
:ак/ ? г ч 
объединенный 

ИНСТИТУТ 
ядерных 

исследований 
дубна 

Е2-81-399 

N.B.Skachkov 

COVARIANT 
THREE-DIMENSIONAL EQUATION 
FOR FERMION-ANTIFERMION SYSTEM. 

III. Formulation 
in Relativistic Configurational Repreeentation 

Submitted to ТМФ 

1981 



1. Introduction 

In two prorioue papsrs ' 1 ' a ooTaziaat three-dimensional 
formalism was dereloped la th» momentum spaoo to desorlbe a system 
of two spin 1/2 partlole». It Is based oa the obtained in /*' rela-
tlrletlo three-dlaenelonal quasipotential ' ' equation 

chat i s a oorariant generalization of the equation ' ' obtained 
earlier for the ware function of a system of two feraions with equal 
•asses Hli » ftfe.» Ы « i n analogous oorariant equation was derlred 
In the momentum spaoe ' ' for a oorarlantly defined singls-time 
ware funotlon arising In the logmunMtoriehelldae quaslpotentlal 
appreaeh ' ' . 

As Is mentioned In ^ for the partial es of spin 1/2 two-part-
iole equations derired la the single-time bogunor-TaTkhelidse appro-
aoh ' ' and In the diagram technique of Xadyshersky ' ' ooiaolde . 
Therefore methods we present below oan be used in both the approa
ches (see also / 6 / ) . ^ _ ,̂ 

In equation (1.1) rooters Ap,Hi2p mad Дк, map •*• ooTariant 
generalisations of Teotors of the partiole momenta In the о.и.в. 
before Й «̂ -/-Г* F^ and after soatterlng «^"=-j^T««^ 
lntreduoed earlier la / 7 , B / with the help of the relations //[^//4$=. 

.(9.,SO J Д» - *V <*)- _ V « 

* *£**> - M-1»^«- / ^ * ; - - ^ /пар 
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t ine oeaponents are defined by 

Ike aim ef th i s paper l e to transfer* the spin equation ( l . l ) 
Into a ooTariant agnation In the r e l a t i v i s t i o configuration*! 
representation (lntroduoed earl ier for the o .a . s . ease in '* ' ) . A 
s ia i lar transformation was aade for splnless oovariant equations 
derived within the Hsmiltonlan femulation of guantur f i e ld theory 
A ° / «ad in the s ingle-t ine approaoh / l l / . 

In / ^ / j i h e ware fu notion of the eyetea with aass M , total 
moment!* &* and tota l aoaent У ( / ^ l i the projection of !f onto 
axle Ж ) , ooapoeed of a fsxmlon and antiferalon with aoaenta At 

and i ( «^ and Од. are their polarisation indioos) <was defined 
as a matrix element of the operator A/&*J , that off energy shel l 
obeys an evolution equation obtained In ' ^ and on energy shel l i t 
oolnoldes with the scattering amplitude ( ^ •* * +•'&/<?) ) •' 

U.4J 

J . J L l e constructed out of matrix e l e 
ments of the two-partlole e las t ic scattering amplitude. I .e.»out of 
matrix element* ^ / Г ^ ^ З е / Я / О Д ) * * ^ . , * £ • £ > of the operator 

Tor V A J I corresponding to the one-plon exohange the following 
representation was found ' l t l 3 ' i 
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(summation runs отаг all repeated indioes), where matrloee 
1Ь^с.(у1(А <)} deaorloe Wigner rotations of 1/2 eplas R{V*7ftj,*^a 
- ' (Ji-j^t kfV -Лг* -A* -̂̂ -p l e t h e "* t r l 3 c ° f t h e J * 0 * 

