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Abst ract 

We discuss microscopica l i n t e r p r e t a t i o n s o f n u ­
c lea r mass systemat ics , emphasizing aspects hav ing 
re levance to n u c l e i f a r from s t a b i l i t y . 

Contents 

1 . I n t r o d u c t i o n 

1.1 S t r u c t u r a l e f f e c t s i n masses. P lan o f 
the t a l k 

1.2 P r o p e r t i e s o f the e f f e c t i v e n u c l e o n - n u -
c leon i n t e r a c t i o n 

2. Few-nucleon c l u s t e r s 

2 .1 S p l i t t i n g o f the mass surface and nucleón 
p a i r i n g 

2.2 The Wigner term and neu t ron -p ro ton i s o -
p a i r i n g 

2 .3 Remarks on qua r te t c o r r e l a t i o n s 

3. S h e l l s and subshel ls 

3 .1 On the r e l a t i o n o f s h e l l e f f ec ts i n n u ­
c l e a r masses and e x c i t a t i o n energies to 
gaps i n s i n g l e - n u c l e o n spect ra . 

3.2 V a r i a t i o n o f the s t rength o f magic num­
b e r s : mutual support o f mag ic i t i es 

3.3 V a r i a t i o n o f s h e l l e f fec ts at submagic 
numbers 

4. Deformat ion 

4 . 1 Deformation reg ions 
4.2 Change o f the magic number scheme wi th 

deformat ion 
4 .3 O s c i l l a t i n g trends i n the masses and de ­

format ion 

1 . I n t r o d u c t i o n 

1.1 S t r u c t u r a l e f f ec ts i n masses. P lan o f the t a l k 

The theme o f my t a l k is the r e l a t i o n o f the 
s t r u c t u r e o f the nuclear mass surface to nuc lear 
s t r u c t u r e , emphasizing mainly aspects r e l a t e d to n u ­
c l e i f a r from s t a b i l i t y . In t h i s connect ion , s t r u c ­
tu re o f the mass surface r e f e r s to dev ia t ions from 
smooth o v e r a l l behaviour as shown i n f i g . 1 . Con­
spicuous among these are : 

a. S p l i t t i n g o f the nuclear mass sur face i n t o fou r 
sheets according to p a r i t y type (even-even, odd-
even, e t c . ) 

b . Discont inuous change o f s lope along the l i n e 
Z = N (Wigner term i n mass equations) 

c. D i s c o n t i n u i t i e s o f s lope along magic number 
l i n e s i n the (N,Z) p lane , and a lso sometimes 
along submagic l i n e s . 

d. O s c i l l a t i o n s o f the mass surface between magic 
number l i n e s . 

L ikewise , by nuclear s t ruc tu re we mean micro ­
scopic s t r u c t u r e , determined by c l u s t e r i n g and cor ­
r e l a t e d motion o f nucléons. We are not concerned 
wi th gross s t ruc tu re considered i n the l i q u i d - d r o p 
model. Corresponding to the above f ou r features o f 
the mass su r face , and r e l a t e d to them i n the c o r r e s ­
ponding o rde r , one f i nds the f o l l o w i n g microscopic 
subs t ruc tu res , o f i nc reas ing complexity : 

a. I d e n t i c a l nucleón pa i r s w i th = 0. 

b. Neut ron -p roton p a i r s w i th ~ 0-

c. Formation o f spher ica l s h e l l s and s u b s h e l l s . 

d. Deformation o f the s h e l l s . 

The f i r s t two are two-nucleon c l u s t e r s , whereas the 
l a s t two are many-nucleon s t r u c t u r e s . They are con­
s ide red i n the f o l l o w i n g i n the above o r d e r . 

Preceding t h i s , we b r i e f l y summarize i n sec t . 1.2 
the p r o p e r t i e s o f the e f f e c t i v e nucLeon-nucleon i n ­
t e r a c t i o n as descr ibed by S c h i f f e r 1 . Th is d e s c r i p ­
t i o n i s very u s e f u l f o r understanding and i n t e r r e l a ­
t i n g the phenomena discussed here . 

1.2 P roper t i es o f the e f f e c t i v e nuc leon -nuc leon 
i n t e r a c t i o n 

S c h i f f e r 1 ^ der ived e f f e c t i v e nuc leon -nuc leon 
i n t e r a c t i o n matr ix elements from exper imental two-
nucleon spectra and masses, and p l o t t e d them t o g e t ­
her as f u n c t i o n o f the q u a s i c l a s s i c a l angle 0 be ­
tween the angular momenta o f the two nuc léons . His 
r e s u l t s f o r nucléons i n the same s h e l l are shown i n 
f i g . 2. The data n i c e l y d i v i d e i n t o two groups , 
compris ing the T = 1 (even J) and T = 0 (odd J) 
cases. For T = 1 there i s on ly one stroigLy bound 
s ta te at 6 = TT, corresponding to a n t i p a r a l l e l J = 0 
p a i r i n g o f the nucleón sp ins . On the o ther hand, 
f o r T = 0 the a l i g n e d J = 2j s t a t e w i th 6 - 0 , and 
a lso the quas ipa i red J = 1 s t a t e , are s t r o n g l y 
bound, and the average i n t e r a c t i o n i n the T = 0 
states i s a l t o g e t h e r lower (more a t t r a c t i v e ) than 
f o r T = 1 . 

The s i t u a t i o n i n the case o f two nucléons i n 
d i f f e r e n t s h e l l s i s s i m i l a r . 

2. Few-Nucleon C lusters 

2 .1 S p l i t t i n g o f the mass sur face and nucleón 
p a i r i n g 

Two i d e n t i c a l nucléons can on ly be i n T = 1 
s t a t e s . I t was mentioned above that o f these on ly 
the p a i r e d J = 0 s tate i s s t r o n g l y bound. Conse­
q u e n t l y , the ground s tate o f semi-magic n u c l e i a l ­
ways contains the h ighest al lowed number o f p a i r e d 
| j z J = 0 > valence nucléons. This i s the (maximum-) 

p a i r i n g or l o w e s t - s e n i o r i t y approx imat ion . On the 
other hand, a lso i n mixed valence s h e l l s one ex­
pects large l o w e s t - s e n i o r i t y components i n the 
ground s ta te wave func t ion o f n u c l e i not t o o - f a r 
removed from doub ly -c losed s h e l l s . 

