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PURPOSE

There are hundreds of high power klystrons operated in the Linac
gallery and about fifty to sixty tubes fall every year. The lifetime
ranges from a few thousand up to seventy thousand hours except those
which fall during am early period. The overall percentage of fallures
due to emisaion problems is approximately 25%.1 It is also noted that
a 10% increase in mean lifetime of klystrons will reduce the overall
cost per hour as much as a 10% increase in efficiency.! Therefore, it
is useful to find some method to predict the expected life of an indi-
vidual tube.

The final goal has not been attained yet, but some usetul informa-
tion was obtained. It is thought that this information might be helpful
for those people who will study this subject further.

GENERAL DESCRIPTION

Usually, a klystron is operated under space charge limited condi-
tion, its anode current remains constant for a long time during its
lifetime, although its cathode is probably decaying graduaily. So the
operating current is not an indication of the stage of cathode life.

It is well-known, the basic parameter of a cathode is fts work function,

which determines the emission abllity. Unfortunately, the operating
voltage of SLAC's klystrons is so high that it is impossible to measure
the saturation curvent. Besides, the pulse modulator should work into

a matched load; any deviation from the normal condition is not desirable.
Therefore, any research work based con high pulse veltage is not practi-
cable. OCperating at low voltage, especially in the d.c. condition, is

preferable.
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Furthermore, the study of a cathode is so complex that there are
countless papers concerned with it during this century,?”1! but still
a lot of problems are unclear. Among many kinds of cathodes, oxide
cathodes are most comple They are different from type to type, even
from tube to tube and from time to time. Any attempt to find some
precise universal theory 1s recognized as unrealistic.

Nevertheless, we hope to find some relationship between low voltap«
rerformance and the saturation current. Then one can estimate indi-
rectly the emisstion ability. Probably the decay prozess can be moni-
tered by means of observing its low voltage perfocmance. No «f 1 it
fs a sratistics problem, for which one has to collect a multitude u¢
Jata.

Scme indications related to the emission ability werc rertainly
discovcred from the experiments. A few steps had been taken in order
to clarify the problem as described briefly below.

As a first step, the dip-test method was used. A discrepancy
between theory and experiments was found. That is, the anode curvent
depends on the cathode emission although the cathode is certainly under
space-charge limited condition. But, on the other hand we can make use
of this phenomenon to estimate the emission ability. This is exactly
what we seek.

As a next step, we used the retarding field method. We found that
when the anode voltage is regative, the ancde current depends more
sensitively on the emission current. Unfortunately, the nonuniformity
of tubes 1s also significant. Besides the measurement of very low

currents makes it difficult to obtain reliable data.



g @ step further, it seemed necessary to ewplain Lie reason

e oare not

fvr the discrepancy. Then one can believe that thosc phen

idental and they furnish information about cathodc emise<ion.

Manv possibilities were studied. Among them the most rrasonable
is the so-called 'edge emission'. Qualitatively, by virtue of it one
can cexplain the deviation of the anode current from the three-halves
power law.

Manwv tubes had heen tested at low voltage. It is certain that tne
three-halves power law Is not accurate in that voltage range, alchough
it is a sood approximation at normal operating condition. Also it is
certain that this deviation depends on the emission as well as the
voltayw. Because of the complexity and nonuniformity of the tubes, it
1s difficult to distinguish the extra currents caused Ly different
factors. However, it is worthwhile to monitor the decay process of a
working tube by means of checking its low voltage performance, if con-

~ a lot of

dirions permit. Of course it is tedious work and invo!
statistical data.

A GLANCE AT THE BACKGRO! ™

Let us recall briefly the conventional and recent theories, and
some important work of studying the cathode life.

It is well known that the performance of an electron gun, as well
as a diode, follows the three-halves power law, which was derived by
Lanemuic and Child, providing the cathode is operated under space-charge
limited conditions. The perveance is a constant depending only on the
shape of the electrndes in a gun but is independent of the carhode

emission. When the anode current 1s raised te saturation, the cathode
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will be temperature limited, and then the current will remain constant.
Recently, R. T. Longol2+13 developed a new theory and a new formula for

the current. It is:

Isc im,
Y= 7. +3 1o
sC 1L
where jsC is the space-charge current given by:
= k2 (2)