I,?rents trufisformatloa - »Wf ; A.? (*л,ёГ) * Ск, Ю ) • 
i s h*e htsa ahown la ' 1 » a - > ' , whea aa V*2^j the one-meson-

exohange matrix elaaaat ' la taken V^j the matrix element 
43fy;jfcpi%> 6 ^ * 0 1 5 ^ ; «$"%.?> obtained after separa-
tlon V formula (1.5) la a looal fuaotloa la the three-dimensional 
ЮЪаопетеку momentum apaoe realleed oa the upper maaa hyperholold 

Our further taak la to transform equation ( l . l ) so that It 
would oontala only the looal part of the interaction kernel (.§ 2 ) 
and than to transform the obtained equation ($ 3) from the momentum 
to relatirletio oonflgurstioaal representation '19' that le the 
analog of the oeordinate representation used la nonrelatiTistio 
quantum meohanloe. 

boHgheTelg_momenttui.»pagoi,iandii coT«l«ift. summation of дЦае, 

As la mentioned la the Introduction, after separating 6 Wigaer 
rotations la (1.9) the remaining part of the matrix element of the 
interaction kernel Is a looal function la the LoDeoheraky spaea. 

She role of these rotations la (1*9) i s the same as of the 
Wigner rotationa entering lato the transformation.law of the state 
rootor IC^^l к &У • Xbe latter Is an eigenralue of two Caeimir 
operators of the Peinoare group, (VC (*) Is the ralatlTlstlo spin 
reotor of Pauli-bubansky-Bargman-ehlrokoT, see,e.g. ' ' » a + ' )i 

(2.2) 

«ad la Loroats-traaafoxmed by the low 

The origin ef Wigaer rotations i s that the projeotiea of the 
apia ef a partlole •* onto cods 2 la defined la lta reet frame 
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«a an eigenralue of the third component of the spin operator ' ' x ' 

л $31 C*»>3?e>* г 10»,*Д *«•>/_ . J x i,z,3. (2.3) 

The atata with momentum 1С i s giren by 

Hewerer, ainoe to aaoh momentum, in general, l ta own reat frame corres
ponds, the quantisation axla for different momenta do not oolnolde. 
Br terminology af authors of ' ' » " ' , where thla guastion i s studied, 
apis indioes »sit" an their momenta ao that tha *igner rotation 

fc^PB*' {V"7yly )c ) }rea l i»ee In (2.3) "the remore" of the tpln Index 
С froe momentum к. onto the transformed momentum /C§> tc . 

analogous Wlgner rotations enter into the obtained in ' ' » 1 6 ' 
transformation (whioh wa «hall use below) from the ware function 
of two free particles О ^ ь в ^ / р ^ У v i t b 'omenta b t and f>a_, spina Sj 
and £ , а Я а ' their projections) to the ware function of tha whale 
system oharaoterised by the aaas М-Ц^Л^Т » total momentum 
(px. bj.+ j3 a > total apin 3 and l ta projection илд . The spin 

funotlon ^ ^ ^ ^ p 1 ( b 4 J d a p e n d e on^rar lab leo Ьи>рд. , «1 «««J «Ь . 
Therefore tha aat of б rariaeles fy&j % <*»y should be completed 
by two rarlables) as tha la t tar I t la oonrenlent to taka tha sum of 
spins and orbital moment in the o.m.s. For t h i s , aooording to ' ' ' , 
i t la 21rat neoeasary to transform both spina to the o.m.s. with the 
uae of traAaformatlone^) 'YK"/5V > / ^>i / and Я*/У/Арл fa)] 
then to pass orer from momenta /5? and / £ to tha to ta l momentum 

•r «ad reotor fi* ЛмЛФ С 1 * 3 ) whlcm Is a oorariant generaliea-
t ioa of the partiole-momentum rector i s tha o.a.a. **' . The aotiom 

x , The oomponents of the spin rooter $; are related to the compo
nent, of tha ra la t i r ia t la aplm rector Т £ ( Й by W / k ) - (Ati\C(A 

