r, out of the source functions and use the
dimensionless variable x-t/r0 insteed of r. A spherically
symmetric situation is then described by

408 = 580, 9705 = - Ean &)

where ey is the radial unit vector, The solution (2) has the

energy
€ = & (555 (40 T §e) = A
- X
1 2 X
(4) €. = godx 5&8" [Xq(x)q(1)+3—-44w‘l( )'W\(‘j)]

J. Nonabelian solutions: general pattern

Now ye shall consider situations, in which spherical symmetry
18 not manifest, but can be restored by gauge transformations.
A Lorentz vector V: carrying an SU(2) index a will describe
such a situation, if it has the form

(Sa) Vo = e Vo(0)

) (2)
(Sb) V: = eath,,(v)+(e.e,-8ah)vL‘ (r) - iaue V (r)

The suffices || resp |
refer to radial resp. angular components. The form (5)
refers to a class of gauges, which we shall call the
radial gauge. Within this class we mway still perform gauge
transformations, which change only the coefficients V.,
Vy etc. by radial functions. We shall start with an
ansatz (5) for the current vector j describing the
(stationary) sources. For the coefﬁctents of f we write




qre 3,= 409 , g% s = V)

( qr: ']r) = Y ’ ‘3’;, 1?:#()()

Note that v corresponds to a radial flow and cannot be

removed by gauge transformations within the radial gauge.
Because of the continuity equation such a flow is not
possible in an sbeltan theory, unless the source 1s singular
at x=0. In a nonabelian theory the situation may be different,
since source and fileld contributions can compensate

each other. For the Yang-Mills potentials A: we shall use
again an ansatz of type (5). Here we may start with A, =0,
since this can be achieved by a gauge transformations within
the radial gauge. Thus we write

(m  gr Ao = {00, qr A_{‘) =36, S'A.(LI)= A~ot(x)

For the electric resp. magnetic fields we obtain again
form (5b) with

48, g EP= of , or'E = B

) (¢}
A-a-fi, 4c'B, =xol/, gr’Bl S XP'
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8) 4r' By

Here the prime denotes the derfvative with respect to x.
The field equations amount to a coupled system of ordinary
differential equations, which reads

(424 + 5 § ()= x'q
of 4 Z (§141-op) = X
(9) ¢+ _Q‘ (Q’M-—a'-l") = <XV
p A
2(ap’ - Po) = X'V

The covariant divergonce relation




AP = \r 1
Drgo. = ar]a *(jeakA'bor')c =0
for the source current amounts to

It 1is observed, that one may determine f,a,f from the

first three equations (9) for given q,u,v and then compute
v from the last equation. Equ. (10) is fulfilled, since it
is a consequence of (9). The obvious symmetries of equ.
(9) allow for another choice, which is simpler. If we

introduce
a(®) = (o(l-bp‘)‘/‘ @(X) = arc Aam (B/o()
"m0 = peng -vamg, nl)= pongsyog

we obtain the systems

(§-x47) + 5 fo* =x'q
(12) a’ + %({’41—0.‘) = XM+ —
and )
La'g/ = x'v
xv'+lv = -2am

Thus we may start with sources q,m,v to solve the system
(12)" and determine the remaining pleces from system (13).
For vanishing sources m and v we recover the equations
(4.4ab) of ref. [1].

The field energy can he written as

e= 40 € = 15 [uxprurpae

T \2 m ., x¢v* -
+ (a1 + 2xYp) *”i'a‘i”] =

(13)

(14)

= [dex[a(0r)-2oma’ o« T ]



The last form is obtained using the continuity equation

for the energy-momentum tensor and requires partial
integrations, if. (1],

Next we shall consider the behavior of the solutions at small
resp. large values of x. We shall start with

0s)  {()=0, a(0)=4

These conditions are necessary, if the energy is required
to be finite; in fixing the sign of a(o) we have used

a residual gauge freedom, cf.[1). For the source functions
we shall require, that g,u,v vanish at the origin and
decrease faster than x 4 at infinity. If ¢ 18 regular

at zero and infinity and a does not increase for large x,
we find from equs. (11) and (13), that v and n behave as
tl.and v at the origin and infinity, whereas @ vanishes
stronger than x) at the origin and falls off faster than

x! for large x. From the differential equations (12)
we obtain for small x

|
(16) {= (‘Lxl*ﬂxk*"‘ , A= 44‘01)(14-0.')( 3.,

For the field strengths (8) we obtain

qr: Enl0)=-4;, ‘%r: E,(.‘)(o) = (1. ' Ef)(O) =0

(N gr} By =-20;, 4 BY = 20, BP9 =0

For the behaviour at large x it is crucial, whether the
electric source term is present or not. We shall first consider
the case qf0, fy0O, Then we find from the differential
equations, that we may have two types (I,II1) of solutions

(as for vanishing magnetic sources), which differ in their
asymptotic behavior

T .14 r.-1,
"ex) {: {_1x 4 ... / a=4+a_'x + ..

