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EQUILIBRIUM AND STABILITY ASPECTS OF A SCREW-PINCH
BASED ON THE SHARP-BOUNDARY MODEL OF A HIGH-BETA TOKAMAK

by

J. Rem
Association Euratom-FOM
FOM-Instituut voor Plasmafysica

Rijnhuizen, Nieuwegein, The Netherlands

ABSTRACT

The sharp~boundary model of a high-beta tokamak surrounded
by force-free currents (FFC) should yield a good description of the
magnetohydreodynamic stability of a screw-pinch: a tokamak with uni-
form g-profile. To arrive at the relationship between the equilib-
rium parameters giving rise to such a g-profile in the FFC region
the poloidal field outside the plasma (with a prescribed cross-
section) must be determined. An analytical solution has been deriv-
ed for this field from which the desired relationship can be ob-
tained by numerical means. From the results of a number of cross-
sections it is evident that an approximation can be made that leads
to this relationship more readily. Based on the latter the stability
of a screw-pinch with a number of different cross-sections has been
analyzed.



1. INTRODUCTION

The stability analysis of a toroidal sharp-boundary, high-beta
tokamak plasma [l] surrounded by force-free currents is much simpler
than that of a diffuse plasma because it involves relatively few param-
eters. It was exactly this feature that made the study of this model
s0 attractive for it permitted a complete scan cf the parameter space.
Apart from its dependence on the equilibrium parameters: beta, the
safety factor q on the plasma surface S, and the strength of the force-
free currents (FFC), the stability depends only on the poloidal field
cn S. In other words the equilibrium fields outside the plasma do not
enter the stability problem. 0f course these fields are in principle
fully determined by the equilibrium parameters.

The screw-pinch "Spica" [2] has been so designed that optimal
use is made of FFC. The experiment is axisymmetric and the plasma is
created in a quartz vacuum vessel. This vessel is surrounded by a thick
copper shell into which toroidal and poloidal field components are fed
at equal rates during the formation phase of the plasma. In the low
density region behind the shnock this process gives rise to large FFC
and an almost uniform g-profile. A crowbar system effectively closes
the shell for the poloidal field so that a piaswa - surrounded by FFC -
is confined whereby the outermost magnetic surface coincides with the
copper shell. The result is that the FFC affect both the equilibrium
and the stability. The effect on the first one lies in its effect on
the shape of the plasma cross-section S and the position of S with re-
spect to the copper shell. Its effect on stability lies mainly in tue
contribution of the FFC region to the potential energy of a perturba-
tion (SW).

The sharp-boundary high-beta tokamak with FFC should yield a
good description of the stability of the screw-pinch in which plasmas
with high betas are confined. However, in the stability analysis the
shape of the plasma cross-section 1s assumed and the equilibrium paraim-
eters are independent. This is not true in the screw-pinch because the
manner of creation leads to a uniform g-profile. Consequently, to apply
the high-beta tokamak results to the screw=-pinch we must determine
which combination of equilibrium parameters yields such a g-profile.

To answer this question it is necessary tc determine the {ields in che
force-free field region surrounding the plasma of which the cross-
section is given. In this paper we show that in the high-beta tokamak
ordering this problem can be solved by analytic means. Howaver, to ob-
tain from these fields the desired relationship between the equilibrium
parameters that give rise to a screw-pinch is cumbersome. Fortunately,
a good approximation to this has been found that consists of a simple
integral condition involving the field on the plasma surface only.



The analysis of the equilibrium of the sharp-boundary model of
a high-beta tokamak (Section 2) shows that the poloidal magnetic field
in the FFC region is described by a flux function that must satisfy
a simple Poisson equation in the plane of the cross-section. However,
due to the manner in which the problem is posed: determire the equilib-
rium fields outside a given plasma surface, this problem is ill-posed.
In other words, the elliptic problem has the wrong boundary conditions:
they are Cauchy boundary conditions. In the following section (Section
3) it is shown how the method developed in Ref. 3 for the case of a
vacuum region can be extended to include a reqgion with FFC. The method
consists essentially of an analytic continuation of the boundary data
on S and results in an analytic expression for the poloidal field in
the FFC region. In section 4 this solution is employed to evaluate the
fields in the FFC region for a number of specific cross-sections: the
circle, the ellipse, and the D-shape.

Based on the results of section 4 we conclude that, as far as
the equilibrium parameters are concerned, the screw-pinch mode can well
be found from the simple condition on the safety factor q on S: dg/dv =
0. For any cross-section given in a parametric form this condition
leads to a simple integral condition on the poleoidal field from which
the relationship between the equilibrium parameters corresponding to
the screw-pinch mode can easily be determined. For a number of cross-
sections this has been done (Section 5) and the corresponding marginal
stability points indicated in the stability diagram for the high-beta
tokamak with FFC.

The conclusions are presented in section 6. Here we point out
that some of the properties of the fields in the FFC region can be a-
scribed to the sharp-boundary model of the plasma. FPurthermore, a com-
parison between those fields, evaluated on the basis of the treatment
given here, with those from a free-boundary analysis shows that the
first method should be used with care.



2. THE CUILIBRIUM CF THE SHARP-BOUNDARY MODEL OF A HIGH-BETA TOKAMAK
WITH FORCE-FREE CURRENTS

In the sharp-boundary model of a tokamak a plasma (VP) with a
uniform pressure is confined by surface currents. The form ol the model
that we are interested in is characterized by force-free currents, i.e.,
the usual vacuum region surrounding the plasma is replaced by a region

carrying force-free currents.

wit

The variables describing the plasma are:

constant, p = constant
(1)

B=B & =R B /Ré&
o ©

= ¢ ’ B =B (R=R)) ,

¢
where the coordinate system (R,z.¢) is that shown above and RO stands
for the major radius of the plasma. The geometry of the cross-section §
is given in the dimensionless coordinate system (x,y) that is centred

at Ro; it is given by:

L]
i

x
s

Ys

Xs(t) (R - Ro)/a ’

(2)

ys(t) z/a .

S will be restricted to convex curves and to curves that are symmetric
with respect to the x-axis; t is an angle-like variable along £ that

takes on values between 0 and 27. The region fo is characterized by

the presence of force-free currents and its physical variables are:
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Like in the stability studies we restrict ourselves to a uniform a. The
confinement by surface currents leads to the pressure balance relation

across S:
P+ 533 = ‘ﬁé + i;)/z , (4)

where hats indicate that the variables are to be taken on the force-free
field side. Since S is a flux surface the poloidal variation of the to-

roidal fields on S is gqgiven by:

B,/B, = §¢/§0 =131/(1 + sxs(t)) . {5)
where e refers to the inverse aspect ratio a/Ro.