This leads i n a n a t u r a l way to s p l i t t i n g o f 
the mass surface i n t o four sheets , wi th the odd-N, 
odd-Z and odd-odd surfaces l y i n g at respect i ve d i s ­
tances o f , -^TT and -%TT - % + 1 1 above the 
even-even sur race , ^where -rr n a n d TT^ are r e s p e c t i v e l y 
the (negat ive) neutron and p ro ton p a i r i n g energ ies , 
and I ' i s the (negat ive) h i g h e r - m u l t i p o l e i n t e r a c ­
t i o n between the odd neutron and odd p r o t o n . Due to 
t h i s i n t e r a c t i o n the odd-odd sur face l i e s at a smal­
l e r d istance from the odd-A surfaces than the even-
even sur face . The s p l i t t i n g o f the mass sur face i s 
shown i n f i g . 3, where one observes that the v e r t i ­
cal d istance between the Rh parabolas i s smal ler 
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than f o r Pd, due to the I ' term. A s i m i l a r s i t u a ­
t i o n i s observed i n f i g . 5 below. 

2.2 The Wigner term and n e u t r o n - p r o t o n i s o p a i r i n g 

When there are both neutrons and protons i n 
the valence s h e l l s one expects to f i n d many n e u t r o n -
proton p a i r s i n i s o p a i r e d T = 0 s t a t e s . This f a ­
vours a low t o t a l i s o s p i n . As a matter o f f a c t , n u ­
c lea r ground states have as a r u l e * the lowest pos ­
s i b l e i s o s p i n , namely T = | T Z | = % | N - Z | . 

The sum over a l l valence nucleón p a i r s o f the 
i s o s c a l a r ( t^^ t^ ) component o f the e f f e c t i v e i n t e r ­
ac t ion l e a d l to a symmetry energy p r o p o r t i o n a l to 
T(T + 1 ) . Since T = ^ | N - Z | t h i s has cusp d i s ­
c o n t i n u i t y along l i n e Z = N, as shown i n f i g . 4. 

2 .3 . Remarks on q u a r t e t c o r r e l a t i o n s 

Several exper imental facts about nuc lear 
masses suggest p o s s i b l e ex istence o f two -neut ron -
two-proton subst ructures i n n u c l e i , which are c a l l e d 
quar tets ' . On the o ther hand, the above r e g u l a r i ­
t i e s can a lso be i n t e r p r e t e d by the ^ o w e s t - s e n i o r i t y 
approximation based on p a i r i n g alone 

S p a t i a l symmetr ica l ly c o r r e l a t e d quar tets are 
assumed i n the s u p e r m u l t i p l e t approximat ion . There 
has been cons iderab le d i scuss ion r e c e n t l y o f the 
a p p l i c a b i l i t y o f t h i s assumption to nuc lear ground 
s t a t e s , w i th mainly non -conc lus ive r e s u l t s . 

I n a s imple v e r s i o n o f the s u p e r m u l t i p l e t ap­
p rox imat ion , assuming long range Wigner and Majorana 
e f f e c t i v e i n t e r a c t i o n s , one obta ins symmetry energy 
p r o p o r t i o n a l to T ( T + 4 ) , and s p l i t t i n g according to 
p a r i t y such that the odd-A sur face i s s i t u a t e d mid ­
way between the even-even and odd-odd su r faces . Ad­
d i t i o n a l l y , the p a i r i n g and symmetry c o e f f i c i e n t s 
are p r o p o r t i o n a l to each o the r . I t was found r e ­
cent ly that t h i s s u p e r m u l t i p l e t d e s c r i p t i o n o f 
symmetry and p a i r i n g energ ies i s s u p e r i o r to that 
o f the l i q u i d d rgPgp ic tu re . On the o ther hand, i t 
has been claimed ' t ha t the T(T+1) symmetry term 
o f the p a i r i n g - i s o p a i r i n g approximat ion and the l a t ­
t e r 1 s d e s c r i p t i o n o f the s p l i t t i n g by independent 
c o e f f i c i e n t s , r e s u l t i n g i n an odd-odd sur face which 
i s nearer to the odd-A surfaces than the even-even 
sur face , are i n b e t t e r agreement w i t h the data . 

The determinat ion o f the r a t i o o f the l i n e a r 
and quadra t ic terms i n T from the data i s more s i g ­
n i f i c a n t when using data reaching to the Z = N l i n e . 
Thus mass determinat ion o f heav ie r Z = N n u c l e i f a r 
from s t a b i l i t y i s h i g h l y r e l e v a n t to comparative 
study o f the usefu lness and range o f v a l i d i t y o f 
the above discussed models. 

3. S h e l l s and subshe l l s 

3 . 1 . On the r e l a t i o n o f s h e l l e f f e c t s i n nuc lear 
masses and e x c i t a t i o n energies to gaps i n 
s i n g l e - n u c l e o n spect ra 

F i g . 5 shows d i s c o n t i n u i t i e s i n the s lope o f 
the mass sur face at the magic numbers N = 20 and 
N r= 126. I n the lower p a r t o f the f i g u r e one ob ­
serves sudden drops i n the two-neutron separat ion 
energies at these numbers, which are an equ iva lent 
man i fes ta t ion o f the s lope changes i n the masses. 

One i s conven ient ly i n c l i n e d to associate such 
sudden drops i n separa t ion energies w i th the b e g i n ­
n ing o f new s h e l l s . This i n t e r p r e t a t i o n i s based 

*) V i o l a t i o n o f t h i s r u l e i n heav ie r odd-odd Z=N 
nuc le i i s d iscussed i n r e f . 

on the z e r o t h - o r d e r approximat ion ( i n the sense o f 
p e r t u r b a t i o n theory ) o f the s h e l l model, where one 
assumes tha t the nucléons are moving independent ly 
o f each o ther i n an average p o t e n t i a l f i e l d created 
by t h e i r e f f e c t i v e i n t e r a c t i o n s . In t h i s approxima­
t i o n the energy i s the sum o f s i n g l e - n u c l e o n s h e l l 
energ ies , E = Ee Neg lect ing rearrangement 
e f f e c t s , the separa t ion energy o f the l a s t neutron 
(proton) i s equal to minus i t s energy e ^. o f the 
l a s t f i l l i n g s h e l l , and i s constant i n a chain o f 
isotopes ( i so tones ) hav ing the same valence neutron 
(proton) s h e l l . On the o ther hand, when a new s h e l l 
s t a r t s to f i l l , the sepa ra t i on energy decreases by 
the energy d i f f e r e n c e o f the two s h e l l s . This i s 
i l l u s t r a t e d i n f i g . 6. 