" ' I n what follows we ahall denote by small seros at top tha values 
that hare tha meaning of oorariant generalisations af their analog in 
o.m.s. in a sasaa of (1 .2) transformation. 
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of tba to ta l angular moment urn of the system 

С *%ч-0 are generators of the Lorente group, fi*^ж0,4.,г.&; я^тш^ЛЬ) 

Г (2.8) 
oan he represented as a sum of aotions of the orbital momentum of the 
wholo system as a unique ohjeot and orbital momenta of the relative 
motion '** ' of two partloles , ^ 

Sine» under the Lorente transformations the relatiTe orbital 
moment la transformed only Ъу the Wigner rotations, i t s modulus £ . 
and eigenvalues л s,, -*i ' 

are invariants. After the transformation to the o.m.a. of spina ,s£ 
and ^ they oan be summed with the orbital momentum of the relatiTe 
motion to give the total apin of the system 

As a resul t , the transformation from the ware function of two 
partioles to the ware function of the ayatem as a whole has the 
form / 7 * 1 6 / ( in out- oaaa Si = £ A - V A ^ »*. * % = * ) 

where 

tysr 0 , v A ^ <<•»* ^ 
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and ^ and У - are spherioal anglee of the rector ^* = t*Ap> I ~ 
=.(&п.е&'п&л $€~а0с<#п4 сохе) . 

Coming after these remarks back to ej. (1.1) and expression 
(1.9) fear Ihe^uasipotentlal kernel, we oonelnde that In (1.9) Wigner 
rotations "iteytfV f-^-^fid)} г >'=•',£. "remove" the epin 
indioes Ji ,6*. from "- •"* — • » • £ * -
and^s-A and * j ' 
"remove* 4^ and 3_ _ 
Therefore, Indices «£̂ > and -0^ "sit" on momentum Лг . and indloee 
Щ# and 6£g , on momentum ^ . How, alnoa as a result of the ^ 

ooson exohanga the momentum p* transforms to the «omentum К ^£* 
then Wlgnar rotations Й ^ / ^ / % ^ * - % Л £ {^'ГА.^}} 
realise a further 'remove" of apin indloes on the momentum /f . 
Is a result, we arrive at the matrix elements V"^J. |? = ^EfysAiG'"! 
'\У7Л'еу^'с')\^ф^'^1^шЬоа* • 1 Л а ШМ-О" * » *11 altting on the rf/* 
same momentum j> . Just this "separated* of the kinematic Wlgaer 
rotations amplitude is local in the ZrObaohevak? momentum spaoe, 
i . e . , depends on the difference of two vectors (c and ь in the 
behaohevsky apaoa fi% «-#ИР"<: see / a » 1 3 / ) . 

So, we have seen that 4 ft/jL matrioea with Wlgner rotations in 
(1.9) to the right from 

Y%% & **-)W-^4f SMet\Vft V< )W % *-4f> 
provide automatically the transfer of entering into (1*?) under 
the summation aign dummy spin indices onto the momentum jb . 
Consequently, if now in the l .h . s . of ее.. (1.1), using the 
transformation iararae to (2.12) 

we traaafer indioes G"± and 6^ onto the momentum yfe. 4 ft"*1*^ 
and make the same transformation with the r.h.e. Integral part af 
(1,1), i . e . , «remove" indioes eT». and «L * / £ fit «i ; R» «5. \ 
| V 1 Kify'>*д-Э«^> onto the momentttm £ , than 04. (1.1) 
oan be represented in the form 
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J if*). V ^f^flr»^ " П X *,„,., I* J » 
where all spin lndieoe "alt" an tha aaae aoaeatua p . As « ra
tal t f under tha lorenta traaaforaatioaa «11 apia ladloee ^/? 
aad ->£* la eg.. ( 219) « H I Ъа traaafoxaed by tha same matrix 
of tha email boxeate group. 