The ejuilibrium is completely described by the above equations.
Since the poloidal field ﬁp depends only on the plasma parameters and
not on a (see Eg. 4), the force-free currents do not affect the equi-
librium fields on §- Consequently, the surface current model has re-
duced the equilibrium problem to determining the soluticn of (3) with a
boundary condition that is independent of a.

At this point we introduce the high-beta tokamak ordering. The

various cuantities are ordered as follows:

;2‘ A A~
B¢)/Bo B¢/B0 1,

(6)

This ordering imposes a certain restriction on fo and «. For too large

a value of a the first condition of (6) will be violated near the outer

ff

boundary of V Application of the ordering to (4} yields:

(B, - B,)/eB, = 8/2¢ + O(c)
: 1 (7)
B (t)/eB = /AB/ (ck?) [1 - 1/2k2(1_x5(t))]/2,

where k is a free parameter of unit range (0 < k < 1). The first equa-



tion shows that the confinement is € pinch-like, i.e., the pressure is
balanced by the toroidal field. The parameter k can be related to the
safety factor g {(on S) or to the plasma current. In Ref. 1 we decided

to relate it to the current and introduced another safety factor q%:

* = = B
q aLB,/RI EBO/'(Bp> , (8)

where L refers to the circumference of the cross-section and the aver-
age of a guantity along S is defined by:

<a> =%{d“\ . (9)
d? being an infinitesimal length along S. The introduction of g* as an
equilibrium parameter instead of g not only eliminates the undesirable
behaviour of the safety factor q going to infinity when the separatrix
approaches the plasma surface but has the additional advantage that the
stability boundary at low-beta becomes insensitive to the shape of the
cross-section. Obviously, we can write down an explicit relationship
between k, 8 and g*. However, it is better to employ the relationship
between k and the poloidal beta instead. At this point it is useful to

introduce a poloidal field normalized with respect to g*:

- 1
R g*B_(t) [1- Y%k2(1-x_(t)}}72
b (t) = —F— = % (0) ’

P €B, <[1 - Yok2 (1-x_(£))]/2>

(10)

so that <i5p(t)>> = 1, From (7), (8), (9) and (10) we see that the usual
poloidal beta depends in a simple way on B and q® and is directly relat-
ed to k:

1
cg = —2Pe_ = (B/e)g"? = 1/l,k2/< 1 - 1HKk2(1-x (t))]/2>2 . (11
P <R >2 s
p
The meaning of the range of k is seen to be: k = 0 corresponds to small
EBP and in practice to a small 8, while the limit k = 1 corresponds to

the equilibrium limit, i.e., when the separatrix has moved onto S at

xs = =1,
EBO it~ 1 (12)
POt 2/ TFx_>2

Since we are interested in the g-profile in fo we need q on S in terms

of the plasma parameters. From the definition of g it is clear that the
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ordering together with {10) leads to the expression:
. 142 % 1 12 Y
q/q® = e<[1- Wk (l-xs(t))] ><h-Rr{l-x (o]l 7>, an

where e = L/27a.
The parameter describing the force-free field a will be reolaced

by a quantity normalized with respect to g%,
r = uRoq’ ’ (14)

so that the parameters that determine the equilibrium state of the plas-
ma are : B/¢, q® and T.

The effect of the ordering on the differential equation (3} is
readily seen by writing it out in components; to leading order §$ is con-
stant and B, Bz are cf O(€)., Introducing a flux function for the po-

loidal field,
B o= -é xvp=-8 Ha+a X (15)

the ¢-component of (3) in the dimensionless coordinate system yields,

v2w=%¥+§—2$=-r, (16)

»
where y = é%gi.
(v}

The boundary conditions to be imposed are (Eqs. (10) and (15)]:

ne vy —Bp(t)

v =0, (17)

on S.

The solution to the equilibrium problem has been reduced tc a
Poisson ejquation but with Cauchy boundary conditions, thus resulting in-
to an ill-posed problem (see e.g. Ref. 4). Physically this means that
the solution becomes sensitive to the boundary data, the more so the
further one is removed from the surface on which these data are pre-
scribed.‘



in the
sections this
see this does
been removed.

next section it is shoun that for a large class of cress-
problem has an analytical solution. However, as we shall
not mean chat the ill-posed character of the solution has



J. SOLUTION TO THE ILL-POSED PROBLEM

Ir. the preceeding section is was shown that the equation de-
scribing the field in the force-free current region is a simple Poisson
equation with Cauchy boundary conditions on S. In this section we show
that an analytic continuation of the boundary deta enables us to obtain
the solution in an analytic form. This met. I was employed in Ref. 3
to arrive at the solution in a vacuua region.

First we retormulate the problem so that the eg.ation reduces to
the Laplace equation. This 1s accomplished by the introduction of an-

other flux function:

L P -Dad ey (18)

so that in terms Of this function the problem reads:

vl = 0
(n-¢" =n-%9 - n-0P (19)
on S {
H
" v —--ap -

To #“ there correspondents a magnetic field given by

- . H 14
o, 200

p 4 3y Y x (20)

H . . . . .
Because 3 is a solution to Laplace's equation it is harmonic and there
. . H . . o
exists a conjugate potential y related to it by the Riemann conditions:

. H H H .. H
EL = i'i’__ and _;L = - i‘i’_ . (21)
Ix Yy 3y Ix

As is well anown from ‘he theury of complex variables we can express BH
in terms of a complex potential.

$(z) = x“ + iw“ .

(22)
S R
) Y a:z

The notation A designates the complex conjugate of A.



The method of Kerner et al. [3] is based on the fact that when S is
given in a parametric form the conformal mapping - which maps the region
outside S ia the z-plane onto a semi-infinite strip in the w-plane - is

known (see figures).

y v

1 |
7 7
0 .

1 — X s —=u

z plane w plane

Let S be given by

x = t(t) , y =9() ., (23)

where t takes on the values between zero and 2n. The desired mapping is:

z = h(w) f(w) + iglw) , (24)

where t is replaced by w = u + iv. By putting v = 0 we see that h(uw)
maps S onto S'. Clearly f and g must be well-behaved otherwise h(w) is
not analytic and consequently the mapping not conformal. The theory of
conformal transformations teaches that ¢(z(w)) is also a solution to
Laplace's equation and that we can define a field guantity Ew in the w-
plane that is related to B, through:

(25)

Another consequence of the mapping is that u = u(x,y) and v = v(x,y)
correspond to an orthogonal coordinate system in the z~plane except at
those points where h'(w) = 0, i.e., at the points where the mapping is
not conformal, and that they satisfy the Cauchy-Riemann relations.