On the other hand, emp i r i ca l separa t ion energies 
i n chains o f isotopes or isotones d i s p l a y s t rong 
odd-even o s c i l l a t i o n s o f about 2 MeV, superimposed 
on monotonous v a r i a t i o n w i th N and Z, o f somewhat 
smal ler magnitude. Th is i s seen i n the lower p a r t 
o f f i g . 3 f o r Sn as f u n c t i o n o f N i n the Rh and Pd 
i so topes , and i n f i g . 7 f o r Sp as f u n c t i o n o f N i n 
Zr , Nb, Mo and Tc i s o t o p e s . These MeV d i f f e r e n c e s 
between exper imental and z e r o t h - o r d e r separa t ion 
energies are due to the thus f a r neglected r e s i d u a l 
i n t e r a c t i o n s between the nucléons , l i k e those p l o t ­
ted i n f i g . 2, which are considered i n the h i g h e r -
order approximations o f the s h e l l model. 

L ikewise, there are d i f f e rences o f the above o r ­
der o f magnitude i n e x c i t a t i o n energ ies . I n the 
z e r o t h - o r d e r approximat ion the energy depends only 
on the occupied s h e l l s and i s h i g h l y degenerate, 
whereas e m p i r i c a l l y the s p l i t t i n g apart o f the l e v ­
e ls o f a nuc lear c o n f i g u r a t i o n u s u a l l y exceeds the 
( z e r o t h - o r d e r ) energy d i f f e r e n c e between ne ighbour ­
ing c o n f i g u r a t i o n s . Th is i s i l l u s t r a t e ^ i n f i g . 8, 
showing the l e v e l s o f the nuc lear Ip̂ /o c o n f i g u r a ­
t i o n . Rather than b e i n g dggenerate, r n e i r span i n 
energy i s about 5 MeV i n L i . 

Thus, wh i le one might reasonably r e l a t e i n a 
q u a l i t a t i v e way d i s c o n t i n u i t i e s i n separa t ion and 
e x c i t a t i o n energies to gaps i n the s i n g l e n - n u c l e ó n 
spectrum, as we o f t e n do i n the f o l l o w i n g , q u a n t i t a ­
t i v e conclusions can not be r e l i a b l y drawn from such 
comparisons wi thout f u r t h e r d e t a i l e d c a l c u l a t i o n s 
tak ing i n t o account the r e s i d u a l e f f e c t i v e i n t e r a c ­
t i o n app rop r ia te f o r the p o t e n t i a l assumed at the 
s t a r t o f the s h e l l model p e r t u r b a t i o n t reatment . 

As a matter o f f a c t , both the nuc lear p o t e n t i a l 
w i th i t s s i n g l e - n u c l e o n l e v e l s and gaps, and the r e ­
s i d u a l two-body i n t e r a c t i o n , do not have p rec ise phy­
s i c a l meaning. They are mathematical cons t ruc ts , ob­
ta ined by somewhat a r b i t r a r i l y separat ing the n u ­
c lear Hami l ton ian i n t o two p a r t s . Consequently , 
s i n g l e - n u c l e o n energy gaps acquire a p rec i se mean­
ing only i n r e l a t i o n to the assumed nuc lear po ten ­
t i a l . 

3 . 2 . V a r i a t i o n o f the s t reng th o f magic numbers: 
mutual support o f m a g i c i t i e s . 

Large s lope d i s c o n t i n u i t i e s at g iven nucleón 
numbers accompanied by l a rge drops o f separa t ion 
energies as seen i n f i g . 5 are observed at nucleón 
numbers N,Z = 2 , 8 , 2 0 , 2 8 , 5 0 , 8 2 and N = 126. These 
are the o f f i c i a l magic numbers. Smal ler d i scon ­
t i n u i t i e s i n smal le r groups o f nuc le i occur at the 
submagic numbers N,Z = 14, N = 56, 152 and Z=40,64. 
There i s a lso some submagic behaviour at N = 98, 
104, 108. 

We consider i n t h i s sect ion v a r i a t i o n s o f neu­
t r o n magic d i s c o n t i n u i t i e s wi th p roton number and 
v ice ve rsa . Submagic d i s c o n t i n u i t i e s are s i m i l a r l y 
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considered i n the next s e c t i o n . A systematic study 
o f these e f f e c t s was r e c e n t l y made by Dr. Schmidt 9 

at G . S . I . 

We base the d i scuss ion on the behaviour o f 
odd-nucleon s e p a r a t i o n and e x c i t a t i o n energies wi th 
respect to an even-even core , as the i n t e r p r e t a t i o n 
o f these i n terms o f odd-nucleon t r a n s i t i o n s i s most 
s t r a i g h t fo rward . We s t a r t w i th the h ighest magic 
numbers, N = 126 and Z = 82. 

The lower p a r t o f f i g . 9 shows Sn systematics 
o f odd-N n u c l e i near doubly -magic 2 u 8 P b . The gap a -
bove N=126 i s mani fested as abrupt drop o f i s o t o p i c 
S l i n e s between N = 125 and N = 127. This drop i n ­
creases from Hg to Pb*, and decreases again from Pb 
to Po and to Rn. 

The upper p a r t o£^the f i g u r e shows the e x c i t a ­
t i o n energy o f the 125 neutron from the g . s . j i n ­
g l e - n e u t r o n H l e v e l to the s i n g l e - n e u t r o n 9 /2 
l e v e l i n the next major s h e l l . Th is l i kewise i n ­
creases from Hg to Pb and decreases again i n Po. 
Furthermore, the shown e x c i t a t i o n energy o f the s i n ­
g le n e u t r o n - h o l e % l e v e l i n N = 127 n u c l e i from 
t h e i r g . s . s i n g l e - n e u t r o n 9 /2 l e v e l , i n v o l v i n g the 
same neutron t r a n s i t i o n across the gap i n t o the next 
major s h e l l , l i kewise decreases from Pb to Po. 