After that wa hare transferred all the apla ladloaa la (2.15) 
to tha same momenta*, wa can, aooordiag to ''» 1 6' earn up aplaa aad 
define tha «are function with tha total apla 

. № ,e% ^ ,i i _ . J . 4 f l i , « « <2-1$> 

Consequently, for ware fimotloaa with tha traaaferred eplns 
pin ooahinatioaa take the form of q.uaatum-*eohanioal relations 

. < 4 -i/ -V, (2.18) 

Kate that aoaetlmea relatione (2.16)_(2.20) are need for 
desoriblng ooapoaite aystema wlthont traaaferring tha apla ladloaa 
oa the aaae relatire memeattaw № l a approximation la ralld for 
systeae with the noarelatiTiatlo relatire aotlea ef oeaatltuanta 
(e.g.» la poaltroalm) when tha aatrioea ef Wigaer xotatloaa 
deaerioiag, under loraata traaaforaatloaa, different xotatloaa 
of apla ladioaa whloh are aittlnc aa dlffexeat momenta differ 
slightly fxaa malt aatrloea. Howerer, la desorlhing tha light 
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Tootor and paeudeaealar aesona (Я^р,лг, У ) , where it 
la oartainly known that tho aotion of oonstituent ralenoe quarks 
la relatirlstlo, a oorroot aaparation of spin promotions oan Ъо 
porfoxaiod only after the operation (2.14) of transfer of spin lndioos 
on the aaae moaenttaw Otherwise, the neglect of laws of tho relati-
Tietio spin kinematics may result In "entangling" of different spin 
ooaponents of the ware funotlon of a two-quark systea while passing 
orer to another roferenoe fraae (just this operation is used for 
deaorlelng tho aeaon fora faotor defined as a aatrix elenent of the 
ourrent aandwiohad between ware functions with momenta 3^ 
and S> + & , 

By using the relatione for dehsoh-Oordon oooffioients 

we' rewrite equation (2.15) a» o в _g 

where we hare defined 

V'Svplfi* * *&' M4far**% •4&ъ/*±Ъ ( 2*2 2 ) 

It la known that for aeae prooeases the syaaetry properties 
of a two- partlole aystea lead to the observation, of the total spin. 
In partloular, in the soattering of ldontioal partiolea alnglet-
-trlplet tranaltions are forbidden hy the Pauli prinolple. In other 
system, like, e.g., the neutron-proton systea, this takes plaoe 
due to the laoteplo - inrarianoe of atrong Interactions or CP-inra-
rianoe ef eleotroaagnetio interaotions, like in the poaitroniua. 
Far auoh aysteas we may take tho kernel of eq. (2.21) to he diago
nal in the total apln of a ayatea 

Г& / Л *~->Г) • %s> • V**! fa Л Л . 
f (2.23) 
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3 . Transformation of .the equation i.nto the r o l a t i n s t l o 
??Tf<iK"Tlrt''?*tfll "'PToeeatatlon 

In ref. ' ' I t I s proposed to transform to the oonfigurational 
representation with the nee of functions composing a oomplete set 
In the Looaahersky space, i . e . , o n the mass hyperooloid (1*6). Sueh 
funotlons hare been found In ref* '* ' on the oasis of work ' 7 ' 
and hare the form (notation of ref. ' * ' ) t 

Their relations of completeness and orthogonality are as follows 

l e j » \ > i r > - V i r « " * r t - / ' (з.аъ) 
The functions (3 .1) real i se the prlnoipal series of unitary irredu
cible representations of the Lorents group - group of motions of 
th* Lobaehersky spaoe and correspond to the following eigenvalues, 
of the Casimlr operator of the Lorents group C ^ = i M-O M** 
(MMj = рА-рЛИ«• «««raters of &0 Ib.l) ) ; 

In the nonrelatlTistio l imit ? ( p V ~ J ~^*~ &• 
The group parameter Г was proposed i n ' ' to consider as a re la -
t i r l s t i o generalisatien ef the relatire-ceordinate modulus. 