It will be advantagecus to replace Ez by a complex field quantity
composed of the field components along the u,v-coordinates in the z-
plane:

- 10 -



B =B —-1iB_= - i =B _|sz -~ i—jg(u,v) ,
u,v u v lYU| |YVl z|9xX axJ
where (26)

. 3 _ . /[3u
IY,UI = |EV| = \/!ax

The notation h(w) stands for h(w) = f{w) - ig(w) and is different from
the complex conjugate of h{w): hiw) = hiw).

From (24) it is seen that (26) reduces to

. (3u)?_ av) 2 av)?_ 1 1
*rav]" [5‘ ['a‘{,? )

‘/—_—.—=9(U:V)
h'{w)h' (w)

3 " (w)

Ly —=<B_. (27)
‘ h* (w)

-
~

Combining (25) and (27) we obtain the following relationship between
B and B :
u,v w

’

B = Vh'(w)h'(w) B . (28)

w u,v

Since Eu , 1S known on S (v = 0) and §m is an analytic function of w it
r -

is clear that the solution of Bw in the w-plane can simply be obtained

by a straightforward analytical continuation of the boundary data. On

S' we have

Ew(u,v=0) = vYnh'(u,v=0)h'(u,v=0) Eu,v(u,v=0) ’ (29)

so that by an analytical continuation we obtain

ﬁw(w) = vYh'(w,v=0)h'(w,v=0) ia'u Jlw,v=0) . (30)

[4

Applying (28) in the reverse direction we arrive at the solution of
Eu , In the original plane:

7

o

_ Y {u,v=0)R' (w,v=0) g (0, v = 0)
v !

uv vh (R (o) ur

oy}

= '(‘f) ﬁ (wev = 0)
l(w) ulV

o) |

- 11 -



or taking the complex conjugate:

B, +1iB, =\ /——ﬂ:“") [Bu(n—o,v*—-()) + iBV(a,v=0)] . (31)
h' (w)

Thus by a conformal transformation and an analytic continuation of the
boundary data in the w-plane we hav: obtained an analytic expression
for the field outside a curve S in terms of the field on S.

The problem at hand, to determine the field outside S in the
presence of force—free currents, has been reduced to a form tc which
the above method can be directly applied (19). In terms of the complex
field quantity the homogeneous part of the solution on S is:

By(u) + 1BU(w) = b (w -8 0P| +i& -7yP : (32)

v=0 v=0

Substituting wp and making use of the Cauchy-Riemann relations we see

that the contribution of the particular solution can be put in the form:
e cvpPrie ovyP = -3l /De) g, (33)
v — u —
The homogeneous field on $§ is thus:

H H - r /n'(u)
B (u) +iB (u) =b_(u)~-13 h{u) . (34)
u v p 2 h' (u)

To arrive at the total field in the physical plane outside S (fo) we

substitute (34) into (31), replacing u by w, and add to it the complex
field arising from the particular solution, i.e., (33) with a minus

sign. The resulting expression is:

. h'(w) » -, .T h'(w) 1, -
B +iB_ =4/ 229§ (%) -ix h(z) - hiw)] . (35)
u TV N pry P 2V h'(w)

Based on the form of this solution several observations can be made:

a. it is independent of the equilibrium problem inside S, it de-
pends only on the field along § and on T;

b, the force-free currents lead to a term proportional to I that
has the required property of being zero on §;

¢. the first term - the vacuum contribution - can give rise to two

- 12 -



classes of stagnation points (zeros in B) that can be branch
points. The first class is formed by the zeros due to the shape
only: h'(w) being zero or h'(w) being ®. The other class, the
zeros originating from Bp(a) depend on the shape and the distrib-
ution of bp(m) along S, i.e., in our model on k. Whether the
stagnation points are simple zeros or branch points obviously
depends on whether the functions are single— or multi-valued.

An odd zero in h'(w) will lead to a singularity (branch point),
while an even zero will lead to a simple zero in the field. An~-
other possibility of creating a simple zero is to have an odd
zero due to h'(w) coincide with an odd zero from Bp(a). This
might seem an unusual coincidence but in Appendix A it is shown
to be more normal than would appear on the basis of this expres-
sion. The branchcuts starting at the singular points are not

just mathematical entities to make the solution single-valued
but are physical in the sense that currents run along them, i.e.,
the branchcut is a current surface. The solution might have
other singularities, namely where h'(w) is zero. In the cases
that we shall consider such singularities do not play a role.

Our object was to evaluate the y-surfaces in fo. In the case of a vac-

uum the simplest way to arrive at such an expression was to make use of
(25) ané (28), i.e., ﬁuis an analytic function of w. Since the addition

of force-free currents invalidates this we must make use of Bu and Bv:

B =6&_+V§ = _1

u v - ——
Vh' (w)h! (w)

QJlQ.‘
<&

{36)

B::—é .sz- 1 gﬂ

— au
Vh' (w)h' {w)

The value of § at u,v can thus be obtained by a simple integration along

.

u = constant:
v

w(u,v)=[ av [Re {vh' (0)h' () Bp(a)n %m{ﬁ' (w) (h(w) = h(w))}] (37)
e}

Near the stagnation points such a single integration is often not pos-
sible. There one must be aware on which side of the branchcut 1 is

sought and an extra integration along v = constant may be needed.



4. FLUX SURFACES OUTSIDE A CIRCULAR, ELLIPTICAL AND A D-SHAPED CROSS-
SECTION

For a number of different plasma cross-sections and for various
conditions the solution for the fields in the force-free field region,
obtained in the previous section, is here employed to evaluate the flux
surfaces,.

From the pressure balance relation across S we have found (10)
that the poloidal field on S has the form:

b () = -n ¥y = C /1-W2/2(1-x (D))

(38)

where c 1/ <V/1-k2/2(1-x_(t}) >

The shapes of S that are of primary interest are those that were
considered in the stability analysis [1,6]. These shapes are described
by the parametric form:

cos(t + ¢sint + dsin 2t) ,

"
I

(39)

bsint ,

g
LI}

where the parameter t is an angle-like variable with values between zero
and 27. Since all shapes are symmetric with respect to the x-axis the
range of t can be restricted to 0 -~ n. The coefficients b, ¢ and 4@ have
the following physical meaning: b corresponds to the height or elonga-
tion of the cross-section, ¢ to the D-shape character and d to the race-
track shape of S. By means of Egs. (24), (35), (38) and (39) we are now
in a position to evaluate the flux at any desired point outside the
plasma surface S. Since every shape has its own complications we shall
discuss the results by starting with the most simple shape, the circle,
and then consider the ellipse and the D-shape.