Thus, both the drop i n separa t ion energy and 
the i n t e r - s h e l l e x c i t a t i o n energy across the neu ­
t r o n gap a t t a i n t h e i r maximum va lue at magic p r o t o n 
number Z = 82. 

Ana logous ly , the lower p a r t o f f i g . 10 shows 
Sp systematics o f odd -Z n u c l e i near 2 0 8 P b . The p r o ­
ton magic gap above Z = 82 i s mani fested as sudden 
drop o f i s o t o n i c S l i n e s between T l and B i . The 
drop increases from N = 120 to N = 126 and decreases 
again i n N = 128 and N = 130**. 

L ikewise , the upper pajrt o f f i g . 10 shows ex­
c i t a t i o n energies o f the 81 + p r o t o n i n T l i s o t o p e s , 
from the g . s . s i n g l e - p r o t o n ^ l e v e l to the s i n g l e -
p r o t o n 9 /2 l e v e l i n the next major s h e l l y and ex­
c i t a t i o n energ ies o f s i n g l e p r o t o n - h o l e % s ta tes 
from the g . s . 9 / 2 l e v e l i n B. i so topes . The p r o ­
ton t r a n s i t i o n occurs i n botfi cases across the gap 
i n t o the h i g h e r major s h e l l , and the data i n d i c a t e 
tha t the energy change i n v o l v e d reaches i t s maximum 
va lue at magic neut ron number N = 126. 

The common conclus ion from both f i g s . 9 and 10 
i s t ha t near doubly -magic 2 0 8 P b magic e f f e c t s o f a 
g iven k i n d o f nucléons a t t a i n t h e i r maximum s t reng th 
f o r a magic number o f nucléons o f the other k i n d . 
Schmidt et a l J c a l l t h i s e f f e c t mutual support o f 
m a g i c i t i e s , and f i n d that i t occurs q u i t e g e n e r a l l y 
near doubly magic and submagic n u c l e i . 

We now discuss p o s s i b l e i n t e r p r e t a t i o n s o f the 
e f f e c t , s t a r t i n g w i th the z e r o t h - o r d e r independent -
p a r t i c l e p i c t u r e descr ibed i n sect . 3 . 1 . 

The upper p a r t o f f i g . 11 shows schemat ica l l y 
valence neutron and p roton s i n g l e - n u c l e o n l e v e l s 
near 2 0 P b , hav ing low sp in values j u s t below t h e i r 
r espec t i ve gaps, and h igh s p i n - v a l u e s j u s t above 
them. 

* This statement i s based on S systemat ics . 
The exper imental Sn va lue o f 2 0 7 H g , which 
i s miss ing i n the f i g u r e , i s p r e s e n t l y unknown. 

** This statement i s based on S systemat ics . 
The exper imental S values o f P 2 0 9 T 1 and 2 1 1 T 1 
which are miss ing P i n the f i g u r e , are p r e s e n t ­
l y unknown. 

When protons are added from Hg to Pb and then 
to Po, the nuc lear rad ius increases and the symmetry 
energy decreases. These changes increase the b i n d ­
i n g energy o f neutrons and lower t h e i r s i n g l e - p a r ­
t i c l e l e v e l s . 

In order to account f o r the observed v a r i a t i o n 
o f neut ron magic i ty wi th Z i n t h i s way, the v a r i a ­
t i o n o f the neutron p o t e n t i a l from Hg to Pb has to 
be such, that the l a s t neutron l e v e l below the gap 
i s lowered more than the f i r s t neut ron l e v e l above 
the gap, thus i nc reas ing the neutron gap i n Pb as 
compared to Hg. On the o ther hand, f u r t h e r v a r i a t i o n 
o f the neutron p o t e n t i a l from Pb to Po shou ld reverse 
the r e l a t i v e downward s h i f t o f the above neut ron 
l e v e l s , decreasing the gap again i n Po. Such l e v e l 
movements are shown i n the lower p a r t o f f i g . 1 1 . 

Such v a r i a t i o n s o f l e v e l spacings do not occur 
i n convent iona l s imply parametr i zed p o t e n t i a l s , w i th 
smooth A and I dependence. 

On the other hand, s p h e r i c a l H a r t r e e - F o c k - B o g o -
l i u b o v c a l c u l a t i o n s l i k e those r e p o r t e d by P r o f . 
Sorensen at t h i s conference , a l though p roduc ing 
s h i f t s o f l e v e l s , l i kewise f a i l to reproduce the v a r ­
i a t i o n s o f mag ic i t i es observed i n f i g s . 9 and 10. 

Thus, q u a n t i t a t i v e exp lanat ion o f the mutual 
support o f mag ic i t i es p r e s e n t l y seems to p resent a 
cha l lenge to Hart ree -Fock t h e o r i e s . 

On the other hand, the e f f e c t i s presumably 
n a t u r a l l y r e p r o d u c i b l e by cons ide r ing e x p l i c i t l y the 
n e u t r o n - p r o t o n r e s i d u a l i n t e r a c t i o n i n f i r s t o rder 
s h e l l model c a l c u l a t i o n . Then, due to r a d i a l and 
angu lar over laps o f the s i n g l e nucleón wave f u n c t i o n s , 
the average n e u t r o n - p r o t o n i n t e r a c t i o n i s expected 
to be s t ronger when they are both above or both b e ­
low t h e i r respect i ve gaps, as compared to the case 
when one o f them i s below the gap and the o t h e r a -
bove i t . Then one might o b t a i n q u a n t i t a t i v e agree ­
ment w i th the systematics shown i n f i g s . 9 and 10. 

We conclude t h i s sect ion by address ing the p r o b ­
lem o f u n i v e r s a l i t y o f the magic numbers. I n f i g . 12 
showing Q systematics o f heavy n u c l e i , the p r o t o n 
gap above Z = 82 i s mani fested as increased v e r t i c a l 
d is tance between consecut ive Q l i n e s from Pb to Bi 

ct 
to Po, as compared to other elements. These l a r g e r 
d istances a t t a i n t h e i r maximum magnitude at N = 126, 
decreas ing on both s ides o f i t i n accordance w i t h 
f i g . 10. However, they p e r s i s t as such down to the 
l i g h t e s t isotopes shown i n the f i g u r e wi th N = 106. 
Thus Z = 82 i s magic f o r a l l p r e s e n t l y known n u c l e i . 