Is¢

while jTL is the temperature limited current. This formula is a good
approximation when the anode current 1s close to saturation, «:4 it -
duces to the three-halves power law when the anode current is recuc. i.
As for the case when the anode current is much lower than usual,
which is not important in practice, people gererally do not care about
it and think that it should follow the three-halves power law as well.
As far as cathode life studies are concerned, most of the work is
restricted to experimental dicdes. !l But th: environment of a cathode
in a real tube 1s quite different; its life is expected to be dif ‘rrent
too. The analogous work for evaluating the life of a high power nicro-
wave transmitting tube was done at Watkins~Johnson Company by
D. H. Swith.l1% His test assembly was designed to simulate the envi-
roament of a 12.2 GHz & kW CW TWT. It 1s similar to the reai tuba
except for the RF part, which was replaced by a section of drift rtuhe.
His purpose was to compara the long life capabilities of different
cathode types, rather than to judge an individual tube. However, our
purpose is the latter. It seems that the most realistic method o judge

an individual tube is the so-called 'dip test', which was orizinated v
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M. G. Bodmer.l5 Since then many scientists used this method to test
tubes.18"18  particularly, it is valid for oxide cathodes.

As for the measurement of the work function, there are some con-
ventional methods. Unfortunately, all those are merely used in experi-
mental diodes. For a large size convergent gun it is always too complex
to make use of them.

THE DIP TEST

The dip test is a common method for testing cathode emission
characteristics of actual microwave tubes. Generally the initial volt-
age and current are the same as in normal operation. After turning off
the filament power, the anode currert will dip rapidly after a certain
amount of time delay, which 1s a measure of tiie emission capability of
the cathode (see 7ig. 2). However, it is not appropriate for a high
voltage pulse klysrron like the SLAC XK-5, becanse turning off the
filament power in such a high anode voltage tube would risk damaging

the cathode. Besides, the pulse modulator is not ollowed to work with

A varying load as the anode current will drop graduallv Jduring the di
process.  Theretore, there seems ©o be no choice L oo e Tr ot Lo
vuliage.

Uue Lo equipment limitations, operating with a d.c. supply w~itimat

4 focusing svstem is preferable. Moreover, the cocling problem must

be taken into account, utherwise overheating may cause outgassing from

che inner surface of the tube hody and then possibly damage the cathode.
in order to minimize the requirements for facilitics, we restrict tue
applied voltage to less than one kilovolt, The bean power is then

only about 100 watts or less, whicit is certainly safe without cooling.
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Since the anode voltage 1s so low, it Is expected that the delay
time should be long. Ome typical experimental dip-test curve is shown
in Fig. 1. Since the cathoda is so large its temperature drops very
slowly, a dip-time of 4 minutes is selected. We note that:

1. The knee point is not obvious. This is probably due to the
nonuniformity of the temperature along the cathode. Recent measurement
of this nonuniformity indicates about 45 degrees centigrade.

2. The performance violates the theory. According to the theaory,
the anode current should remain constant until the cathode temperature
1s so low that its emission 1s no longer sufficient to satisfy the
space-charge limited condition. Then the cathode will be temperature
limited. So the ldealized dip-test curve should be that as shown in
Flg. 2. However the experimental results are far from ideal.

In real tubes, a smooth knee point was obtained.16-18 Tt can be
explained by Longo's theory, formula (1), and the nonuniformity of the
temperature. But at a very low voltage, when the anode current 1 far
less than the saturaticn current, the dip-test curve is expected to ke
of the foym as shown in Fig. 2(a) with various iInitial filament power
levels. Unfortunately, all the experimental results (one of them is
shown in Fig. 1) never support the theory. Furthermere, the initial
current corresponds to a perveancc higher than normal but depends cn
the filament power. Some possible factors affecting the currenc have
been consid::ed and excluded, such as instability of the power supply
and other disturbances. The different thermal expansion may cause a
little change of the perveance, but should nor he serious. Therefore,

it seems there is no option but to believe that the current does depend
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or the emission current even though the space-charge limited cord:tion
is satisfied perfectly.

Another record of the anode current versus the anode voltage as a
function of the filament power is shown in Fig. 3; it also shows the
dependence on the emission ability.

However, in spite of the fact that the mechanism is not « lear,
this dependence i+ an indilcation. By making usc of it one - an evaliuate

e ocathode.  we wall discuss it further helow.

't . found that ti¢ 'ower the anode vo.(J L N SO S I O T

tae annde current depends on the emissicva current.  Clgure o shows fhe
performance of two XK-5 klvstrons at negative voltsge. The anode cur-

v sens.'ive to the filament power. Since only tnuse elec-

trons whose initial velacities are large enough to overcome tne
retarding field can reach the anode, the anode current consists of
sulv a swall part of the total emission current. The nutber of those
fast electrons depends con the initial velocity distributiorn, which is
not vet wnown for oxide cathodes, but it seems reasanable Lo assune
trat this rate as well as the distribution are the same for diiferent

tubes with same type of cathode and same size of gun. Then the anode

current will be a measure of the emission current. As we can see from

Fiy. -+, the difference of those two tubes is almost one oruer of mag-
nitul: frn anode current. icor instance, when the fiiament voltage is

: i 2 -9
15 Vv, and the anode voltage is -1.4 V, the anode currents arc 7-10 amp

for M239b and 8.8v1070 amp for M409a.