THE CIRCLE
The parametric representation for the circle leads to the mapping

z = h(w) = cosw + isinw = e = e-v(cosu+ isinu) , (40)

so that in terms of the u,v coordinates a point in the z-plane is given
by



v
e cosu ,

Ed
n

v . .
e sinu .

<
1]

From (35) and (38) the components ¢of the poloidal field along the u,v
coordinates given by (40) are seen to be:

B, +iB, = ¢, /h' () -k (1-cosa) -1f SR () - nal @)
h' (w) h' (w)

Note that the unit vector along the v-coordinate is in the negative n-

direction (32), i.e., points outside S correspond to negative values of v.

The mapping is so simple that it is immediately clear that the
only stagnation point arising from it is at infinity and does not affect
the fields near S. The only stagnation point that plays a role arises
from Bp(&) being zero:

/1= 50 - cosi
Cp 1- i—(l-—cosw) =0,
Cp L’/Az + B? exp [% arctan (B/A)] '

2 2
where A = 1 - %T {l-cosu coshv), B = %T-sinu sinh v., and is located at:

Bp(ﬁ)

(42)

u=r1, coshv = 2/k?-1, (43)

where v should be taken negative. The interpretation of this stagnation
point is straightforward. Without force-free currents, I = 0, there
should be a stagnation point on the inside of the cross-section due to
the toroidal character of the prchlem, i.e., yp = 0 and negative x

When u and v given by (43) are converted into x and y by means of the
mapping this point is found to lie at:

Y, =0, xp=1——22-—i27‘/1-k5. (44)

The behaviour of the stagnation point with k is as it should be: for

x

low values of k, B = O(e?), the point lies at x = -», while for k = 1
it moves onto the plasma surface x = -1 so that the equilibrium limit
is reached.



The stagnation point is not simply a zero point in the poloidal
field, but a branchpoint as is seen from (41). How do the flux surfaces
behave in the neighbourhood of this point? Nearxp the vacuum fields are

given by:

B = c*Yaz+p2 i
Bu + 1Bv = C A< + B¢ exp > arctan (B/A | , (45)

—
where the value of ‘/ h' {w) at this point has been absorbed in C*.

]
From the expressions for A and B it is seen that B is negative for pos-
itive y and positive for negative y, while A is positive for x > xp and

negative for x < xp. The above expression can thus be simplified to:

) _ / k2 i 1 -i8/2
Bu + 1Bv = Cc* —E~\1 - ;5]/§ e , S << 1, (46)

o)

where s and 8 are indicated in figure a.

F =~

i |

&
I\l
I

“o|lo

AR

AN\

l

Figure a. Figure b.

Keeping in mind that u is something like an angle around the origin and
v is negative outside s, this equation shows that the distribution of
the fields along the x-axis near xp is as indicated in fiqure b. For x
larger than xp the field component parallel to the x-axis goes tc zero
on this axis, as it should because the flux surfaces should be symmer-~
ric with respect to the x-axis. Beyond the stagnation point, however,
this is not true anymore; there the field component Bv is not zero and
changes sign when going from y = +g to y = -&. Consequently, there must
be a current layer from x = x_ to x = -, The other field component Bu
is finite and proportional to vs when 8 = 0 out for x < xp this com-
ponent is zero., Thus, flux lines do not cross the x-axis when x < xp.
Since xp is a zero point of the field, the current in the layer along

- 16 -



the x-axis must have the same dependence on s as Bv, i.e., in the neigh-
bourhood of xp it is proportional to Ys. Another point that should be
observed is that although Bu goes to zero when x ~ xp (x > xp) the deriv-
ative of the field with respect to x goes to infinity. The current in
the layer has the same direction as the surface current in the plasma,
it creates the vertical field needed to keep the plasma as a whole in
equilibrium. Figure la shows the flux surfaces for a plasma with k= .9.
The replacement of the vacuum by force-free currents does not
give rise to extra singularities. The contribution from these currents

to the field is something like an extra pcloidal field:

al +ipl =-3L_0'(w)
u v 2 |h' (w) |

(h(w) -h{w]} = ~I'sinhv, (47)
namely everywhere a positive contribution to Bu' Consequently, is does
affect the stagnation point: the field at xp is not zero anymore but it
does not move the sigular point to larger negative values of x as it
would have had the zero point be a simple zero. Now the field o©n the
-x-axis has everywhere a vertical compcnent so that the stagnation
point has disappeared and the field lines cross the x-axis. Together
with the jump in the horizontal field component due to the current lay-
er this results in a field structure along the x-axis as shown in Fig.
1b.

The influence of B and ' on the field structure is now clear.
With increasing B the stagnation point moves from x = -o towards x = -1,
and addition of force-free currents removes the stagnation point but
does not remove the current layer along the branchcut of the correspond-
ing vacuum case.

THE ELLIPSE

The ellipse in parametric form is
x = cost , y = bsint, (48a)
so that the corresponding mapping and poloidal fields are

z = h(w)

cosw + ibecinw, (48b)

_ /' (3) / — K? -
Bu +1iB, = cp Y 1 5 (1 - cosuw)
D hf {(w) [ - 7
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The difference in the fields in relation to the ones for the circle
lies only in the mapping and thus in a different u,v-coordinate sys-
tem in the z-plane.

Like in the case of the circle we first consider the vacuum so-
lution (I' = 0). The location of stagnation points due to the mapping
is given by

h' (5) = -sinu{coshv +bsinhv) -icosu(-sinhv-bccshv) =40

which results in the following possibilities for u and v:

a) u=20ormn, sinhv+bcoshv = 0,
(49)
b) u=127-or121-r-, coshv+bsihnhv = 0.

The first one must be disregarded because the condition on v cannot be
satisfied. The second class leads to two zero peints on the y-axis,
symmetric with respect to the axis, above and below S. In terms of y
these points are located at:

-
yq = il_bcoshv- sinhv:' =+ — (50)

outside $ v is negative. These two points move in along the y-axis
from *e toward y = *b with increasing ellipticity. With an elongation
b = 2 these points are located at yq = 15//3 = +2.89.