On the other hand, i n l i g h t e r n u c l e i a l a r g e r 
r e l a t i v e change i n nuc lear composit ion r e s u l t s by 
moving smal ler d istances away from s t a b i l i t y , which 
might r e s u l t i n disappearance o f m a g i c i t y . As a 
matter o f f a c t , N = 20 i s no longer magic i n the 
very n e u t r o n - r i c h Na isotopes r e c e n t l y measured at 
Orsay^and discussed by Dr. Detraz i n t h i s c o n f e r ­
ence . This i s seen i n the upper p a r t o f f i g . 13, 
by comparing the S ^ n l i n e o f Na at N = 22 w i t h those 
o f the heav ie r elements. 

Even more d r a s t i c a l l y , N = 8 i s no more magic 
i n ^ B e , which has a ^ ground s t a t e , whereas i n i t s 
i so tone 1 3 C the_h l e v e l from the next s h e l l i s 3.09 
MeV above the h, ground s t a t e . Th is i s i l l u s t r a t e d 
i n the lower p a r t o f f i g . 13. 

3 . 3 . V a r i a t i o n o f s h e l l e f f e c t s at submagic numbers 

We main ly comment on the p r o t o n gaps above^^y40, 
64. More complete d i scuss ion i s g iven i n r e f . 
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The lower p a r t o f f i g . 14 shows Sp s y s t e m a t i c s 
o f odd-Z n u c l e i near 9 0 Z r . The p r o t o n submagic gap 
above Z = 40 i s man i f e s ted as sudden drop o f i s o ­
t o n i c Sp l i n e s from Y t o Nb. The magnitude o f the 
drop i n c r e a s e s from N * 48 to N = 50 and dec rease s 
from N = 50 t o N = 52 . Then i t i n c r e a s e s a g a i n 
monotonous ly from N = 52 t o N = 56 and remains a -
bout the same i n N = 58. 

L i k e w i s e , the upper p a r | ^ o f the f i g u r e shows 
e x c i t a t i o n ene r g i e s o f the 39 p r o t o n i n Y i s o ­
topes from the g . j . s i n g l e - p r o t o n ^ l e v e l t o the 
s i n g l e - p r o t o n 9/2 l e v e l above the gap , and a l s o 
e x c i t a t i o n ene r g i e s o f s i n g l e p r o t o n - h o l e % l e v e l s 
from the g . s . 9/2 l e v e l i n Nb i s o t o p e s . The p r o ­
ton t r a n s i t i o n occur s i n bo th ca se s a c r o s s the gap 
i n t o the h i g h e r 9/2 s u b s h e l l , and the l i n e s o f 
bo th elements i n d i c a t e l o c a l maxima a t N = 50 , 56 
i n the energy changes i n v o l v e d , s i m i l a r l y t o the 
s e p a r a t i o n e n e r g i e s . 

Thus p r o t o n s ubmag i c i t y at Z = 40 i s s t r e n g ­
thened at bo th N = 50 and 56 . T h i s i s a l s o imp re s ­
s i v e l y shown i n the th ree d imen s i ona l p l o ^ . o f 2 
e x c i t a t i o n ene r g i e s shown by Dr . P f e i f f e r ' and 
Dr . M a t t s s o n ' . 

L i ke i n the p r e v i o u s s e c t i o n nea r N = 126, 
Z = 82 t h i s behav i ou r i s n o t r e p r o d u c e ^ b y s e l f -
c o n s i s t e n t e n e r g y - d e n s i t y c a l c u l a t i o n s ^. 

On the o the r hand , the non-monotonous v a r i a ­
t i o n o f the p r o t o n gap between N = 50 and N = 56 , 
where the s i x added neu t r on s a l l p r e f e r e n t i a l l y 
en te r the same 2d ,_ / 9 s u b s h e l l i n t he g round s t a t e , 
seems to i n d i c a t e t ha t the n e u t r o n c o n f i g u r a t i o n 
changes c o n s i d e r a b l y when the p r o t o n i s e x c i t e d 
a c r o s s the gap, and t ha t s h e l l model c a l c u l a t i o n s 
w i t h mixed c o n f i g u r a t i o n s c o m p r i s i n g s e v e r a l s u b -
s h e l l s a re r e q u i r e d f o r e x p l a i n i n g the s y s t e m a t i c s . 

We now c o n s i d e r Z = 64 . The lower p a r t o f 
f i g . 15 shows Sp s y s t ema t i c a o f odd-Z n u c l e i near 
l 4 ^ G d . A p r o t o n submagic gap above Z = 64 i s i n ­
d i c a t e d as a drop o f i s o t o n i c Sp l i n e s w i t h N = 84 
and N = 86 frei» Çu t o Tb . However, t h i s drop d i s ­
appears i n the h i g h e r - N l i n e s . 

L i k e w i s e , the upper p a r j ^ o f the f i g u r e shows 
e x c i t a t i o n w * » r $ i e s o f the 63 p r o t o n i n Eu i s o ­
topes from the s i n g l e - p r o t o n g . s . 5/2 l e v e l t o 
the s i n g l e - p r d t o n 11/2 l e v e l above the gap. The 
e x c i t a t i o n energy a t t a i n s i t s h i g h e s t v a l ue o f 
716 keV f o r N 82 , and dec rea se s on bo th s i d e s , 
down to 196 keV f o r N = 88. 

Thus bo th s e p a r a t i o n and e x c i t a t i o n e n e r g i e s 
s u g ge s t a p r o t o n gap s m a l l e r than 1 MeV at N = 82 , 
which d i s a p p e a r s w i t h the a d d i t i o n o f s e v e r a l neu ­
t r o n s at N = 68. A s i m i l a r . c o n c l u s i o n i s i n d i c a t e d 
by S2p and Q a s y s t e m a t i c s 

F i g . 16 shows S 2 l i n e s f o r N = 50 , 82 , 126 
n u c l e i and a l s o liRe f o r Z = 62 . These l i n e s 
q u a l i t a t i v e l y i n d i c a t e the magni tudes o f r e s p e c t i v e 
gaps above Z » 40 , 64 , 82 and N = 82 . The Z = 64 
drop i s the s m a l l e s t , o f about h. MeV. 