J—
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However, we cannot conclude yet that this difference really indi-
cates the difference of the emission abilities. There are at least two
problems that we have to be concerned with.

First, if the ipitial veioz .ty obeys a Maxwellian distribution law,
which is true for a pure metal cathode,? the retarding current will de-

«line cxponentially with the voltage for a plate diode. The relation

is:
eV;
log j_ = log j_+ 0.434 —=
83, 8 Je KT
(3)
vi=v -V
a a T
where | is the emission current density, Ua is the anode volrage and
iy -
.. s b contacl potential diffcrence. The curve of log ja ver )
T i

1s « srralght iine. One can deduce the temperature from its sloy. .

tur the oxide cathode, only the fast electrons obey the Maxwellian
distribution.  *!'? For a diode of coaxial cylindrical eiectrodes the
retarding current gives a straight line too, providing the applied
negative voltage is sufficiently high, though the slcpe will be less.
For a convergent guu, It is too difficult to get an accurate solution,
but in view of Fig. 4, there seems to be a good chance of giving a
straight line also if the applied negative voltage is high enough,
even though the slope may be different.

Unfortunately, the higher the retarding voltage, the weaker the
current. In any attempt to measure the weak current we always encounter
difficulty with random noise, especially hum. So we cannot obtain a
straight line yet. The nonuniformity of the cathode temperature may

make it even more difficult.
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tur a2 plate diode, theoretically the retard

temperature of the cathode, on the veltage and on

the worn function of the anode, but is independent of the wark function

o8 the cathoadeo But from experiments of convergent guns. the depen-

> field current is more complex. We

v ¥ the retard

the variation of tne work function of the anode is significant. Tt is
te ihe fact chat the surfaces of the anodes have been

the active material, so that thelir work rfunctions are

erent from tube teo tube. It will influerce the anode current

serisnaslv. 4 3 oratter of fact, some new tubes are made of old gun
assenblios,

Moareover, it is always necessary to be verwy careful when measuring
a weak current. In addition to noise there exist other poscible cur-
reats, such as leakage current, ion current, parasitic emission and

something due to the irregularity of the cathode itself.

Therefore, the retarding field current tests are not conclusive

OLATION OF THE THREE-HALVES POWER LAW

jves power

4 sreat number of experiments prove that the three-i

v is not valid at low vol:iage. The perveance wil! increasc as Lhe

!

PR3N

anode volrage is decreased.  Some tvpical performance characteristics
are shown in Figs. 5 ro 12.

Flzures 5 and & <how the performance of two new tubes. Their
perveance at low voltage is much higher than that at high voltage. At

verv iow valtages, those data will be imaccurate because the contact

potential differcnce is comparable with the anode voltage. But if it
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is taken into account, the perveance should be even higher. Figures 7
and 8 show the perveances of different tubes. Figure 9 1s typical
characteristics which show how the perveance depends on the filament
power. Moreover, this phcnomenon of the perveance being too high
appears not only in standard SLAC XK-5 klystrons, but also in RZA tubes
and the SPEAR klystron as shown in Figs. 10 to 12. These tubes failed
for low perveance under high voltage operation, but still had a per-
veance higher than normal at low voltage.

Sometimes the anode current may be a few tens of milliamperes more
than expected at the anode voltage of 1KV. Its perveance might be 50%
or wore than vsual. We have to question if there is any rea-on causing
an extra anode current. Some considerations are stated below:

1. Measurement error. This 1s excluded, as we used precise digi-
tal meters all the time.

2. lIon current. This 1s improbable, since the vacuum is quite
good. Besides the ilon current cannot be of the same order as the elecc-
tron current.

3. Leakage current. It cannot be sc high. But it may be a factor
for negative voltage tests.

4. Parasitic emission, It 1s quite possible that the focusing
electrode emits extra current due to active materisl evaporated from
the cathode. But the temperature of the focusing electrode is only
about 570 degrees centigrade, so 't should not be significant, and will
saturate capidly. Besides, the contamination 1s a cumulative process;
it should be getting worse and worse during the life of the tube.

Instead a new tube has the same performance as an old ome,
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5.0 ke tivistic effect. The perveance will oo sli-Ltly Jower at
high voltage because of the relativietic effect., Correspondingly, the
perveance at low voltage will be about A% higher in contrast with 265 kV.
But it will be constant throughout the whole: low voltage range.