B
(1811) {:{_’fx“+.-,, a=z-1t+a X+
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The vector potential tends asymptotically towards a pure
gauge potential in the second case, as discussed in i1].
The leading components of the field strengths at large x are

-3 Q) r -s
qr: El = 1'-11 X 4y arﬂz E.l. = ¥‘| X

K Q) 1 -3
(191) qr.’ B‘ = -lof.x Y-y, 31-0"8l ==Q X+

K _. » L SR
o By = 24,% ey g6 Ey = -{(x .
(1911)
- ( X .
qr! By = Za:x54-.-, qr, B;) =-O_,X34-ﬂ

decrease faster than x“ in

The components E .(LZ ) (2)

, B
both cases. It is not étaily possible to distinguish the
types of solutions by considering local characteristics
at zero resp. large x. If we take, for instance, Roskie's
classification (3] based upon invariants, we find both

types of solutions in the most general class (III) on both ends.

The same fact happens, if we use a recent group-theoretical
classification scheme [4]: here both types are in class G
for small and large x. One difference can at least be
recognized: it is observed, that the sign of the products
E‘E‘i) and B,8%)) has cpposite values at the origin and infinity for
type I, whereas it has the same value for type II, This

eign corresponds to the helicity (or handedness) defined by
the two (orthogonal) directions, in which £, resp. Bi?)

have the same sign.

Now we shall consider the case of vanishing electric
source gq=0, From the first equation (12) it can be read
off,, that f must vanish; the second derivative of £ has
the same sign as f in this case; If we start at the origin
with growing (resp, falling) f, this behavior will continue
for all values of x; the energy can therefore be finite only
for vanishing f. Thus we have only a magnetic field in this
case. The behavior of a for small x is still given by equ.
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{16). At large x we can still have solutions of type 1

resp. 1Y behaving according to equ. (191,I1). If, however,
¢=v=n=0, p=m, we encounter a third type, for which a

decreases as x-z or faster at large distances. As a consequence,
we have a long range radial field with fixed strength

-1
1 -— R
{19111) 9% By = X ¢

(1)
L

or faster. For appropriate source this configuration can even
be realized with an exponential fall-off of a and B''’

{(we shall glve some examples below). It has to be noted,

that this monopole type field (1911I) is not a gauge

artefact., This can be seen either directly by considering

whereas the (only)angqular component B decreases as x

the action of a gauge transformation or with the aid of

the classification scheme of ref.[3}: solutions of type (I,I1I)
belong still to class (711}, whereas the monopole asymptotic
field is in class (11).

4. Special solutions with electric and magnetic sources

It is, of course, always possible to start from an Qnsatz
for £, a,f»(with the right behaviour at small and large x)
and to calculate the corresponding source functions, which
turn out "reasonable”, It is very hard, however, to see in
this way, whethexr there are several solutions for the same
sources, which is an i{mportant result for purely electric
situations {1). We have therefore performed numerical
calculations with a special model, which is the simplest
extension of the one {1] studied for the electrical case.
He assume, that there is no "radial” current

an VvV=n=0

and that the remaining sources are concentrated at x=1




(22) q=Qb(x-0) , m=MEx-1)

where Q>0 and M are parameters. The numerical integratlon

of equs. (12) can be done as in (1] , with the only difference
that now also a' has a discontinuity (which is M) at x=1.

The energy (14) becomes

2 €=0 (‘ (- 100-3¢ ‘) -M (@'()+a'tr))

and 18 to be compared with the energy (4) of the abelian
solution with the same distributions (22)

- QM
(24) E,._-—2—+-§-
We have considered only a limited number of values for

(Q,M), since it was only our intention to obtain a rough
feeling of how the presence of magnetism may influence

the situation. The calculation was performed as follows.

The source-free equations (12) were integrated numerically
from x=0 to x=1, starting from the behavior (16} with a glven
set (fz, az). At x=1 the discontinuities (-Q,M) were added
to the computed values of (f',a'). The results (together with
£(1), a(1)) were used for further numerical integration for
x>1. The initial set (f2'“2) was discarded, whenever the
computed functions (f,a) did not show the corresponding
asymptotic behavior (18) for sufficiently large x. The procedure
has turned out inaccurate for larger values of Q and/or |M]|.

As far as type I is concerned, we have observed no drastic
change in comparison with M=0. In general f becomes larger
a smeller with increasing M. Typical curves are shown in figs.
1 and 2 for Q=10.