On the o the r hand , i t has been c l a i m e d * ^ tha t 
s h e l l model c a l c u l a t i o n s a round l l + 6 G d i n d i c a t e a 
Z = 64 p r o t o n gap about equa l t o the N = 82 neu t ron 
gap, b e i n g both o f about 3. h MeV. T h i s seems to 
c o n t r a d i c t bo th f i g s . 15 and 16. 

171 
However, i n r e f . the au tho r s s t a t e t ha t 

they a c t u a l l y r e f e r t o a p r o t o n - h o l e gap i n Gd, 
compr i s i ng the s m a l l e r p r o t o n - p a r t i c l e gap i n d i c a ­
ted i n the above f i g u r e s and a d d i t i o n a l c o n t r i b u t i o n 

2 

| J 2 J J 2 

On the o t he r hand , the n e u t r o n - p r o t o n i n t e r ­
a c t i o n f a vou r s many a l i g n e d n e u t r o n - p r o t o n p a i r s . 
For n neu t ron s and p p r o t o n s i n the va l ence s h e l l s 
the p a i r i n g energy i n c r e a s e s l i k e n + p, whereas 
the n e u t r o n - p r o t o n i n t e r a c t i o n i s p r o p o r t i o n a l to np . 

Con sequent l y , when bo th n and p i n c r e a s e , one ex­
p e c t s the n e u t r o n - p r o t o n a l i g n i n g f o r c e s to w in over 
i d e n t i c a l - n u c l e o n p a i r i n g f o r c e s , r e s u l t i n g i n a 
b r e a k i n g o f the lowest s e n i o r i t y ( p a i r i n g ) a p p r o x i ­
mat i on . When t h i s i s done i n an a p p r o p r i a t e c o ­
herent way de fo rmat i on might r e s u l t . 

Thus one expect s deformed n u c l e i o n l y when both 
N and Z are removed f rom c l o s e d s h e l l s . 

T h i s ag rees w i t h expe r imenta l r e s u l t s on n u ­
c l e a r moments and i s o t o p e shifts^^&s d i s c u s s e d by 
P r o f . Otten J and by D r . Ek s t rom , and o n ^ r o t a -
t i o n a l s p e c t r a , as d j ^ c u s s e d l ^ D r s . P f e i f f e r , 
Ma t s son , Hami l t on , Wood J and o t h e r s at t h i s 
con fe rence . 

The u#per p a r t o f f i g . 17 shows the th ree c l a s ­
s i c a l de fo rmat i on r e g i o n s known be f o r e the p r e s e n t 
a c t i v e p u r s u i t o f n u c l e a r s t u d i e s f a r from s t a b i l i t y 
s t a r t e d , a n d t a l $ o t h o s e p r e d i c t e d t hen . The lower 
p a r t o f the f i g u r e i n d i c a t e s as w e l l p a r t s o f the 
newer deformed r e g i o n s now i n t e n s i v e l y s t u d i e d . 
Many updated v e r s i o n s were shown a t t h i s con fe rence . 

F i g . 18 summarizes r ecen t r e s u l t s from I^S -
measurements, ü ^ f K t h o s e shown by P r o f . Ot ten ^ 
and Dr . T h i b a u l t . I n c r e a s e d d e v i a t i o n from 
the s t anda rd s t r a i g h t l i n e i s i n t e r p r e t e d as i n ­
c rea sed de f o rma t i on . One ob se r ve s t ha t the s e m i -
magic Sn i s o t o p e s (and t ho se o f the n e i g h b o u r i n g 
element Cd) h a r d l y d e v i a t e from the s t a n d a r d , where­
as the d e v i a t i o n i n c r e a s e s from Xe to Cs t o Ba to 
Ce, p a r a l l e l t o the i n c r e a s i n g number o f va l ence 
n e u t r o n - ( o r r a t h e r n e u t r o n - h o l e ) - p r o t o n p a i r s . 

4 . 2 . Change o f the magic number scheme w i t h deforma­
t i o n . 

The development o f de fo rmat i on e f f e c t s the 
masses i n two ways : chang ing the magic and s u b ­
magic numbers, and s upe r impo s i n g o s c i l l a t i o n s on the 
o the rw i se smooth t r e n d s between magic numbers. We 
d i s c u s s these r e s p e c t i v e l y i n t h i s and the f o l l o w i n g 
s e c t i o n . 
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coming from the b r e a k i n g o f a | j J = 0> p r o t o n p a i r 
i n Gd when h o l e - e x c i t i n g i t . Thus i n t h i s case 
the re i s no r e a l c o n t r a d i c t i o n . 

181 
On the o t he r hand , l e v e l c a l c u l a t i o n s i n 

1 1 + 5 E u w i t h a p a i r i n g f o r c e g i v e a p r o t o n - p a r t i c l e 
gap o f 1.9 MeV. C a l c u l a t i o n s w i t h the s e l f c o n s i s ­
t en t e n e r g y - d e n s i t y method g i v e 1.65 MeV. 

Submagic numbers are n a t u r a l l y l e s s s t a b l e than 
the o f f i c i a l magic one s . We noted t ha t the Z = 64 
s h e l l e f f e c t s i n the masses p r a c t i c a l l y d i s appea r 
at N = 88. Fo r Z = 40 they d i s appea r at N = 60 , 
and f o r N = 56 at Z = 44 . - ^ i s i s c l e a r l y seen i n 
the a p p r o p r i a t e s y s t e m a t i c s J . Updated v e r s i o n s 
were shown by D r . Key se r . 

4 . De fo rmat i on 

4 . 1 . De fo rmat ion r e g i o n s 

As noted i n s e c . 2 . 1 , semi -mag ic n u c l e i have 
0 > i d e n t i c a l - n u c l e o n p a i r s i n the va lence 

s h e l l s . These are each s p h e r i c a l l y symmetr ic . Con­
s e q u e n t l y , semi -mag ic n u c l e i do not deform. 



Magic numbers change, s ince i n deformed n u c l e i 
the nucléons move i n a deformed p o t e n t i a l w e l l , 
whose energy l e v e l s and gaps change wi th the d e ­
f o r m a t i o n , l i k e i n the N i l sson scheme. 