6. TInitial velocity efiect., It is true that the three-halves

power law is not precise when the initial velocity f the emission is

taken into account as some earlier scientists had analyzed. Adams??
gave an approximate formula for a plate diode as follows:
3/4 1/4
/ / )

o

= 1.2532 ot 1.6685 A

where
g = elx - x)

na = ﬁ (va - vﬂl)

are normalized distance and anode voltage respectivelyv, X, and Vm are )
the coordinate and soteantial of the virtual cathode. The first term
corresponds to the three-halves power law., The second term is a cor-
rection but it is only about 3% as compared with the first term at an
anode voltage of 100 V ad a cathode temperature of 1000° Kelvin. So
it is negligible in the voltage range we were operating in.
In consid.:ration of all the above arguments, we think that Lhere
must be another factor which is more important and which always exists.
We hypothesize that it is 'edge emission’, which we will discuss next. .
EDGE EMISSION
At the edge, th: cathode is neither temperature limited nor space-

charge limited. It emits a certain amount of current. So the total
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anode current will be larger than that due to the three-halves power law.

The amount of the edge current is:

I
I, - 2 WGy R VO (5)

where W is the width of edge, f is a factor, K is the perveance. It

shows the edge emission depends on both emission current density jo and

= anode voltage V. The details are discussed in Appendix A.

Appendix B indicates that the total anode current will be:

—<Y 5 .
I, =K +(1—o)Ied (6)

where 5 is a factor less than one. It shows the three-halves power lav
igs valid only if the edge emission is negligible.

CATHODE PERFORMANCE

As the edge current is always present, and cannot be neglected at
very low voltage, we can conclude that in that range the violation of
the three-halves power law is a normal phenomenon. ©On the contrary,
the ccincidence with the three-halves power law at low voltage (for
instance 1000 V for XX-5) means the cathode bas nct beepn activated
perfectiy. Figures 5 and 6 show the performances of tubes just after
the aglng process and after RF testing. It shows that after the aging
process the tubes have not been activated perfectly yet, although thev
follow the three-halves power law. As a matter of fact, the period of
high voltage testing is a further activation process. From the figures

one notes that the anode current is raised significantly.
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1 TONS

vse rurrent a' low voltage,

Although almost cvery tube has some ¢

che excess varies widely from tube to tubce. anly ot cathode itself

ults.

oothie e

may be different, but also there are other factors affect
Tt is important to follow some individual tubes from their early
age until their retirenent for the purpose of monitoring the changing

I3

process of emission charactreristics. Even thouy!: the low voltage tecst

is onlv an Indirect diagnosis, it is after all a simple wav and is

harmless to tubes.
Tt is believed that there will be some eurly indication appearing

before the cathode fails. ’
However, this is no doubt tedious work and it involves taking

numerous statistical data, and may take a few years. In the meantime

of course, it 1s worthwhile to record the high voltare performance for

comparisen, providing the condition is realistic.
Since the oil tank for the tubes in the gallery is coastructed in

such a way that it i: not convenient to test at d.c. eonditions, it

would be helpful to modify it so that the ground termipal on the high
voltage side of the pulse transformer can be disconnected when needed.
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APPENDIX A

EDGE EMISSION

The Rcle of the Electron Clcud ard Its Border

It is generally assumed that near the cathode surface there is a
layer of electwvor.s, called the electron cloud, in which the space-charge
field results in a lower potential relative to the cathnde. The poten-
tial mirimum is referred te as a virtual cathode or a poten+ial barrier.
Inlv those electrons whose initial velocities are high enough to over-
come the barrier can cross the barrier and reach the anode. The hinher
the Larrier, tre less the anade current. Therefore, rhz heigh: of the
barriv-, or the patential of the virtual cathode, will determine the
ratio of the anode current to the emission current.

The virtual cathode is the torder of the electron cloud, hecause
the electrons beyond thirs border are affected by the accelerating field
and will never turn back, while the electrons inside this border move
randomly in every direction. So this border can be regarded as an
emitting surface just like a cathode. The total anode current will be
the integral of the emitted current along the whole virtual cathode
surface or the border.

Let us now consider the edge of the cathode, bevond which there
is no emission (see Fig. 13(a)). Because the motion inside the cloud
is directed in every direction with the same probability, there must bea
some electrons moving transversely and across the original edge into
the region above the nonemitting surface. This is the 'edge emission
region’ as shown ia Fig. 13(a). 1Its density will decrease gradually.