The square root dependence of th- field on h'{w) means that the
stagnatior points are also branchpoints. The corresponding branchcuts
are entirely determined by {48c). The dependence on h'(w) implies that
the difference Bu + ti on the two sides
of the branchecut is just a change in sig,.
(I'=0). As across a current layer only
the parallel field component can change
sign this means that there is no field
component normal to the branchcut and
that it is a flux surface. To understand
the behaviour of the branchcut with 8 we ’

expand (48c) around the stagnation point
In terms of s and 6 that are related to i
the u,v-coordinates by:

u=n1/2+ssiné, v=vq+sc059,
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the vacuun field in the neighbcurhood of Q is

1
’vsinh v_+bcoshv 72
9 gai v/

— i 2 3
B +1iB_=C se]'e/z\/(l—k—+j.k sinhv ),
p 2 2 q

coshv -bsinhv
q q

{52a)
= ¢ '/E el(e‘A)/Z ,
t
where the angle A is related to the value of k,
k2/2 sinh v
A = -arctan d |, (52b)
1 -k2/2

and all other factors are absorbed in Ct. The condition that B should
be parallel to the branchcut is:

BucosE) - Bvsin e = 0, (52c)

or by use of (52), cos(38/2 - A/2) = 0.

This condition is satisfied by four angles,

91 =7/3+47A/3, 82 =-1/3+A/3, 83 =7n+4/3, 94 = ~1+45/3. (53)

The reason for finding so many angles is that (53) only represents the
condition that at an angle 6, B should be directed toward or from Q.
For the branchcut we have the additional reguirement that on both

sides this direction should be opposite.

[ branchcut branchcut
- - |
1200 | +20° 120 1 oo
U --—— l \ U -—
Iz =S,
~ ”/ N
- ~
// / \\ N
~ ) ~ ~
N
separatrices i l N
v p=0 v p2 O



Clearly, 63 and LA correspond to the two sides of the branchcut and
the other angles refer to the separatrices that originate from this
stagnation point. Thus the two separatrices make an angle of 120° with
each other no matter the value of k or the elongation [5]. At low-8,
(k = 0), the toroidal effects are then negligible, the branchcut is
vertical while with increasing values of k it undergoes a right-
handed rotation (Figs. 2a,b).

The stagnation point from the analytical continuation of the po-
loidal field lies obviously at the same position in terms of u and v as

in the case of the circle:
u=m, and coshv = 2/kZ - 1. (54)

However, because of the mapping, this is at a different point in the z-

plane. It is now lccated at:

¥p = 0, X, = 1 - i% - %; Y1 - k2 , (55)

which agrees with (44) for b = 1. The position of this point is a func-
tion of the elongation, the larger b the further away it is from the
éurface. Like for the circle this stagnation point is a branchpoint and
the beginning of a current layer along the -x-axis, and it mcves to-
wards x = -1 with increasing k. Also the behaviour of the flux surfaces
is the same (Fig. 2b).

The effect of the force-free currents is similar to that in the
case of the circle. The extra term does not give rise to extra sin-
gularities and in a global way it means that in every point an extra po-
loidal field is added to the vacuum field. The branchcuts stay wh~re
they were at [ = 0 and remain current surfaces through which tie flux

surfaces now pass (Fig. 2c¢).

D-SHAPED CROSS-SECTIONS

The parameter representation of § given by (39) is very well
suited to describe a D-shaped surface. With d = 0, b siill describes
the height of the cross-section while ¢ is directly related to the
shift of the top of the D in the - or + x-axis direction (Fig. 3). The
mapping corresponding to this representation is:

z = h(w) = cos{w+csinw) + ibsinw. (56)
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In the previous cases the stagnation points have complicated the
numerical analysis of the flux surfaces but the location was readily
determined analytically. For the circle there was only one, the one that
arose from the analytical continuation of BP' while the ellipse had
three such points: two from the mapping and one from bp(m). In the case
of the D-shape the number of stagnation points originating from the map-
ping has increased so much that a full analysis of the flux surfaces is
useless. However, many of these lie far from S and affect the flux sur-
faces in a region which is ¢of no interest. Therefore, we restrict our-
selves to those stagnation points that only affect the fields near S.

Table I contains a list of stagnation points that arise from
zeros of the mapping function for various D-shapes. From this table,
together with the results for the circle and the ellipse, emerges the
picture that the position of the points nearest to S are closely related
to the curvature of S. The larger the curvature in a region, the closer
a stagnation point.

The number cof stagnation points arising from the analytic con-
tinuation of Bp(ﬁ) increases also and their behaviour with beta becomes

more complex. The position of these points must satisfy:

2 - -
1-k—2-[1-cos(w+csinm)]=0. (57)

Assuming that there will be a pecint on the -x-axis, we look for solu-

tions to (57) at u =1, i.e., v should be a solution to:

2

A (58)

cosh(v - csinhv) =

While with ¢ = 0 this equation can have only one solution for v, when
c is finite the curve always changes its character and has a minimum
and a maximum. The number of zeros can then be one or three depending
on the value of k (Fig. 4). This would seem a strange behaviour and up-
on clcse examination is found not to be true; there are always three
roots. For small values of k there is indeed one zero on the axis but
there are also two roots off the axis, one above and one below. With
inecreasing k the latter move towards the surface S and towards the axis.
At that value of k for which (58) has exactly two solutions these rcots
coalesce on the x-axis and move apart along this axis upon further in-
crease of k.

The influence of the D-shape on the root (from Ep) nearest to S
is seen to be as follows. Equation (58) shows that a positive value of
¢ - an inmward leaning D - results in a larger negative value of v. As



the x-coordinate of this point is given by:

]
"

Real (h(u=mn+iv)} = -cosh{(v-csinhv) + bsinhv,
(59)
2

=1—kz

+ bsinhv,

we have the same expression as for the ellipse. However, the value of v
that belongs to this point is larger (negative) than the one for the
ellipse {58) and thus results in a point further removed from S. In a
sense this stagnation point behaves like the ones related to h'(s), it
is further removed from the surface the smaller the curvature.

The behaviour of the flux surfaces near the stagnation points
with and without force-free currents is similar to that in the case of
the ellipse (Figs. 5a,b).

- 22 =-



S. THE STABILITY OF THE SCREW-PINCH

The previous sections all dealt with the determination of the
magnetic fields outside a high-beta tokamak plasma. In this section
the original question will be addressed: which combination cof equilib-
rium parameters (8, q* and ) gives rise o g-profiles that correspond
to those of a screw-pinch.

In terms of the dimersionless poloiuc! field Bp, the safety
factor q on a flux surface is,

a/q® = 3 | a* -, (60)

where di®™ is an infinitesimal lengti. along the , = constant surface in
the dimensionless coordinates of the cross-sectior- Since the .-surface
depends only on k {(through the boundary condition) ard 7, the g/g%* ver-
sus j-profile has a similar gependence. The stabi ity results [1,6]
were dispiayed irn (i/:,q") plots. In such a figur the line k = const
{11) corresponds to a nyperbola 3/« q': = constant. The dependence of
q/q® on k and I thus implies that on each 3/: q®° = const line gq/q%
dons not vary.