Tor the r e l a t i r l s t i o plane wares (3.1) In ' f there was 
defined the free Hamiltonian operator 

whloh has the form ef the differential-differenoe operator 

A. -* ck «,&) *f *ь сш -^пЙЬ.» 
( Д р у Is the Laplaoe operator en a sphere» & and Jf - are 
spherloal angles ef the unit rootor H. ) . „ 

Paler bar «its transfermations ef tie rooter ^4 ^ - _ 
only its spatial part (1.2) la transformed ' 
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whloh aadergoee the Wlgaer rotation only. Dae to the l 0xoate 
larartaaoe of the eealar prednet /id^ tt^pl, ^«''«'•ateriag into 
(3.1), thla aeaaa that under the Loreata traaaforaatloaa /* th« 
unit rooter /£T , whloh play» tho role of tho dixeotioa rootor of a 
rolatlrlatlo analog of the relatlre ooordiaate h'= f л- , traaaforaa 
hy tho lawi 

*•'* - *v {г/Г?&} v J #• ы . <*•« 
Tho aodulua of the "relatlrlatlo relatlre oooxdlaato" »*•=/»*/ 
ooajugated la (3.1) to tho oorariantljr defined rootor of a particle 
aeaeatua la tho o.n.e. Afrtnip (1.2),(1.3), le a L0r»nt» inrart-
ant aa i t (of. 3.3 ) auabera eigenvalues of tho Casiair inrariant 
operator of tho Loroata group C& • 

кя la shown la ' '' , owing to tho lararlaaoo of the aedulue of 
tho rolatlrlatlo relative ooordlnato r tho operator iatroduood 

(where tho operator /i/,ent^i. i n apherloal ooordlaatoa haa the 
aaae ooaponenta aa tho aoaeat operator In aoarelatlrlatlo quant» 
aoohanloa and Д£/ШЛрх* * • «oaoatMi operator , 2 Ч - Ё^^ ' 
'^CtPjt»,A„fO-'Х,,тл? J(C»xs.,*!') traaaferaa V the aawe law aa 
the oererlaatlr defined operator of the relative (internal) orbital 
aoaent (2.Ю). tat thla reaeon tho operator 

J? --Aw"pfi&) (З.Ю) 
la //* (3.9) le a rolativistio lnrarlant what,.with tho lnvarlaaee 
© f t , aakoa lararlant the whole operator of H0 • 

After aaklag la 04. (2.19) tho transformation with fnaotloaa 
(3.1) л g „ 
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it taka» tha foxa z)( with allowing fox (3.4) )i 

where *'•*• ?,**IJ ' A / 

fha part of guaalpoteatial V that depend» only on the ao-
aentua transfer raotox squared in the loDaohersky враоа 
"45-^-4 t ^ ^ P ^ J "^ tranafaraad lata tha ralatiTiatio oonfigu-
ratlonal representation 

dependa only on tha aodulaa af rector P* lr j . Therefore» for 
i t wa Bay apply la (3.12) tha integral fera of the addition thaoraa 
of «ralatlTiatio plana wares" / 9 / (d tJj? - S««6> d9 at *$ J 

МЪЪ (^ti?) = ty^йГ | fl2\ ~) |"ГГ>Г) О.") 5' 
aad allowing for (3.2) wa Bay take it out of the integral aign in 
(3.12) in the looal fora 

Ч^г. 