The type 1II solution was known to exist only for
Q>Oo~5'8 for M=0, whereby Q_ was a bifurcation point. We have
controlled the M-dependence of this pattern for Q=10. JIn this

case increasing M tends to increase the spacing between the

’




two bran?hea {(i.e. the distance between the corresponding
curves for f resp. a). Some curves are shown in figs. 3

and 4. Therefore one expects, that the two branches will
meet for sufficiently small M. For Q=10 this happens indeed
at M=M,~-2-65. Below this value we have not found solutions
of type I1. The point M, is therefore a bifurcation point.
The same pattern occurs for Q=5: for M=0 no type II solution
has been found, but there are two branches for positive values
of M, which start at M=M,=0°35. Thus we have found three
points on a “"phase diagram”, i.e. a curve in the (Q,M) plane
marking the onset of bifurcation. A smooth curve through
these points (including results at Q=0 to be discussed below)
is displayed in fig.S5.

Finally we shall discuss briefly the spacing of the solutions
with respect to the field energy. At Q=10 type I (which has
the lowest energy) is well separated in energy from both
type II-branches, which are in train well separateé'from the
abelian solution {(which has the highest energy). Starting
from M,x-2°65 the separation of the two branches of type 11
in energy increases up to M=0, but decreases again for growing
positive values of M (whereas the spacing between the f's
and a's increasesl). Due to the limited precision of our
numerical program we are, however, not able to make any precise
statement about what happens in this respect above M=],

For smaller values of Q the sequence (I,1I, abelian solutiorn)
persists for M=0, cf. [1]. For increasing |M| the energetic
separation between nonabelian and abelian solutions decreases:
e.g. for Q=5 the value of ¢, is about 25 8 larger than ¢ for
the upper branch of type I1 for M=0'5, whereas this difference
amounts only 2 8 for M=4. For Q=1 the abelian solution may
even compete in energy with type I: for M=0 we have ¢€.=0°5,
€y=0°16, for M=-1 we have ¢.=0°6, cI-O'll.

It can therefore be expected, that the abelian solution has the
lowest energy for sufficiently small Q, 1f|{Mjis large enough

*

{this is corroborated by the results for Q=0 to be discussed below).
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5. Special solutions without electric source

Next we consider a situvation (21) without radial current
and without electric source and field q=f=0O. Then we have
to solve

a
(25) a + (1-0) = xm

It is easy to find analytical solutions for type III. A
notorious example of such a monopole solution is [5]

26a) = Xfainhx

which corresponds to
T/ ..
26p) m = (4-x cothx) /x sinhX

The field enexrgy of this solution resp. its abelian counterpart
is £ = ‘/1 £ = 0°045
Another simple example 18
2
(27a) a = P() ep(-x) PG = 14+ 13
which corresponds to

(27b) M= [R(u)-’P3up(—2x)] X'sw(-x) , R=4ex-

Here we have
€ = 0465 € = O°0%2

Further examples with expdnentlal decrease can be found

x¥(1-%)
3

adding higher powers to P and corresponding terms to R,
There are of course many more possibilities as e.g. gaussian

or rational forms for a. Monopole fields are apparently
quite natural phenomena in this context. One should not

forget, however, that they get "killed” by electric sources
and fields.




Usually monopoles are fownd in models with scalar- -
fisovector Higgs fields ﬂ. coupled to the Yang-Mills flelds
(6). This implies, however, a rather detailed dynamics
for the sources, which we have inatead considered ss an inpret.
Even within our wore general framework one may ask, however,
vhether the magmetic field can be written as the gradient
of a scalar-isovector potential

B. =D"4,
In & Riggs model this iz Bogomolny's cundition [7). with

g d, = €Y

we obtain for such a field @

gr By =-x¥', qr B, =a¥, D, =
vhereas our ansatz (8b) reduces tor vanishing electric
field to ) P o

1 3 -

S"Bl = §-a" , qr B‘_ = Xa, Bl =0
Thus the representation by magnetic scalar potential is
only possible, if

W= %% ed ¥ a4 i

which can be valid only in special situations: in fact
these relations hold for solution (2¢a), but not for (27a).
Therefore this represcentationis not possible in genersl.

rinally we discuss the shell source model (22) with Q-O. '