In the figures 6a,b and 7a,b the q/q" dependence on the flux sur-
face has been plotted for the ellipse and the D-shape, that were ana-
lyzed in the previous section, for various values of k and [; the de-
pendence on the flux has been replaced by the intersection points of
these surfaces with the +x-axis. Wnhat do these figures tell us? Essen-
tially two things. Firs:, %2 decreases with increasing I and with in-
creasing k. More important is the observation that almcst uniform g-
profiles do exist so that the condition for having a screw-pinch can
well be put in the form:

4 forq) =0 ,

av lq q jon § - (bl)
This condition is much simpler to implement than to evaluate q through
the solution of the ill-posed problem as was carried out in the pre-
vious section. In fact, by employing the theory of section 3, w2 shall
see that this condition can directly be transformed in a relationship
between eep (or k) and T.

In terms of the (u,v) coordinate system (in the z-plane) intro-
duced in section 3 (60), on S, reads:

2
q/q‘=2l,fdu3—~=5‘-!du-.9-. (62)
" s v "] b
v v=o0 P



where g(u,v) is given by (26). Because S is a magnetic surface coin-
ciding with a coordinate surface (v = 0) differentiation with respect

to | yields:

- 7
a *] ='l_fd 1 sg? | _g® 3% | (63)
ay [Q/q S 2 . u [Ei)z v [QiJa ov? J

av v

\

The second derivative of ¢ with respect to v, on S, can be obtained
from (16):

2
By rge, (64)

The equilibrium parameters, leading to a uniform q-profile, must thus

satisfy
o , ]
é% (Q/Q'} = f% f qul—— 2% s L =0, (65)
gzb; dv béJ

where g2 = HTE;fh'(m). Clearly this results in a relation between sBp
{or k) and I', because bp depends only on k. Figure 8 shows the results
of a calculation for an ellipse with an elongation of 1.5. The points
on this curve correspond to equilibrium parameters of a screw=-pinch
while for points above %%]S is negative and below it the derivative is
positive.

Let us now impose the above condition on the equilibrium param-~
eters for a high-beta tokamak and so arrive at the stability results
for a screw-pinch, Fig. 9a depicts the marginal stability curves for an
ellipse (b/a = 1.5) .or various values of force-free currents. Since
EBp (= B/eq*?) is constant along the curve (8/c)g®*? = const, the radial
q/q* profile and therefore %% on S do not vary either. A point of
Fig. 8 corresponds to a curve (R/e)q™? = const, in Fig. 9a, so that the
intersection of this with the curve for marginal stability corresponds
to the marginal stable point of the screw-pinch. For the ellipse these
points are indicated in Fig, %a by the squares 1 to 3. The curves a, b,
d, f mark the boundary of the stable region for the values of the FFC:
el =0, 1, 2 and 3. The points 1 to 3 are the marginal stable points
for the screw-pinch with the following values of the FFC: el = 0.1,
1, 1.5 and ~2 (e= L/2ma, L is the circumference). Above these points g%
on S is negative while below them, on the curves of marginal stability

%% on § is positive,
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In the same manner the stability of the "screw-pinch" mode can be
determined for other cross-sections. Figures %b and 9c show the results
for two D-shapes (¢ = 0.3 and 0.5) with the same elongation as the el-
lipse and the results for the same shapes but with an elongation b/a =2
are shown in Figs. 10a, b and c. In analyzing these figures we must keep
in mind that the model only approximates the experiment so that the
"screw-pinch" mode points should really be given error bars. The figure
shows that a large part of the stability diagram for each of these cross-
sections is not available for the screw-pinch. The gain in beta due to
the addition of FFC for a given cross-section is only slight although it
permits one to increase the plasma current. The FFC should not be taken
too large otherwise the marginal stable points for the screw-pinch mode
of operation start to move to lower betas. Elongating the cross-section
leads to an increase in beta. For the ellipse, however, one shonld not
go further than b/a = 2. The rapidly increasing curvature at the top of
the ellipse leads to a decrease in beta for larger elongations. The fa-
vourable effect of elongating the cross-section is best retained when
the cross-section is given a D-shape together with the elongation. This
is seen from Table I1I where the maximum values of B8/¢, obtained from the
rigs. 9 and 10, are listed. Shaping the cross-section can almost double
the maximum value of B/c¢ with respect to the one for the circle.

In the experiment one might well obtain higher values of b=ta be-
cause the g-profile might not be exactly uniform and the values obtvained
by the method employed in this report are guite sensitive to the values
of %% on S. Furthermore, the effect of the wall on the stability might
ve quite apprecialie. In the stability results presented in [1,6] this

ef fect has been neglected.



6. CONCLUSIONS

To determine the combination of equilibrium parameters of a high-
beta tokamak that gives rise to a screw-pinch equilibrium it was neces-
sary to obtain the fields outside a plasma whose cross-section is pre-
scribed. The high-beta tokamak ordering reduces this to a two-dimension-
11 elliptic problem with Cauchy boundary conditions: an ill-posed problem.
For a large class of plasma cross-sections this problem can be solved.

By an analytic continuation of the boundary data one obtains an analytic
exvression for the poloidal field. The fields outside the plasma - in the
surface current model of a high-beta tokamak - with various cross-sections
have been determined by means of this solution. From these results it was
concluded that the screw-pinch mode of cperation of a high-beta tokamak
- a uniform g-profile - can well be determined from the condition on the

derivative of g on the plasma surface: 0. This leads to a simple

dq| _
dyjs
integral condition from which the combination of egquilibrium parameters
that correspond to a screw-pinch can readily be determined by numerical
means. For a number of plasma cross-—-sections this has been carried out and
leads to "screw-pinch" points on the marginal stability curves in the
stability diagrams (Figs. 9, 10). These figures show that the stable re-
gioin in parameter space for the screw-pinch is much smaller than that for
the high-beta tokamak with FFC. The effect of adding FFC is reduced be-
cause although it enlarges the stability region its effect through the
equilibrium leads to smaller EBp, thus to smaller 3's unless the first
effect dominates. The best results are obtained for elongated cross-
sections with a D-shape. A plasma with a D-shape: b/a = 2, ¢ = 0.3 reaches
a maximum stable beta of .63¢.