[iVi^^rD^frj, 
(3.16) 

*' In what follow» we ealt la (2.19) tha ayabol ь for polaris*-
tlen indiee», waloh indicates that all «pin Indloaa ara quantised 
on tha saaa axle «Дтеп Ъу reotor p . Indeed tha preaeaoe la ^if 
polariaatlea imdieee of ayaool f> la para oenrantional 
ainoe tha oaantltlea &g and -O^f aaaaaa tha aaaarloal raluea 

я х ) Va daaata the reanlalag part br V/,i , . 
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The remaining part of the potential Vc*) after the trana-
felection (3.14) beoeaes dependent not only on the modulus \Y% | 
hat also on the direotinn ft-£ defined by the epia atxuoturo of 
Vuy 

Let u« apply to (3.13) the aoasllty 

% ft 0 « | f#*>?> r • ^ r ) < ? ^ ^ ° ' 1 7 ) 

whloh ooatalae the unit reotor •> JL./JL Ал /, * 7 
л^0 = fc -f*r* £>»?~F+t>(P "-J/(P°+"U оде) 

and taking adrantage of the iararlaaoe of the rolnae element 
ss e/b/itHfi'i/Zflc«/Л ; fie&№*&#£)* perform integration 
orer J3/&*->£-)/ a.{ieC-)M)v. 

Ля a reealt, for V" ?«* /\3*/Г ) we obtain from (3.13) the 
expreaalen ' g-g. 

•о 

Ihe part "l̂ ,i depends аров >̂ through it* epla structure 
and Teotor /1Д_Р . la the flrat oaae la readily eliminated 
from integration erer fi* In (3.19) by changing ft* to the aomea-
taa operator & ( for the explioit fora aee ' ' )s 

«hat allow» ma to looallae tho Ь -dependent orbital tenia of the 
potential 

la la ahown In a prerioue paper/^^ythe interaction kernel 
oonatmoted oat of matrix eleaeata of the one-boson-exchange 

aaplltade la aa arbitrary reference fraae does not differ In for* 
froa tho expression foaad earlier la the c.m.e. ' z o ' , ihla aakea 
It possible to apply here a aethod propoaed la ' " ' by which one can 
completely looallee in Г -apaoe the kernel part V̂ >̂ , i _ whioh 
oontain» the atruotaroa with spin-orbital coupling and partially 
looallae the teaaor foroea. 

4. Coaalaaloa 
We hare obtained aaln equations for the ware function of a 

system of two apla 1/2 particles transformed into a oonrenient fora 
for tho praotloal use. These шх* the equation la the aoaeataa 
representation (2.15) with the kernel V ^ ^ f f o &<->|?) 
looal la the Lobaohersky spaoe aad esuatlon (3.16) la the rolatirlstio 
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configuration*! representation. In a subaequent publication we shall 
oonslder in detai l the problem of diagonalisation of the equation in 
2-epaoe (3.16) and also the transition to invariant partial eauationa 
containing Invariant eigenvalues of the relative orbital Moment and 
r e l a t i v l s t l c spin* 

The author i s grateful to Y.G.Iadyshevsky, S.P.Kuleshov, A.T.Si-
dorov and M.P.Chavleishvlli for useful dlsoussiona and interest in 
the work* 
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Скачко» Н.Б. Ковариантное трехмерное уравнение E2-I1-399 
для фермион-антифермионной системы. III. Формулировка 
• релятивистском конфигурационном представлении 

Релятивистское уравнение для системы даух частиц со спинами 1/2 преоб
разовано к локальной форме а импульсном пространстве Лобачевского. Затем, 
с помощью разложения по унитарным неприводимым представлениям группы Лоренца 
уравнение преобразовано к виду дифференциально-разностного уравнения. 

Работа выполнена в Лаборатории теоретической физики ОИЯИ. 

Препринт Объединенного института ядерных исследований. Дубна 1981 
Skachkov N.B. Covariant Three-Dimensional Equation E2-I1-399 
for Fermion-Antifermion System. III. Formulation 
in Relativistic Configurational Representation 

The relativistic equation for a system of two particles with spin 1/2 
is transformed to a local form In the Lobachevsky momentum space. With the 
help of the expansion over unitary irreducible representations of the Lorsntz 
group the equation is transformed to a differential-difference equation. 

The investigation has been performed at the Laboratory of Theoretical 
Physics, JINR. 
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