The electron cloud region is then expanded beyond the cathode. As we
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Calo sus trom big. 13, above the center part of the cathode, tne distance

of the potential minimum relative to the cathode i uniiorm and the

height of the barrvier is uniform too. But at tre edge th! distancc
weiioas the acight gradually decrease to zero. This means the boundary
L the vlectron cloud will end on rhe nonemitting surface. The lower
Larrier implies that there are more eiectrons wescaping from a unit area
wlothe horder.

tiots, the anode currer s . su Biiel ther tnis

Prent o ocan oo Negaected, However | not.a de v taee i
2 Ul L Tarrics o In o rho oenter st D s
et e Lrre U owermiliang ram It Se wvery dear, the salrooo il

ol v ignificant role, because the height of the edge bar-ier alwins
ranges te zero.  Tnere 1re always some electrons escaping from this
t:order no matcer how high the barrier in the center part is,

The Edge Emission Current

In order to estimate the edge emission, we make the tfollowing
assumptions for the sake of simplicity:

1. The electron initial velocity follows Maxwell's distributinn
law. This is not exactly true for oxide cathodes; however, the distri-
bution probatility decreases approximately exponentially with the
velocity, so a Maxwellian distribution will be an approximation.

cmission and the field on the surface of the cathode are

, and the virtual cathode 1s very clrse to the cathode. Thus we

can use a one dimensional approximatinn except at the edge.
3. The border of the electron cloud on the edge is a straight

line as shown in Fig. 13{(c).
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4, Inside the electron cloud, the equipotential lines are parallel
to the cathode instead of perpendicular to the edge as it should be (see
Fig. 13(a,c)).

Suppose the cathode pc.entiel Is zero, so the potential of the
virtual cachode Vm, and V insir s the electron cloud are always negative,
viz. V < 0, V; < 0.

By virtue » the assumptions 1 and 2, one can obtain the followiry

relation:??
ev
3 - Ny
Ta”” =e (a.1)
e

and the potential discribution functior is:

n
£(n) = f dn . (A.2)
0 \/e“ -1+ e"e(/n) - 2¢0/n

where je is the emission current demsity, ja is the anode current den-
sity, I and n are the normalized coordinate and potential relative to
the virtual cathode, on which £ = n = 0 (see Fig. 14). n is the

normalized height of the barrier. ¢ is the error function. They are:

fal
n

Cc(z ~ zm)

eV
-
"o KT
t 2
ae) = = f et . ar (a.3)
5



o
Ll
-]
[
x
[
o

where z is the distance frow tiw. cathode, £ is the position of rhe

virtual vcathode. The above quantities are dimensioniess excvpt €, which
-1 o
Has units ~m . The unics of ja are amp/cm”, 2ad T, degr=e Kelvin.
Tlee Junctien {A.2) is shown ip Fig. 15. zoovs ancde current den-

anode

2l ' .- a fTunction ot the ratio o’ the emission current
f
currer s shiown In Fig. 16,

In addition, the curren' density crossing the equipotential line

with pocential vV, is:
j=4, ey e @ (A.4)

Suppose the width of the edge border 1s W {Fig. 13(c)), then we

have:
*m Em |
sina = w - ™ (Cm = le) (A.5S)
dnd "
dz
aw = sina ) )

The emission current from an elemental area ot the border is only

determined by the potential thereof, tlherefore:

ev
. . KT
dJed =J, e dw
(A.6)

_nm n dz
=j e T
e sinx
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From assumptions 3 and 4, the total edge current should be:

Zn e_“m n je -nm Em n
Jea = f le “sina © dz = ¢ sina °© / e dt 4.7
0 0
Substituting € and sina one can obtain:
dea "W 3 ¥ f(nm)
-a_/2 "m bl
m e'dn
fln) = e
0 VeP -1 4+ " o(/n) - 2/ (A5
nm
/ -
0 Vel 1+ en ¢(n) - 2/ n/x
The numerical solution of this function is shown in Fig. 17. It

shows rhat f(nm) changes not much when U varies over a wide range.

The anode current em od from the main part of the cathod. is:
> (A.9)

where R is the radius of the cathode. The total edge current should be

a line integral alung the edge. It 1is:

Ied=znajed=,fjeja 27R « W f(n) (A.10)

The ratio of these two is:

L ’j .

ed e 2W
oL = 22 f(n) (4,11)
Iao ‘ Ja R ™
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Since the width of the edge is much less than the radius, generally
Ied is negligible. However, when ja is far less than je, the edge cur~
rent may be substantial, even higher tha: the normal current Iao'

Providing the anode current from the main part of the cathode fol-

lows the three-~halves pow:r law, then we have:

Ty = 2/ W En) yK5, v A1)

This expression means the edge current depends on both the emission
current and the anode voltare, but follows the three-fourths power ci
the anode voltage rather than the three-halves power.