The form of the analytic solution for the magnetic field in the re-
gion surrounding the plasma suggests that a classification of the stagna-
tion points in two groups - one arising from the shape of the cross-sec-
tion (S) alone and one based on the distribution of the¢ poloidal field
over S (ﬁp) - is useful. The analysis in Appendix A serves to point
out the special nature of the surface current model in this respect. It is
shown that for the case of a cylindrical plasma with a uniform current
these two groups interact: the stagnation points from S§ coincide with
those arising from Bp. Therefore, it may not be concluded that the stag-
nation points - as is the case for the surface current model - are usually
branch points and thus accompanied by surface currents. Were that the case
they would impose a serious restriction on the shape of the cross-section
and the beta of a plasma confined and held in equilibrium by a conducting
shell. The plasma surface S would then not be permitted to take on a shape
so that a corresponding stagnation point would lie within the shell. A
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similar requirement on the stagnation point from Sp would lead to a limit
on the plasma beta. Not only wculd this ke true for a plasma surround-
ed by a vacuum but also in the presence of FFC. In the case of simple
stagnation points this reasoning does not apply because these points are
not accompanied by a branchcut carrying surface currents. Furthermore,
FFC can always move such points to a location outside the shell.

The ill-posed problem appeared only because the plasma cross-
section was specified. It could have been prevented by considering the
free-boundary problem. This problem has been investigated in [7]. How
do these two approaches compare? This has been investigated in Appendix
B by approximating the plasma shape obtained from the free-boundary anal-
ysis by an analytic form that could serve as an input for the ill-posed
problem. The magnetic fields surrounding the plasma thus obtained, do not
agree with the ones from the free-boundary analysis. The treatment in
Appendix B shows that the ill-posed character of thz solution to the prob-
lem of the prescribed plasma shape has to do with the fact that the so-
lution is sensitive to the higher harmonic content of the boundary con-
ditions. Consegquently, the analytical solution is useful for such pur-
poses as encountered in this paper but otherwise should be used with care,
in particular in the region where stagnation points occur. Only in the
neighbourhood of the plasma surface is the solution insensitive to the
higher harmonics of the boundary data. Obviouslv, the same comment ap-
plies to all analytic solutions, e.g., by means of expansions in a

small parameter, of similar "ill-posed” problems.
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APPENDTIZX A

SKIN CURRENT MODEL VERSUS DIFFUSE PLASMA CURRENTS

The method of finding the field distribution outside a given
cross-section - developed in Sec. 3 - has been applied to the surface
current model only. Below, it shall be investigated to what extent the
observed features of the fields can be attributed to this special model.

As we have pointed out the method for determining the fields out-
side S is independent of the plasma equilibrium inside S. Therefore it
applies to a diffuse equilibrium as well. However, to be of any use, the
field on S as well as the surface S itself must be in an analytical form
and the high-beta ordering must be applicable. The first two require-
ments are unfortunately not easily satisfied. Not surprisingly because
the equilibrium of a diffuse plasma is a problem in its own right.

A model that is sufficiently different from the skin current
model and meets the requirements mentioned above is that of a cylindri-
cal plasma with a uniform current, :ero beta and arbitrary cross-section,
embedded in a strong parallel magnetic field. The fields inside and out-

side S again are described by flux functions that must satisfy:

vP vzyP = P (1a)
S -g*EwP = —E'waf ; vP = wff = const (1b)
fo Vzwff - rff (1c)

Before concluding that we must consider a special shape - even this
simple problem is not tractable by analytic means for a general S - let
us proceed as far as possible.

To determine the flux surfaces in fo we do not necessarily need

p

P in vP put only Bp on S, i.e., n*Vy* on S. From (1b) and S in the form

v = ys(xs) we derive

B = - 1 + QX]Z EEEJ (2)
P dx) g oy X

In terms of the mapping introduced before this is:

b
P

. AR 3P (3)
9x

ax W )y
3u1V=o
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)
Is this a useful expression or dces it only hide a dependence of %%} or
x
ox on h'(u)? Is after all the following expression:

u)v=0
- P
b =-nvva= 1 iy)_. (4)
p- == ———— 3V
vh' (u)Rh' {(u) V=0

not better? Substitution in (35) clearly leads to different conclusions
about the presence and the nature of the stagnation points arising from
the mapping. The last expression (4) even suggests that there is no
stagnation point due to h'(w). The surface current model has shown that
such points do exist, and on that basis we can disregard (4). However,
also the first expression for Bp suggests something different. On the
basis of this we might conclude that the stagnation points due to h'(w)
are simple, i.e., not accompanied by branchcuts carrying currents. Al-
though this is not true for the skin current model it is true for the
cylinder with an elliptic cross-section and a uniform current distribu-
tion [5}.

To proceed further we consider a shape related to the ellipse
with a uniform current but one that is more general. The cross-section

S given by

2
Clx + C2

y2+C3(x”-6x2y2+y“) = 1 (5)
was used in [1] to describe a racetrack and permits an analytic solu-
tion of (la):

rP

WP = — [ C %2+ C y24C,(x"-6x2y2+y4) -1] . (6)
1 2 3
2(C1+C2)

This solution is obtained by employing the requirement that a solution
to (la) must be of the form:

. P
WP = £(z) + E(z) + T %% (7
To obtain from this the solution of the fields in fo is straight-

f£f are ob-

forward. Thvough (3) we obtain Bp along 5 and the fields in V
tained by the same method as before: an analytic continuation of the

boundary data. In writing Ep in {3) we left the point open what u stood
for. In the case of the surface current model it was an angle-like param-
eter. Here, S is not in a parameter form. The simplest way to bring it

in such a form 15 to write (5) in polar coordinates:
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C.r% cos 46 + rZ(Clcosze + Czsinze) -1 =0. (8)

3

The solution of r in terms of & can be carried out so that r = r(9) is
known explicitly. A suitable mapping is thus:

X +iy = hiw) = riw) e . (9)

Making use of (6), (8) and {(9) Bp from (3) can be shown to reduce to:

rP
Bp(e) = /h'(8)R' (6) ——— (C

2
(C1 + C2)r

3r” cos 48 + 1) . (10)

Analytical continuation of this field yields the following expression
for the vacuum field outside S (35):

- P
. _ h'{w) ; - r
B, +iB, = 5y 7P (w)A' (w) c

(lc, +c ) r? (w)

3r~<a) cos 4w + 1] . (11)

Since the zeros of h'(w) do not coincide with those of r2(w) this ex-
pression proves that these points correspond to simple stagnation points
and not to branch points. In the case of the surfacs current model the
zeros would be at the same points but would be branch points. The field
on S for this model is namely a constant so that

. - /h' (W)
(Bu + 1Bv) h () (12)

To complete this section we consider the ellipse with a uniform
current. This is a special case of the one just treated that has the ad-
vantage of leading to a simple expression for the fields in fo. Instead
of using (11) - which leads to complicated expressions - we use the map-

ping employed in Sec. 3:

p
= y/h' (u)ﬁ'(u) bF ' (13)

so that the field in fo takes on the simple form

P
B+ 1B, = & h' ) AR (o) = (14)