N a t u r a l l y s p h e r i c a l submagic numbers are more 
a f f ec ted than major magic ones. As a matter o f 
f a c t , the disappearance o f the Z=40 and Z=64 gaps 
discussed above are r e l a t e d to the onset o f s t rong 
deformat ions a t N=60 and N=90, r e s p e c t i v e l y . 

Moreover , the disappearance o f mag ic i ty o f 
N=20 i n the Na isotopes a lso seems to be accompan­
ied by onset o f deformat ion , as was shown by Dr . 
D e t r a z l l ) . Recent c a l c u l a t i o n s ^ 6 ) i n d i c a t e tha t 
the disappearance o f the N=8 gap i n 1 1 Be might a lso 
be accompanied by de fo rmat ion . 

I t i s worth n o t i n g , that once a s p h e r i c a l l y 
sub-magic nucleus deforms, a l l sphe r ica l subshe l l s 
i n the major s h e l l take pa r t i n the de fo rmat ion . 
Thus, i n s p i t e o f the submagicity o f Z=64 in doubly 
magic l l + 6 G d , once deformat ion sets i n around N=90, 
Gadol in ium which i s i n the middle o f the proton 
major s h e l l between Z=50 and Z=82*deforms more than 
i t s lower Z ne ighbour ing elements. S i m i l a r l y , when 
deformat ion sets i n around N=60, Zr and S r , which 
are i n the middle o f the proton major s h e l l between 
Z=28 and Z=50, deform more than t h e i r h i g h e r - Z 
ne ighbours . Th is i s demonstrated i n F i g . 1 9 , when 
c o n s i d e r i n g the r a t i o E ( 4 + ) / E ( 2 + ) i n even-even 
n u c l e i as c r i t e r i o n f o r de fo rmat ion . 

The o n l y we l l es tab l i shed deformed magic 
number i n d i c a t e d by the masses i s N=152, seen most 
c l e a r l y i n Q s y s t e m a t i c s * 6 ) . The sometimes p r o -
posed^ ' ) submagic N=98, 104, 108 observed i n 
se lected S 2 n systemat ics , l ikewise correspond to 
gaps i n the N i l s s o n l e v e l scheme. 

4 . 3 . O s c i l l a t i n g t rends i n the masses and deformat ion 

Between magic numbers one u s u a l l y encounters 
o s c i l l a t i o n s i n the masses. The f ou r sheets o f the 
mass sur face o s c i l l a t e independent ly . Consequently 
the d is tances between them o s c i l l a t e as w e l l . 

F i g . 20 shows o s c i l l a t i n g I=Const Q l i n e s i n 
the ld2s s h e l l . These r e f l e c t the o s c i l l a t i o n s i n 
the masses. F i g . 2 1 shows the o s c i l l a t i o n s super ­
posed on the otherwise smoothly decreasing w i th 

A two odd-even mass d i f f e r e n c e s . 

In p a r t i c u l a r , where deformat ion sets i n 
suddenly , l i k e at N=20 i n the Na i s o t o p e s , at N=60 
and at N=90, one observes upward kinks i n the o t h e r ­
wise u n i v e r s a l l y decreasing i s o t o p i c S 2 n l i n e s . 
These are i n t e r p r e t e d as due to the gain i n b i n d i n g 
energy r e s u l t i n g from the de format ion . We have 
seen them i n the t a l k s o f Dr . D e t r a z 1 1 ) and 
Dr . T h i b a u l t 28). The kink i n the Na l i n e i s seen 
i n f i g . 1 3 . 

I n the s h e l l - c o r r e c t i o n s o f Myers-Swi at eck i 
and S t r u t i n s k y the deformat ion energy o s c i l l a t e s 
w i th N and Z. Th is agrees with the emp i r ica l 
o s c i l l a t i o n s . 

I n the s h e l l model there are symmetry r e l a t i o n s 
between multipofe matr ix elements o f p a r t i c l e - h o l e 
conjugate n u c l e i i n a major s h e l l , l i k e p and Q 
i n f i g . 2 2 . As a consequence o f these r e l a t i o n s , 
c o n f i g u r a t i o n mixing w i t h i n a major s h e l l c o n t r i b ­
utes o s c i l l a t i n g terms to the energy29) . 
* 

Add a f t e r 82: and t h e r e f o r e has the h ighest 
number o f valence neut ron -p ro ton p a i r s 

Deformation can be produced i n the s h e l l model 
o n l y by c o n f i g u r a t i o n mixing which v i o l a t e s the 
s e n i o r i t y ( p a i r i n g ) scheme. Thus, i n a deformed 
r e g i o n one expects the masses to o s c i l l a t e from 
s h e l l model cons idera t ions as w e l l . 

On the other hand, there i s c o n f i g u r a t i o n mix ­
i n g i n semi-magic n u c l e i as w e l l , l i k e the Sn 
i s o t o p e s . However, according to the a n a l y s i s i n 
sec. 4 . 1 such n u c l e i do not deform. 

In S 2 n s y s t e m a t i c s 1 6 ) the l i n e o f the s p h e r i c a l 
Sn isotopes o s c i l l a t e s s l i g h t l y , to about the same 
extent as the l i n e o f the l i g h t Cs i s o t p p e s , which 
are somewhat deformed, as i n d i c a t e d i n f i g . 18. 

Thus, whi le deformat ion makes the masses 
o s c i l l a t e , m i ld o s c i l l a t i o n s i n the masses do not 
n e c e s s a r i l y imply deformat ion. 