As an example for estimatiug the quantity of the edge current we

suppoue V = 1000 V, je =10 afcu, K = ZXIO_6 a/V3/2, Iao = 63 ma,

i, - 1.2x107° a/cmz, From Fig. 16 one obtains z, = 1'Ax10-2 cm.
- 3 = P = 4 -

f(nm) = {0.55. Suppose W sz then we obtain: Ied 43 ma.

This Is the same order of magnitude as the extra current we ob-
tained by measurement on tubes. Since the emission current as well as
the edge width W vary over wide ranges, there is no doubt that the
extra current is different from tube to tube.

The practical situation is more complex than what we have con-
sidered here, particularly the state of the electron cloud is nat well
known. It becomes more complex when a cathode 1s large so that the
temperature as well as the work function are not uniform. The width of
the edge is by no means a constant. In a real tube the edge of the
cathode 1s not a boundary between two sections of the same plane as in

the idealized case (Fig. 13); e.g., Fig. 18 shows the cathode assembly
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of 7 Si.al XK-5 klystron. The border of the electron cloud is ambiguous.
The violation in minor spacings of an assemoled multiple element vathode
structnv> will lead v~ variations in measured data which wight be due

to edge effects.

Conclusion

ALl the ahbuve deductions are approximate and ot ly a qualitative
analysis rather than a precise quantitative analysis. It does not
include other possibilities rthich also contribute a certain amount o~
<xtra current, such as parasitic emission. However, we can conclude
that tue edge current plays an important role at low voltage, ool 1t
cesults in the violatlor: of the three-halves power law. Furthemore,
.he exira current will 3rrve as an additional means for estimating the

emission capability nf the cathode.

APPENDIX B

THE THREE-HALVES POWER LAW

Introduction

The three-halves power law originated by Langmuir and Child is
well known as an intrinsic characteristic of a diode or an electroa gun
operated under space-charge limited conditions. Recently R. T. Longo13
presented a new formula relating the current density-voltage-temperature,
which is coincident with the experimental data in the regime of practical
operation that is not far from saturated condition. Longo's formula
shows that the perveance is lower than normal. According to the dis-
cussion above if the anode current 1is much lower than saturation, the

three-halves power law 1s not accurate; but conversely, the perveance



=22~

will be higher than normal. It then seems necessary to inquire to what
extent the three~halves power law is valid. This appeundix ls intended
to explain the three-halves power law from a different point of view.
The: *Ield Soiution

‘e is well known, Poisson's equation can be solved by a Green's

tuaction as follows:
BG(M,MA) 1
V(M) = V(M) ————— dS - — o (M YG(M,M ) dv (B.1)
A “n 0 0 0
S D

where S and dv denote the integral elemental surface and elemental

volume, respectively, Now we consider the problem of an electron gumn.

sical meaning of the above formula is as feliows. The first
integral on the right-band side is a surface integral taken along the
~hole boundary, HA is» the boundary point, at which the potential is ’
:(”A\' ;(H,MA) is the Green's function, and n denotes the normal
‘rection.  Since the potential at the catnode is zero, the integral
caniwtes and so we are concerned only with the anode. lhus the first

term is determined by and is proportional to the anode voltage VA’ but

is inaependent of the space charge. We can express it as follows:

aG(N,M'\) C«G(M,M\) v
—— = 8 - I3 2
[V(MA) 5a ds vAf o ds = V,ali) (B.2) ,
s S

when the shape of the electrodes is »newn. the function a(M) is
uniquely determined.
The second integral of formula (B.1) is a volume integral takea

atong the whole space-charge area. MO is the source location, and M is
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the field location, o(MO) is the charge density, and can he axyressed

as follows:

Py = 1D VN

where v(MO} is the scalar velecity at point VO’ j(MO) is rhe war
density, If there exists crossover between trajecrories, 1t ill b

mulci-valued furction, or

JMy) = k iy (Mg) Geos

Fur oa ostat’c problem, V(MD) 1s determined uricunerr bv the pct
e point where it is located, regataless cf crossover, praovidia: -

initial elocity is negligible. Hence:

p(MO) = . (8.5,

. i»> tne elecironic charge-to-mass ratic.