T ht(w)

This expression confirms the conclusions reached before. The stagnation
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points from the mapping coincide with those for the surface current mod-
el but are now only simple zeros. By expanding around a stagnation point
we find that the two separatrices intersect and cross each other perpen-

dicular and like in the surface current model this angle is independent

of the elongation.
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APPENDTIX B

FIXED-BOUNDARY VERSUS FREE-BOUNDARY ANALYSIS

The problem treated in this paper is ill-posed because the plas-
ma cross-section is prescribed. In the toroidal screw-pinch "Spica"” the
equilibrium of the plasma is actually a free-boundary problem. A good
conducting shell determines the shape of the outermost magnetic sur-
face and the confined plasma - surrounded by force-free currents - takes
on the shape needed for equilibrium. For the same plasma model as was
considered here such a free-boundary analysis was carried out (7). A
high-beta tokamak plasma surrounded by a vacuum region was confined by
a circular conducting shell. The shape of the plasma and the position
with respect to the shell were determined as function of beta. The fol-
lowing question now arises: how do the two equilibrium analyses compare?
A comparison was made as follows. A certain plasma shape and beta were
taken from the free-boundary analysis and used as input for the method
developed in section 3 to evaluate the field outside (Fig. 11}). The fact
that we considered only shapes representakble by (39) means that an ac-
curate representation ¢f S in this form is not really possible. The pa-

rameter combination:

b=1.38 c = .1268 d =0.04 and k = .955

is found to lead to an S close to the one given. When the stagnation
peints corresponding to this solution are plotted (P,Q) we see immedi-
ately that both points fall within the shell (Fig. 11). In terms of the

dimensionless coordinates of S these points are located at:

Q= "2 Y

P -2.47 Yp

+2.25
0.0.

stagnation point shape: x

" " " " beta: X

Clearly the two methods do not give the same result. How must this be
understood? Although the approximation to the surface looks good it is
rather poor when the corresponding Fourier representations are consid-
ered. The difference lies in the higher order components. It is exact-
ly this difference that plays a role in the ill-posed problem. The so-
lution is sensitive to the higher harmonics. This can be shown very
simply by first Fourier analysing S:

x =r{6)cos8 " y =1r(8)sin®b

o (1)
r(e) = § o (8)cosm?
m=0

and then applying the method of section 3 with the mapping

- 33 -



hw) = rlw) e (2)
to obtain the fields outside S. Applied to the ellipse we observe: the
original stagnation point is further away from the surface when only a
few harmonics are taken and other spurious stagnation points appear.
The latter are more numerous and closer to S when more harmonics are
taken into account (Table III). Based on this observation we must con-
clude that our method of determining the fields outside a cross-section
S on which the poloidal field is given cannot claim to yield "the"
solution. The ill-posed character of the problem makes that the solu-
tion is sensitive to the higher harmonics of the surface, especially
far away from S. All that can be said is that the analytic solution is
close to the "correct” solution in the neighbourhood of the surface.



Table I

stagnation points arising from h'(w) = 0 for various D-shapes
elongation D-shape stagnation points
b/a c
1.5 0 X =0 y = #2.9
1.5 0.3 X = 3.31 y = 0.0
Xx = -37.1 y = 0.0
X = -.816 y = £2.10
2.0 0 x =40 y = +2.887
2 0.1 X = 13.43 y = 0.0
x = -.289 y = +2.82
2 0.2 x =7,27 y = 0.0
X = -.494 y = *2.69
x = =7.25 y = £24.11
2 0.3 x = 5.28 y = 0.0
X = -.625 y = £2.56
X = =-51.5 y = 0.0
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‘Tapvle I

maximum betas for the screw-pinch
cross-section elongation b/a D-shape 3/
circle 1 0.38
ellipse 1.5 0.52
n 2 0.58
" 3 0.53
D-shape 1.5 c = 0.3 0.52
" 2 c =0.3 0.63
Table JII

Stagnation points for ellipse b/a = 1.5 with S given by a Fourier series

x, = 0.0 Y~ = $3.95
ms< 5 Q 2

X; = t2.66 y;p = 0-0

Xq = 0.0 Yo = +3.10
m< 10 X1 < t2.19 Y1 = 0.0

X111 = $2.29 Y111 = $1.07

b e e e
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Figs. 1: Flux surfaces around a high-beta tokamak plasaa
with a circula cross-section.



i 3

Figs. 2: Flux surfaces around a high~beta tokamak plasma with an elliptical cross-
section {(b/a = 1.5, e = L/27 = 1,262).

a) E’Bp = 0.0 (k =0); eI = 0.0, b) F_Bp = ,266 (k = .9); el = 0.0,

.366 (k = .9); el = 1.
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c) EBP



b/a =20

b/a =15

Fig. 3: D-shaped cross-sections given by the parameter
representation (39 for two values of ¢ and
two elongations.
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e v
Fig. 4: Function y = cosh(v - csinhv), for ¢ = ,1,



EBp = .392 (k = .9); el = Q.

Figs. 5: Flux surface around a high-beta tokamak plasma
with a D-shaped cross~section {(b/a = 1.5, ¢ =
.3, e = L/21m = 1,267),
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Figs. 9: Marginal stability curves
for a high-beta tokamak
plasma with different cross-sections
and for various values of el':
a) e[ =0, b) e[ =1, ¢) el = 1.5,
d) el =2, f) el = 3; the shaded side
indicates the stable region. The mar-~
ginal stability points correspondingd
to the screw~pinch are indicated by
U; the value of el at the points 1,2,
3 is respectively el = .1, | and 1.5;
the value of e for these cross-sec-
tions is: ellipse e = 1.262, D-shape
{c = 0.3) e = 1,267, D-shape (¢ = 0.5)
e = 1.273.
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Figs. 10: Marginal stability curves
for a nigh-beta tokamak
plasma with dJd.Zferent cross-sections
and for various values of «[:
ay el'=¢, by el =1, A el = 2, e)
af = 2.5, f) el = 2; the shaded side
indicates the stable region. The mar-
ginal stability points corresponding
to the screw-pinch are indicated by i;
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is respectively: ¢l = .1, .5, 1 and
1.5; the value of e for these cross-
sections is: cllivse e = 1,542, D-
shape (c = 3.3) e = 1.545H, D-shape
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ig. 11: Equilikb-ium of a high-

beta tokamak plasma
with respect to a cenducting
wall, with a circular cross-
section, from a frze-boundary
analysis (¢f_ = .493 or k =
.955) . ¥