I am indebted to Dr . P f e i f f e r f o r r e f . 1 3 and to Dr . Xberg f o r r e f . 26. 
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IDENTICAL- ORBIT SPECTRA 

F i g . 2 E f f e c t i v e i n t e r a c t i o n matr ix elements o f 
equ i va len t nucléons 
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F i g . 4 Mass exce s se s above and Q - v a l u e s below F i g . 6 (a) S i n g l e neu t ron l e v e l s i n a s chemat i c 
f o r I f . i s o b a r s , w i t h Coulomb energy n u c l e a r p o t e n t i a l and t h e i r r e l a t i o n t o 
and neurron=-proton mass d i f f e r e n c e s neu t ron s e p a r a t i o n e n e r g i e s , n e g l e c t i n g 
s u b t r a c t e d nuc león i n t e r a c t i o n s and rear rangement 

(b) Neutron s e p a r a t i o n e n e r g i e s i n a 
c ha i n o f s u c c e s s i v e i s o t o p e s , s t a r t i n g 
from the neu t r on c o n f i g u r a t i o n shown i n 
( a ) . 
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i_J I I I I I i i i i i 

139 143 147 151 155 

A 
F i g . 15 (a) E x c i t a t i o n e n e r g i e s o f ^ s i n g l e - p r o t o n 

11/2 l e v e l s i n Eu i s o t o p e s 

(b) Sp s y s t e m a t i c s o f odd-Z n u c l e i 

tar i ^ M . 5 
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Neutron number 

20 40 60 80 100 120 HO 160 180 200 N 

F i g . 17 above : De fo rmat i on r e g i o n s known and ex­
pec ted i n 1963 J 

b e l o w i . De fo rmat i on r e g i o n s known i n 
T 9 7 5 3 8 ) 

48' 40' 38 S r 

F i g . 19 R a t i o s o f e x c i t a t i o n ene r g i e s E ( 4 ^ )/E(2 ) 
i n even-even n u c l e i . 

NEUTRON NUMBER N 

Fig. 18 Relative charge radii in chains of isotopes 
extending far from stability39) 

above: f o r N = 86-94 i s o t o n e s 

be low: f o r N = 56 -64 i s o t o n e s 

40) 

41) 

4 2 
F i g . 20 Q a s y s t e m a t i c s i n the l d2 s s h e l l . ) 
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DISCUSSION 

J.R. Mx: 1) You have d i scus sed in a q u a l i t a t i v e 
way the empir ica l appearance of the nuc lear mass 
s u r f a c e . But does your approach have any p r e d i c t i v e 
power f o r t e l l i n g us the mass or deformation o f a 
nucleus f o r which these q u a n t i t i e s have not y e t 
been measured? 2) How many ad ju s tab le parameters 
are there in your approach? 

N. Zeldes: 1) I t has a p r e d i c t i v e power f o r t e l l i n g 
masses , as was shown by Dr. Th ibau l t yes terday mor­
n ing . I t cannot p red i c t deformat ions. 2) About 180 
a d j u s t a b l e parameters, d iv ided among 10 s h e l l r e ­
g i o n s . 

K. Bleuler: The energy-gap a t the magic neutron num­
ber does not depend on ly on the energ ies o f the 
s i n g l e - p a r t i c l e l e v e l s ; i t i s s t r o n g l y in f luenced 
( i . e . d imin ished or reduced by about 2-3 MeV) by 
the e f f e c t s of p a i r i n g (BCS) theory. Th i s e f f e c t 
depends s t r o n g l y on the l e v e l - d e n s i t y which i n turn 
depends v i a the proton-neutron i n t e r a c t i o n on the 
proton l e v e l s . For a magic proton-number t h i s den­
s i t y i s s t r o n g l y reduced and hence the (nega t i ve ) 
e f f e c t on the gap a t the magic neutron-number i s a l ­
so d im in i shed . 

N. Zeldes: I t seems to me that the e f f e c t tha t you 
mention w i l l be much too s m a l l , and in order to r e ­
produce the data one has to cons ider the neutron-
proton i n t e r a c t i o n in a more d i r e c t way by f i r s t -
order per turbat ion theory, s i m i l a r l y to the con­
s i d e r a t i o n of i den t i c a l - nuc l eon p a i r i n g by BCS 
theory. 

T. Huus: The odd-even o s c i l l a t i o n s you have d i s ­
cussed are seen very c l e a r l y in t h i s viewgraph of 
odd-A beta decay energ ies as func t i on of A, where 

the l i n e s connect nuc le i o f cons tan t N-Z, which 
shows that they are caused by s h e l l - e f f e c t s in the 
p a i r i n g energy. The breaking o f a neutron pa i r i s 
not compensated by the format ion o f a proton p a i r , 
when e i ther the neutrons or the protons are near to 
a c losed s h e l l , where fewer l e v e l s are a v a i l a b l e 
fo r coupl ing by the p a i r i n g i n t e r a c t i o n . S i m i l a r 
e f f e c t s occur f o r unpaired nucléons due to b lock­
i n g , and s o l v i n g the p a i r i n g equat ions f o r a s im­
p l i f i e d level d i s t r i b u t i o n y i e l d s o s c i l l a t i o n s 
which q u a l i t a t i v e l y agree with the empir ica l o s ­
c i l l a t i o n s . 

N. Zeldes: The viewgraph indeed n i c e l y i l l u s t r a t e s 
o s c i l l a t i o n s of the d i s t ance between the two odd-A 
sur faces as due to mixing of s u b s h e l l s w i th in major 
s h e l l s . 

S. Âberg: I would l i k e to make a comment concerning 
your d i s c u s s i o n about the d isappearance of the N=8 
gap. I th ink tha t nuclear deformation provides a 
natural way to understand the l o w - l y i n g p o s i t i v e -
pa r i t y s t a t e s in the N=7 i so topes you showed. Thus, 
s t i l l wi th a big spher i ca l N=8 gap , c a l c u l a t i o n s in 
Lund show tha t the p o s i t i v e - p a r i t y s t a t e in 1lBe7 

i s lowered by about 12 MeV by g e t t i n g deformed 
( e ^ O . 7 , Y^ 3 5 ° ) , whi le the negat ive pa r i t y s t a te 
comes out a t a much sma l le r deformation ( e ^ 0 . 3 , 
Y^0°) and i s then on ly lowered by about 2 MeV r e l a ­
t i v e to the sphere. Th i s deformation change i s caused 
by the e x c i t a t i o n of on ly one neutron, from the de­
formation preventing py 2 o r b i t a l to the very de for ­
mation d r i v i n g ds/2 o r b i t a l [22014], I n a s i m i l a r 
way, now by a l s o adding one or two protons in the 
deformation preventing p3/ 2 o r b i t a l [IOIX2] , one 
can a l s o understand why in 1l$e7 and llC7i the po­
s i t i v e - p a r i t y s t a te i s somewhat pushed up and comes 
above the n e g a t i v e - p a r i t y s t a t e . 
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