In this model we must have
sgna’(a”) =-sqgn M, 2l 2 1M)

since the {ield energy (23) is positive. Furthermore the
differential equation (25) implies, that any type 1
solution must tend to its asymptotic limit +1 from above
(as1), wheress any type II solution must tend to -V from
below: this is easily recognized by expansion of a in powvers
of y=1/x, use of the differentis]l equation (25) and deter-
mination of the second derivative of a with respect to y.
Taking into account the curvature of the solution (which
changes eign, whenever a reaches the valves 0,11) one may
discues sll possibilities (for instance gresphlically). The
resultes csn be dencribed ss follows. First of all, there
is no poseibility fnr bifurcation or "coexistence” of



types 1, II, 1II: for any value of M we may have at most
one solution belonging to one of these types (and of course
the abelian solution). Type I can be found for M<0 whereby
a;>0 must be such that

-2a° (17 )gMc-a' (1-)

Two numerical examples are

M=-2 € = 07961 €= 0" 444

M=-4 ¢ = 3°16 o = 1°77

There is only one monopole solution for a fixed value

M=M5>0. The numerical result is

M= 17438 € = M = 2°126 £ = 07236

For this solution a vanishes for x31. Type II solutions can be
found only for

M>M, >0

The numerical value M, is characterized by the fact, that for
the corresponding solution a=-1 for all x21. By numerical
analysis we have found for this solution

M, = 2°33 €=M =543 €_= 0603

A further numerical example for type II is

M= 45 €10 €. *2

There can be no (nonsingular, nonabelian) solutions for O<M<M,
and M <M<H, .

It is observed, that for all of our examples the field energy
i8 larger than the one of the corresponding abelian solution.
Thie {8 in accordance with the trends found for Q70 in the
preceding section, but we have not found a general proof. Another
observation concerns the value M=M’. I1f the solutions are
smooth in Q and M, this point should lie on the bifurcation
line as drawn in fig.5. Since there is no bifurcation at Q-=O,
this point is an end point. Thus one should expect, that there
exists another line marking the onset of bifurcation, which starts
at M' and lies sbove the curve drawn in fig.5, We were not
able to determine points on this curve (which could also coincide
with the M axis above MsM,) with our procedure. 1t is also
not clear at present, how the region without nonabelian solutions
continues for QrO. There might be a curve in fig. 5 above the
Q-axis, above which no type T solution exists.
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6. Conclusion

It has been demonstrated, that the multiplicity of static,
spherically symmetric solutions of the Yang-Mills equations
for given charge distributions is not increased by additional
stationary source currents, if the charge density is different
from zero. The source currents may, however, influence the '
bifurcation pattern of those nonabelian solutions, which
require a minimal source strength for their existence. This
is demonstrated by numerical calculations with a special
model describing spherical shell distributions. For vanishing
electric source we encounter an additional type of solution,
if the current does not contain a radial flow. This type
corresponds to a magnetic monopole fleld with fixed strength
and can be realized with a large class of reasonable source
currents. Also the shell model allows for such a solution,

as well as for the other types. In this case we have, however,
neither coexistence of different types of nonabelian solutions
nor any bifurcation (in contrast to the situation, in which
electric sources are present), Instead there are no nonabelian
solutions for a certain range of the magnetic source strength.
It is not known at present, whether such a range exists Aalso
in presence of electric sources.

The abelian solution (which exists in any case) hae a higher
energy than the nonabelian solutions, if the electric sources
are strong enough., For sufficiently weak electric sources
this pattern changes, if magnetism is present. For vanishing
electric sources the ahbelian solution has the lowest energy
in all pxamples, which we have considered.

With respect to monopoles the situation is therefore
completely different with and without electric fields. The
monopole type is only possible in the latter case, It is
not clear st present, whether this remains also true for
nonspherical situations in a multipole expansion. The situation
suggests also to look for more general solutions of the field
equations with Ea=0. The most important problem left open is
of course Lhe question, which of the solutions presented above
are stable, This problem is hard enough to solve in absence of
magnetism {2]) and has therefore not been attacked in this work.
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Figure captions

Fig.1.

Fig.2.

Fig.3.

Fig.4.

rig.5.

Profiles of the function of f type 1 solutions with
Q=10. Dotted line: M=-2, solid line: M=0O, broken
line: M=42

Profiles of the function a for type 1 solutions with
Q=10. Dotted line: M=-2, solid line: M=0, broken
line:M=+2,

Profiles of the function £ for type II solutions with_

Q=10. Dotted lines: M=-2, solid lines: M=0, broken
lines: M=+2. The upper three curves correspond to the
branch 11/ with lower energy.

Profiles of the function a for type 1I solutions
with Q=10. botted lines: M=-2, solid lines: M=O,
broken lines: M=+2, The upper three curves correspond
to the branch 11/t with lower energy.

Region in the Q-M plane searched for solutions.

Open circless type II, full circles: bifurcation
points, cross2ss type I. The broken line on the M
axis denotes the region without nonabelian solutions.
The monopole 18 denoted by L
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