Therefore, tormula (B.1) can be rewritter a. hclow:

o )

VO = V,a() -—-fG(M M) ————— 4v (B.6)
\/'znv(vl )

s

where a and G are definitive functions determined only by the shape «of
the electrodes.
When j and V are unknown functions, the above expression {s an
integral equation. It is equivalent to Poisson's differential 2qiation.
Now suppose the anode voltage 1is VA‘ and j(M), V(M) is a set of

solutions of the above equation. We want to find a new solution V'(M),
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j'(M) when the anode voltage is vaised n-fold to aV

we let the potential everywhere rise n-fold to nV(X)
rises n3/2-f01d to n3/2

Apparently, if
byt the curr=nt
j(M) everywhere, viz

I E—
\A n\A
V(M) = av(M) (B.7)
v _ 3/2 .
EMCYIEIE S B )
they will satisfv the equation
we have:

in fact, substituting them into (B.0),

: (H )n3/2
v, :(kn - = fG(M M

This is exactly the

V(M) =

— dv
2rV(M )n
ame as Eq. (B.9).
set of solutions, a self-consistent solution

So V'(M),
of the currents is

() is a new

And from (B.7) the ratio

V! 3/2
10 _ (4 (8.8)
i) v
A
Obviously, the total anode current is the surface integral
along the anode surface

of j
Since the ratio on the left-hand side
is constant everywhere, the ratio of the anode currents will be
constant. Therefore we have

of (B.8)

the sane

(B.9)
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This means that we obtain the three-halves power law, which
walid no matter what the shapes of the electrodes are, and no matter if
c-ossevers takes place or not. Strictly speaking, we have not proved
this sttement. It i. +~~t only if the solution is also satisfied
for the equation of motion and then the trajectories in both cases have
simi_ar shapes. This is true as shown in Ref. 20. Furthermore, formula
(B.9) is als> valil in the case where there exists magnetic tield fin &i.
gun regica, providiug a scaling principle 1is aprliied. That includes

(175 with the addition of the following expression:

8 = '2p

Briefly speaking, if the above conditions are satisfied, the radius
of curvature 7 of the trajectories will hold everywhere as one can de—

dice from the following equaticn:Z20

2
T - e(g, + IvxB])) (8.11)

1

Moreover, we should point vut that the three-halves power luw will
be inaccurate under relativistic conditions, for which the velocity is
no longer proportional to the square root of the potential., The denom-
inator of formula (B.5) 1s no longer an expression of the velocity, nor
is that in Eq. (B.6). In this analysis we will not concern ourselves
with relativity.

Hovever, we want to emphasize that the eabove solution is not unique,
because the boundary condition is not certain yet. For examyle, when
the cathode is saturated, the solution of the current will be different.

But the scaling principle is still valid; that is: if the cathode
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temperature is adjusted so that the condition (B.7) is satisfied, then
all the trajectories will remain unchaaged. In practice, under normal
conditions, the electric field vanishes on the surface of the virtual
cathode, which is very close to the real cathode, znd the initial ve-
locity is very low as compared with the potential everywhere except the
neighborhood of the cathode; then the boundary condition is defined.
“his corresponds to space-charge limited condition, and the three-
halves power law will be valid in spite of tue cathode emission.

For a common electron gun, one generally does not care about a
slight variation of the perveance due to various factors such as the
d.c. magnetic field. On the other hand, in a magnetron injection gun
it is found that the perveance strongly depends on the magnetic field.?!
As far as this analysis is concerned, we want to emphzsize the perveance
is not constant.

Flow Mode

As is well known, in a microwave cavity there exist one or more
modes. Each mode corresponds to a certain field distribution. Simi-
larly, in an electron gun, if there is no outer magnetic field aund the
boundary condition on the cathode is ideal, the shape of the beam flow /
is uniquely defined. So there is only one 'flow mode'. When the anodc
voltage is raised, the current strength follows the three-halves power

law, but the shape of the flow remains unchanged, and the perveance is

constant. When an outer magnetic field is present, this flow mode
might be changed to a new mode and the perveance may also be changed.

However, if the magnetic field follows the scaling principle with
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raised anode voltage, the flow mode is unchanged and so is the per-
veance.

Therefore, cach flow mrde corresponds to a certain flow shape and
a certain perveance, but the current magnitude has no effect. The re-~
lat ionship betweer the perveance aund the flow mode is something like
that of an eigenvalue and the eigenfunction. Of course the former is
not a linear operator problem.

e define two normzlized parameters as follows:

‘ 3,20 ;
pon =8y =k ,oven =B gy,
A B A A

Obvivusly, as soon as the flow mode is known, these parameters are

independent of the anode voltage or total anode current. In facr .«

/jl(M) as =1 , (3.17)

S

have:

where S 1s the anode suriace or any cross secticn of tne heam.

The Electric Field

Being similar to the potential, the electric field strength can he
also expressed 1n two terms. In fact, from (B.L) we obtain:
o
N 1 : 3 (M)
EM) = ~9V(M) = -V, 9a(M) + — TGMM,M ) -S4y (B.14)
A €y o]

b ‘/Zn v(.*t‘_)

This formula is satisfied in the whole gun sSpace except the cice~

tron cloud region, which is between the virtual cathode and the :cathode.
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The gradient of G(M,MO) in the integrand 1s the derivative with

respect to M, while the integral is over M The first term on the

o
right-hand side represents a component of the electric field induced by
and proportional to the anode voltage. The function Ta{}) onlv depends
on the shape of the electrodes, but ig incependent of space charge. The
second term is the component of the field ‘nduced by the space charge.

i

tU'sing the normalized parameters we have:

. Lo f I1i"Mg)
Fon = cvreon « 2 2 ooy Lo —a (B.15)
2
NACEA NEIERCW

The above integral as well as Va{(M) are functions of location onlvy,
providing the flow mode is known. So the above expression can be re-
written as follows:

> - 1 -
= v, ey 0+ —2 L o (8.16)
E{M) a ‘v 1 .

V¥

The physical meanirg of ey and e; 1s that they are the electric
field induced by unit anode voltage and curreut, respectively.
Since E will vanish everywhere on the surface of the virtual

cathode, where we define M==MC. gV has only a vertical component, and

so has ;I’ Therefore we have:

I e (M)
_3'%—7: =T eVl(MC) ’ (B.17)
VA I1Yc

The right~hand side is independent of the anode voltage and current,

so it 1s a constant for a cerzain flow mode. This constant is just the
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nserveance, Thus we onbtain the three-halves power law once aga:n., Cen-
erally, tubes are operated under space-charge limited, then the electric
field vanishes cn the surface of the cathode. The physical meaning of
its vanishing is that ¢ - electric field ey will always be compensated
hy the spuce-charge field. It implies a principle of uniformity cf
emission as explained below.

The integral eI(M) referred to in Eq. (B.15) is with respect to ric
whole space, but near the surface of the cathode, en which tio porentil’
is zerc, the main contribution is due to the space charge nearvv. @i
argument is due tc the fact that a space charge near the meta! surfacc
can oniy Iinduce a vertical electric field nearby, its electric jici’
2 “ar distance will be compensated by 1its mirror charge, while tihe fieid
on the surface induced by the space charge far from the metal surface is
rather uniform and will diminish rapidly. Besidrs the space-charge
density itself reduces with distance according to Langmuir's relation.
So spproximataly, eI(MC) is proportional to 'he local emission current
densitv (emitting from rhe virtual cathode, viz. anode current density).
The same is true about EV(MC) because it is proportional to eI(MC)
Correspondingly, if one requires the emission curremt densitv aleng the
cathode to be uniform, which is usually what a gun desipner Jesires.,
one should arrange the electrodes so that the electric ficld induced by

the anode voltage 1s also uniform along the cathode.

The Perturbation by the Edge Emission

Suppose there exists an extra beam current Ied‘ ~hich i emitred

from t'= edge of the cathode, and adheres to the outer 'sheli' of the
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original beam. Of course, it will induce an extrtra space-charge f{ield,
and in turn affect the original beam emission.

As a first order approximation, we think of this extra current
only as a disturbance, namely, the flow mode is not distorted seriously,
but the anode current may be slightly changed from IA to IA. Then the

electric field can be expressed as follows:
EQ) = v, ep(M) + [I, e (M) + I, o0 v (0]//¥, (B.18)
Since E must vanish on the cathode surface, thus:
v, e (M) + [1;\ e (M) + I 0 EI(HC)]/\[\_’A =0 (B.19)

> is a measure of the space-charge field due to the edge current. It
migh* be a complex function. However, it will always be less than one,

because the electric field on the cathode surfacz induced by a 'shell’

laver of the beam (like a hollow bean) will always be less than that

induced by a solid beam. From (B.17) and (B.19) cone obtains:

e (M)
' _ Ve 32 _
Toa* leg® = e (M) v I

where IA is the anode current without perturbation, and here ¢ is a

measure of the average effect. The total anode current will be:

= I' + = -
Itot IA Ied IA +a @) Ied

_ 3/2
=KV + (1 - o) Ied

This means the three-halves power law is distorted by the perturba-
tion, and the edge curvent is par~ly compensated by a reduccion of the

orlginal beam current.



Cenclusion

By solving the wave equation with boundary

tain a series of eigenfunctions and eigenvalues.
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conditions cne

can ob-

Similarly, -olving

Poisson's equation of an electron gun, combining with the equation of

motion and boundary rconditions one can obtzin a series of

and corresponding pervearces.

'flow modes'

Each flow mode ot2ys the tnree-helves

power law. Any distortion of the boundary or change of the magnetic

fivld will also distorc the

cathode the common boundary condition Is violated.

wiil influence the mode and

halves power law.

flow mode. For instance, at the edgue of Ll

The edge cmission
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Fig. 7. The perveance characteristics at low voltage.



Fig. 8. The perveance characteristics at low voltage.



Fig. 9. The typical perveance characteristics as a function of filament power.
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